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WEAK COMPACTNESS AND CONVERGENCES
IN BOCHNER AND PETTIS INTEGRATION

CHARLES CASTAING

INTRODUCTION

In this paper we give a brief survey of some recent weak com-
pactness results in the theory of integration as well as some conver-
gence results which arise from Mathematical Economics, Probability
and Variational Analysis. Let (€1, 7, 1) be a complete probability space,
E a Banach space, and LL(u) the Banach space of Bochner integrable
functions equipped with its usual norm. In section 1, new charac-
terizations of conditionally weakly compact (c.w.c.) (resp. relativcely
weakly compact) (r.w.c.) subsets in Banach spaces via a class of regular
method of summability (RMS) a = (apq) (cf. [24], [26]) are present-
ed. A subset K C E is c.w.c. (resp. r.w.c.) iff for any sequence
(zn) in K, there exists a subsequence (z,,) such that the sequence

oo
(sk) with sg = Y ak, zn, (k € N) is well-defined and weakly Cauchy

q=0
(resp. weakly convergent). This characterization is equivalent to the
following: for any sequence (z,) in K, there exists a sequence (Z,) with
In € co{z,, : m > n}, such that (Z,) is weakly Cauchy (resp. weakly
convergent). Also several criteria for c.w.c. and r.w.c. subsets in LL(u)
are presented. In particular a bounded uniformly integrable and ball-
conditionally weakly compact-tight subset in L} (u) is c.w.c. In section
2 new sequential weak compactness criteria for convex weakly compact
valued scalarly integrable multifunctions are discussed. In section 3 we
state some sequential weak compactness results for Pettis integrable
functions with application to the existence of best approximations the
space of Pettis integrable functions. In section 4 using a vector valued
version of Komlos theorem due to Garling, we present a new version of
Komlos - Slice convergence for integrable convex weakly compact valued
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multifunctions and also Banach-Saks property for bounded sequences
in LL,(Q, 7,u) where H is a separable Hilbert space.
This paper also contains several types of convergence in L1 (w) with
applications to Mathematical Economics and Minimization problems.
Most of our proofs are detailed and easy, except for some of them
which rely on deeper results due to Garling [29], Rosenthal ([43], [44])
and Talagrand [47].

NOTATIONS AND PRELIMINARIES

We will use the following notions and notations. We denote by

- (92, 7, 1) a complete probability space.

~ E a separable Banach space,

— E’ the topological dual of E, E! (resp. E!) (resp. E}) the vec-
tor space E' equipped with the o(E’, E) (resp. Mackey) (resp. norm)
topology.

~ Bg (resp. Bp) is the closed ball of center 0 and radius 1 in E
(resp. E').

~ cwk(E) the collection of non empty convex weakly compact sub-
sets of E.

— Ruwk(E) (resp. Rcwc(E)) the collection of borelian subsets of E
such that its intersection with any ball of E is relatively weakly (con-
ditionally weakly) compact.

— 6*(., A) is support function of a subset A of E.

— L% () is the space of Bochner integrable mappings v : 1 — E
and LS5 (u) is the topological dual of Li(u) (cf. A. and C. Ionescu
Tulcea [‘34]).

— PL(p) is the space of Pettis functions v : 1 — E.

— If X is a topological space, B(X) is the Borel tribe of X.

— A multifunction I' : @ — B(X) is measurable if its graph Gr(T)
belongs to ¥ ® B(X).

- Pclw k( E)(u) is the space of all scalarly-integrable multifunctions.

= ‘ngk(E)(“) is the space of all scalarly integrable multifunctions
T : 0 — cwk(E) such that the scalar function |T'| : w — sup{||z|| : z €
I'(w)} is integrable, such a I is said to be integrably bounded.

— A subset of X of ﬁéwk(E)(,u) is bounded if the set {|X|: X € X}
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is bounded in L} (1); X is uniformly integrable if the set {IX]|: X € X}
is uniformly integrable in L ().

- A multifunction M : ¥ — cwk(E) is a multimeasure if, for any
' € E', 6*(«', M(.)) is a scalar measure; M is a multimeasure of
bounded vanatzon if there exists a finite positive measure v defined on

¥ such that M(A) C v(A)Bg forall A€ 7.

— A mapping m : ¥ — E is a selection measure of a multimeasure
M : 7 — cwk(E) if m is a vector measure satisfying m(A) € M(A) for
allAe 7.

— A mapping [ : ,(u) — R is said to be additive if for any pair
(f1, f2) in LE:',( p) with dlsjoint supports, I(f1 + f2) = l(f1) +{(f2); | is
said to be absolutely continuous if it admits the integral representation

Vi e L5 (), 1n) = [ 8 (ulu), X)) (d0)

with X € £! ( ); such a X is said to be the density of 1.

- Si(N) is the set of strictly increasing mapping from N to N.

— A subset ¥ of L1 (1) is Ruk(E) (resp. Rewc(E)) tight if for every
€ > 0, there exists a measurable multifunction T, : @ — R, (E) (resp.
Rcwe(E)) such that Vu € ¥, p[{w € 0:u(w) ¢ T.(w)}] <e.

— If (z,) is a sequence in E, w — Ls{z,} is defined by

cwk(E

w— Ls{z,} := ﬂ {zk k> n}

where T._}U denotes the closure for the o(E, E’) topology.

1. WEAK COMPACTNESS AND CONDITIONALLY WEAK
COMPACTNESS IN BANACH SPACES AND IN L},

The material of this section is borrowed from Benabdellah-Castaing
([6], [7]). We aim to present some recent compactness results which are
based on the results of Rosenthal ([43], [44]) and Talagrand [47].

An infinite matrix (ape)(p,q)enxn is called a regular method of
summability (RMS) if

sup Z lapg] < +00, (1.1)
reN
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Vg €N, lim a5y =0, (1.2)
1 =1. 1.3
pgr;oqz_%apq (1.3)

It is easy to check that a = (apq) is a RMS iff for any sequence (z,)

in a Banach space E, converging to z € E, then the sequence (z},) given
o0

by z!, = Y anqZq, converges to z. A sequence (z,) in a Banach space
=0

is called summable with respect to a RMS a = (apq) if the sequence (z7,)
oo
given by !, = Y anqzq is well-defined and converges for the norm of

g=0
E. An RMS a = (a,q) is positive if, Vp, q, ayq > 0.

Let us mention first an easy lemma before we state the main results.

Lemma 1.1. Let (apg) be a positive RMS and let (z,) be a sequence
o0

in R such that the series ) apqz, are convergent. Then we have

q=0
(e8]

(1) llmlnfa:p < liminf ) apgzq.
D=t P00 g=0

In particular, if Z, € co{zk : k> n}, Vn, then we have

(2) liminfz, < hmmf:z:n
n—oo

Proof. (1) let (z,) € R such that the series up := ) a,qz, are conver-
g=0
gent in R. Let r < liminfz, = sup inf z.
n—op n k>n

Then there exists a positive integer ng such that k > ng implies r <
o0 oo
zx. Hence Vg > ng, apgr < apgzq. Therefore ( o apq)r S ot

q=no g=no
Consequently we get

[o'e] no—1 ng—1
() (X apg)r = (X apg)r Sup— X Gpgq-
q=0 q=0 q=0
no—l
Since lim Z apg = 1,and lim ) ap, = 0 by virtue of properties
p—00 q=0 p—o0 q=0
no—l
(1.2) and (1.3) of the RMS and since lim )  apgzq = O, then by
p—oo

q=0
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taking the liminf in (%), we obtain

no"l
r < lim 1nf g apqa:q = hm 1nf 1wy
p—o0 |
g9=

It follows that llm lnf z, < liminf Z @Gy
n—o00 q=

(2) is easy consequence of (1).
Now we are able to produce the main results of this section.

Theorem 1.2. Let K be a subset of a Banach space E and let a = (apq)
be a positive RMS. Then the following are equivalent:

(1) K is conditionally weakly compact.

(2) Given any sequence (z,), C K, there exzists a subsequence
o0
(Tn, )k such that the sequence (si)x with s, = Eo akgTn, (k € N)
q=
is well-defined and weakly Cauchy.

(3) Given any sequence (z,)n, C K, there exists a sequence 70 e
with T, € co{z,, : m > n} such that (Z,) is weakly Cauchy.
14

Proof. The implication (1) — (2) follows easily from properties of the
RMS. Let us prove (2) = (3).

Since K satisfies (2), K is bounded. Indeed it is enough to check
that, Vz’ € E’, we have 6*(z/,K) = sup(z/,z) < +o0o. Take a se-

z€K
quence (u,) C K such that lim (z’,u,) = 6*(z',K). By (2), there
n—oco
exists a subsequence (un, )k of (¢n), such that the sequence (vp), with
o0

> ApqUn, is well-defined and weakly Cauchy. Hence the se-
=0

o

quence ((z',vp)), with (z,v,) = 3 ap(z/,un,) converges in R to a
9=0

point v,/. Clearly by obvious properties of the RMS, we have

§*(z',K) = pli’ngo(z Un,) -hprEmfZapq iy, ) = Vgt < +00.
q=0

Now set M :=sup{||z|| : £ € K} and let us prove that K satisfies (3).
00

Let (z,) C K and let sg = ) agqZn, given by (2). For each
k=0

' € E', let rp = klim (', sx). According to propertles (1.1) and (1.2)
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of the RMS, it is easy to construct two strictly increasing sequences of
positive integers (N,) and (px) such that

Vp, Vk>1, Y ap<27Fand Za,,kq <27k (1.2.1)
g>Ny
Ny,
For every k > 1, set A\g := Y ap,q. Then by (1.2.1), we obtain
oo 9=k
0<) apq— A <27 F 27
g=0

Consequently by property (1.3) of the RMS, we deduce that klirn Nk =

1. Set
Npk

1 =
Vk, A;‘ 8= )\—kap"q and Zj := ZA;‘ T,
9=k

Then it is clear that Zx € co{zn, : ¢ > k}. Moreover, for every k, we
have

|<I,’ ik) - SZ’I

k-1
1
'E [<$I’3Pk> L <.'E’, Z aquznq + Z a’quznq>] — Sz’
q=0

g>Np,
|

Hence it follows that llm (x Zr) = sp. Whence (Zi) is weakly Cauchy

IA
|-

M|z’
(', op) = ool + 1= 2 4 o

and satisfies Ty € co{a:m m >k}, Vk.

Now it remains to prove (3) = (1). By using Lemma 1.1, we
can show similarly as in the previous implication that K is bounded.
Assume by contradiction that K is not conditionally weakly compact.
Then according to a result of H.P. Rosenthal [43], there exist r € R,
§ > 0 and a sequence (r,), C K such that the sequence (An, Bn)nen
defined by

={z' € Bp : {z',zn) >r+ 6} and B, = {z' € Bp : (d',z,) <1}

is independent. By (3), there exists Z, € co{z, : m > n} (n € N)

my,

such that (Z,) is weakly Cauchy. Each Z, has the form z, = Dok X Iy
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with A} >0, %l Al =1, m, >n. Letng =0, n; = m0+ T e R =
Mp, + 1. Th:enn(nk) is a strictly increasing sequence such that for all
¥ 7, [ni’mn.‘] n [nJ"mnj] =0.
Now let us consider the following sets
My, My,
Xk = ﬂ A; and g’k = ﬂ B;

t=ny . t=ny

Then (Zk, Ek) is a sequence of disjoint pairs of subsets in Bg and
is independent. Indeed, let I and J be two finite, nonempty, disjoint
subsets of N. Then we have

(N 4)n (N Be) = () 4)n () B) (1.2.2)

kel keJ el i€J!
where I' := |J [ng,mpn,] and J' := |J [nk,my,,]| are disjoint. Conse-
ker keJ

quently, the intersection in (1.2.2) is nonempty. On the other hand, for
every k, we have

mn,k m'ik
z' € Ak = (2, &n,) = Y A (z!,z) > Y A (r+8)=r+6
i=nk iznk
e Mny
and £’ € By ST, By, ) .5, ArkE = ¢!
1=ny

By invoking again Rosenthal [43], we conclude that (Zn,) is equiv-
alent to the unit vector basis of I!. This contradicts the fact that (Zn)
is weakly Cauchy, thus proving the implication 3) = (1).

Here is an analogous criterion for relative weakly compact subset
in a Banach space where equivalence (1) < (3) was stated by Ulger [48]
and Diestel-Ruess-Schachermayer [23] by different methods.

Theorem 1.3. Let K be a subset of a Banach space E and let a = (apq)
be a positive RMS. Then the following are equivalent:

(1) K is relatively weakly compact.
(2) Given any sequence (z.). tn K, there ezists a subsequence
o0
(Toi )k such that the sequence (sk)r with sp = 3 BkgZn, k € N) is

q=0
well-defined and weakly convergent.
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(3) Given any sequence (Tn)n tn K, there exmists a sequence (Z,)
with %, € co{zm, : m > n} such that (Z,) ts weakly convergent.
(4) Given any sequence (z,)n in K there ezists y such that, Vz' €
E,
liminf(z',z,) < {(z',y).
n—oo
Proof. The proof of implications (1) = (2) => (3) follows from the
arguments we used in the proof of Theorem 1.2.
(3) = (4) is an immediate consequence of Lemma 1.1 applied to
the sequences ({z',z,)) and ({(z',Z,)).
(4) = (1) follows from a classical characterization of relatively se-

quentially weakly compact subset in normed spaces (see e.g. Holmes
32] §18.A).

Remark. It would be interesting to address the following question: what
happens if one replace “weakly relatively compactness” by “norm rela-
tively compactness” in the statement of Theorem 1.3.

The following example shows that, in general, the statement of
Theorem 1.3 is not true if one replace “weakly” by “norm”. Let E = co
and let K = {e, : n € N} be the unit vector basis of co. Then
K is not relatively compact for the norm topology since for n # m,
llen — €ml|loo = 1, although K satisfies the following property: given any
sequence (z,), C K, there exists a sequence (Z,) with Z, € co{zm :
m > n} (n € N) such that (Z,) converges for the norm topology.
Indeed set X = {z, : n € N}. If X is finite, there exists m € N and
a subsequence (z,, )k of (z,)n such that, Vk, z,, = en, so that in this
case, we can take, Vk, Zx = T, = em. If X is infinite, there exist
two subsequences (zp, )k and (eq, )& of (£n)n and (en) respectively such

2k
that, Vk, z,, = €q,. Set T, = ﬁ 3 eq:, Vk, then £ € cofeg, : 1 >
i=k

k} C co{z, : n > k} and (Zx)s converges to O for the norm topology.
Now we are able to present weak compactness criteria and conver-
gence results in L (u).
We begin by recalling a celebrated result due to Talagrand ([47],
Theorem 1).

Theorem 1.4. Let (u,) be a bounded sequence in Ly(u). Then there
ezists a sequence (@i,) with i, € co{um, : m > n} and two sets A and
B in ¥ with u(A U B) = 1 such that

(a) for each w in A, the sequence (iin(w)) is weakly Cauchy,
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(b) for each w in B, there exists and integer k such that the sequence
(@n(w))n>k s equivalent to the vector unit basis of I*.

Remark. Although the thesis is more general than the one given in
[47], Theorem 1), in which (u,) is bounded in L$(u), Theorem 1.4 is
an easy consequence of Theorem 1 in ([47]). In the same vein, Diestel-
Ruess-Schachermayer obtained a refinement of Talagrand’s theorem by
another method (see 23], Lemma 2.5). Indeed let v, = |ju,(.)||, V.
Then (v,) is a bounded sequence in L} (¥). By ([15], Theorem 3.1 and
Remarks, p. 60-61), there is a sequence (9,,) with ,, € co{vy, :m > n}
such that (9,) converges almost everywhere to some v € L1 r(F). Each
Uy, has the form v, = Z/\ v with 0 < A% < 1 and Z/\" &L

k=n k=
Extracting a subsequence if necessary and modifying the Vi, k € N, on

a negligible set we may suppose that (9, (w)), converges to v(w) for all
w € (1. Set

YVweN Mw):=1+ gug Un(w) and

hn Z )‘kuk

Then we can apply Talagrand’s theorem to (k, ). There is a sequence
(hs) with h, € co{hm : m > n} which satisfies conditions (a) and (b)
of Theorem 1.4. Now it is enough to set @n(w) = M(w)hn(w), Vw € 0.

Now we state our first result which is a direct application of Theo-
rem 1.2. and Talagrand’s results [47].

Theorem 1.5. Let X be a bounded subset of Ly, (u). Then the following
are equivalent:

(1) X is conditionally weakly compact.
(2) X is uniformly integrable and given any sequence (f,) C ¥, there

ezists a sequence (fn) with f, € co{fm : m > n} such that (fn( ))n ts
weakly Cauchy in E for a.e. w € 0.

Proof. Let us prove (1) => (2). It is well-known that conditionally
weakly compact subsets of LL(u) are uniformly integrable (see e.g.
[21]). Now let (f,) be any sequence in ¥. Then by Theorem 1.4, there
exists a sequence (fy), with f, € co{fm : m > n}, and two sets, 4, B
in ¥ with u(4 U B) = 1, such that

(a) for each w in A, (fn (w))r is weakly Cauchy in E,
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(b) for each w in B, there exists an integer k, such that the sequence
(fn (w))rn>k is equivalent to the vector unit basis of I1.

Suppose that the measure of subset B of {1 is strictly positive. Then
by Talagrand (]47]), Lemma 4), there exists k such that the sequence
(fn)n>;C is equlva.lent to the vector unit basis of /1. But this contradicts

the fact that (f») is c.w.c since (fn) lies in the set co(¥), which is c.w.c.
(see [44] or [12] Theorem 5.E). Therefore p(B) = 0, and for a.e. w € {1,

the sequence (f,(w)) is weakly Cauchy.

Let us prove now (2) = (1). By Theorem 1.2, it is enough to check
that given (f».) C X and (fn) as in (2), the sequence (fn) is weakly
Cauchy in L (k). Let ¢ € LR [E]. Since (fn(w))n is weakly Cauchy in
E for a.e. w € (1, the sequence ((g(w), fn(w)))n converges a.e. Let

p(w) = nlergo(g(w),fn(w)) forwe¢ N,

where N is a negligible set and p(w) = 0 for w € N. Then by Fatou’s
lemma, ¢ € Lk(p) and since ({(g, fn))n is uniformly integrable, by
Vitali’s theorem, we get

lim [ (g, fn>du=/ du

n—eeJa Q
thus proving that (2) = (1).

Concerning r.w.c. subsets in L} (u) we recall the following which
is essentially due to Ulger [48] and relies on the equivalence (1) < (3)
in Theorem 1.3.

Theorem 1.6. (Ulger-Diestel-Ruess-Schachermayer [23]). Let E be
a Banach space and { be a subset of L, (u). Then the following are
equivalent:

(1) X s relatively weakly compact.

(2) ¥ is uniformly integrable and given any sequence (un) tn X,
there is a sequence (4,) with @, = co{u, : m > n}, Vn, such that
(in(w)) s weakly convergent in E for almost all w € (1.

The following result is mentioned in Diestel ([22}, p. 237). We pro-
vide the proof here for the sake of completeness.

Proposition 1.7. Let E be an arbitrary Banach space, K a nonempty
subset of E. Then the following are equivalent:

(1) K is conditionally weakly compact.
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(2) For every e > 0, there exists a condstionally weakly compact set
K, such that

KCK5+E§E.

Proof. (1) = (2) being obvious, let us prove (2) = (1). Let (¢,) be a

decreasing sequence of strictly positive numbers with lim €p = 0, and
p—oo

(Kp) be a sequence of conditionally weakly compact subsets in E such
that

Vp, K C K, + €, Bg (1.7.1)

We have to show that, given any sequence (z,) C K, there exists
a weakly Cauchy subsequence. By (1.7.1), for every n, there exists
Yp € Kp such that ||z, — yE <¢,.

Since each K, is c.w.c., the sequence (yz’,‘)n admits a weakly Cauchy
subsequence. Then by induction we find a sequence (p,,) in Si(N) such
that

Vp, (yioo_“wp(n))n is weakly Cauchy in E . (1.7.2)

Let us consider the diagonal sequence %(n) := pgo...0p,(n), Vn, and
let us prove that (zy(,)) is weakly Cauchy. Let € > 0 be fixed. Choose
[}

p such that ¢, < £. Then for any z’ € Bg,and form > k > P, we
have

(2", 2y(m) = S| < (s Spm) = Vi) + 182, 2y () — 5 1))
162 g my ™ Y]
< 2 + (2, Yy m) ~ Ypqa))|

3 P
Since by (172): (ypoo...ogop(n))

. p _ .
Therefore rr}l_rpoo(x’,yi(m) — y¢(k)) = 0. Hence there exists p, > p such

n is weakly Cauchy, so is (yﬁ(n))n.

k—oo
that m > k > p. implies [(z/, Ty(m) — Ty())| < 2.5 + £ = ¢, proving
that (zy(n))n is weakly Cauchy.

We need a couple of notions which are inspired by ([1] and [47])
before we state our c.w.c. criteria in Ly (x). Let us recall that Rewe(E)
(resp. Ruk(E)) is the class of subsets K € B(E) such that, their
intersection with any ball is c.w.c (rep. r.w.c) in E. An element

K € Rewc(E) (resp. Ruk(E)) is called ball-c.w.c. (resp. ball-rw.c). It
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is clear that R ,.(F) and Ryk(E) are stable under finite unions and
that they contains the empty set §.

A subset ¥ C L1, (u) is called Rcyc(E)-tight (reps. Ry (E)-tight)
if, for every € > 0, there exists a measurable multifunction L, from
into Rcyc(E) (resp. Ryk(E)) such that

Vue H, p{fwe Q:u(w) ¢ L (w)}] < e

A subset ¥ C L}(p) has the conditionally weak Talagrand property,
shortly, conditionally WTP, (resp. weak Talagrand property, shortly,
WTP) if, for any sequence (f,) C X, there exists a sequence (g, ) with
gn € co{fm : m > n}, Vn,such that, for a.e. w € N, (gn(w))n is weakly
Cauchy (resp. weakly convergent) in E.

There is a folklore Lemma which characterizes the above tightness
notion.

Lemma 1.8. Let E be a separable Banach space. Let R be a class of
borelian subsets of E such that: € R, A, BE€ R => AUBc R. Let X
be a subset of Ly (w). Then the following are equivalent:

(1) For any € > 0, there ezists a measurable multifunction L, :
1 — R such that

Vue X, p{fweN:u(w) ¢ L (w)}] <.

(2) There exists a ¥ ® B(E)-measurable integrand p : 1 x E —
[0, +00] such that for allw € R and allr >0, {z € E : p(w,z) <r} € R
and that

igng(w,U(w))u(dw) < too.

(3) There ezists a ¥ ® B(E)-measurable integrand o : 1 X E —
[0, +00] such that for allw € Q and allr € RT, {z € E : p(w,z) <
r} € R and that

lim supp[{w € N :p(w,u(w)) > A} =0.
A—+o00 yec i

Proof. (1) = (2). Let €, = 37F (p € N). By (1) there exists a
measurable multifunction L, : 1 — R such that

Vue X, p{w € N:u(w) ¢ Ly(w)}] <ep
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Let us consider the multifunctions K, : @ — B(E) (n € NU {cc})
given by:

Vw € Q, Ko(w) = Lo(w), Kp(w) = Lp(w)\ Kn_i(w), Vn>1

and Kyo(w) =E\ gNKn(w)zE\ U Ln(w).

neEN
Then it is obvious that each K, (n € NU{oo0}) is measurable and
the sequence (Gr(Kn))neNu{oo} is a ¥ ® B(E)-measurable partition of
1 x E. Set

_[2* if(w,z)€Gr(K,), neN
plw,z) = { +oo i (w,z) € Gr(Ko)

We claim that ¢ is ¥ ® B(E)-measurable integrand which satisfies con-
dition (2). Indeed,let r > 0. If r <1, {z € E : p(w,z) < r} is empty;
if r > 1, let m be the unique integer such that m < }—ggg <m+1. Then

{(w,2) e QX E : <pw:v<l D n) € ¥ @ B(E)

Similarly for all w € 1, we have

{;EE:go(w,z)Sr}:

1Cs
=
S

=Uan € R
n=0

It remains to check that sup [, o(w,u(w))u(dw) < +oco.
ueX

For each u € ¥ and each n € N U {oco}, set
1, = {we:u(w) € Kn(w)}

Then (03)nenNu{oo} is @ F-measurable partition of 0 with DA AN
€n—1, Yn € N* and u(01%) = 0. Consequently we have

Jptostommta = 32 [ ot uutas) = 3 amutn)
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thus proving the implication (1) = (2).

(2) = (3) follows immediately from Tchebyschev’s inequality. Let
us prove (3) = (1). For every € > 0, there exists A, > 0 such that
sup p[{w € O : p(w,u(w)) > Ac}] < €. Since € is ¥ ® B(F)-measur-
ueN

able, the multifunction L.(w) := {z € E : p(w,z) < A}, Vw € 0, is
measurable and takes it values in R by (3). Since we have

Vue X, p{w € N :u(w) ¢ L(w)}] = u[{w € O : p(w,u(w)) > A} <e¢

(3) = (1) is proved.
Now we are able to present our second conditionally weakly com-

pact criterion in L} (u).

Theorem 1.9. Let E be a separable Banach space. Assume that X
is uniformly integrable and Rcyc(E)-tight subset of L (u). Then X is
conditionally weakly compact in Ly (p).

Proof. Let € > 0 be fixed. Since X is uniformly integrable, there exists
6 > 0 and a > 0 such that

sup / luldu < =
ueX 2
[lu[>a]

and
VB € ¥, u(B) <6:>sup/ |u|du<—
ucH

By our assumption there exists a measurable multifunction Ls : 1 —

R cwe(E) such that
Vue X, p{we Q:u(w) ¢ Ls(w)}] <6
For each u € X, set
v =[] <a], By ={we:u(w) € Ls(w)}
Then we have
v=14,nB, b+ lasnB,u+ 1p:u

d . .
an I’lAﬁnBuu = 133u||1 < > 4+ > -

Set ¥ = {14,nB,u:u € X}. Then it is obvious that
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Now we claim that ¥, is conditionally weakly compact in LL(x). Let
(un)n C ¥ and v, := 14, B, Un, Yn. Then

valw) € (Ls(w) U{0}) N 7B
for all w € . Moreover Gs(w) := (Ls(w) U {0} N yBg is condition-
ally weakly compact in E because Ls(w) € R,ye(E). By Talagrand’s
theorem ([47], Theorem 1), there exist A € ¥ and a sequence (7,) with
Un € co{vpm, : m > n}, Vn, such that

(a) Vw € A, (9n(w)), is weakly Cauchy in E

(b) for a.e. w € A, there exists k such that (9, (w)),>x is equivalent
to the unit vector basis of 1.

Now, Yw € 1, i,(w) € coGs(w) and co(Gs(w)) is conditionally
weakly compact (see [44], or [12] Theorem 5.E). Hence u(A°¢) = 0. So
we conclude that (¥,(w)), is weakly Cauchy for a.e. w € . By virtue
of Theorem 1.5.,), is conditionally weakly compact in LL(u). Since
HCH + EEL}E(‘L), then by Proposition 1.7, ¥ is conditionally weakly
compact too, thus completing the proof.

Remark. Theorem 1.9 is a slight refinement of some results obtained
by Pisier [42] and Bourgain [11].

Similarly we have the following criterion for relatively weakly com-
pact subsets of LL(u) (see [1], Theorem 6, p. 174 for proof).

Theorem 1.10. Let E be a separable Banach space. Let X be a uni-
formly integrable and Rk (E)-tight subset of LL,(u). Then X is rela-
tively weakly compact in LL(u).

The following result provides the connections between “tightness
notions” and “Talagrand’s properties”.

Theorem 1.11. Let E be a separable Banach space. If X is a bounded
Rewe(E) (resp. Ryk(E))-tight subset of L (1), then ¥ is conditionally
WTP (resp. WTP) in Li(u).

Proof. We have only to prove the thesis for the R.y.(E)-tight case,
since the proof of R,x(E)-tight case is similar by invoking Theorem
1.10.

Let (un) C X. By Biting lemma ([28], [45]) there exists an increas-
ing sequence (Ag) in ¥ with kll’n;o #(Ak) = 1 and a subsequence (uy,)

such that (14, ¥n, ) is uniformly integrable in L (1), and that (14: un,)
converges to 0 a.e. Set K = {14, up, : kK € N}.
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We claim that K is Rcwc(E)-tight. Let € > 0. By our assumption,
there exists a measurable multifunction L, : @ — R.y.(E) such that

Vue N, p{we N :u(w) ¢ Le(w)}] <e.

Set G¢(w) := L.(w) U {0}, Vw € 1. Then G, is a measurable multi-
function from 0 to Rcwc(E) such that

Vk €N, pl{w € 0: (14,Un, (w) ¢ Ge(w)}]

= pl{w € At up, (W) ¢ Le(w)}] < €.

Hence K is Rcwc(E)-tight as desired. Since K is uniformly integrable,
by Theorem 1.9, K is c.w.c. in Li(u). By virtue of Theorem 1.2, there
exists a sequence (v,) with v, € co{la,un, : k > p}, Vp, such that,
for a.e. w € N, (vp(w))p is weakly Cauchy in E. Each vp has form

Vp Vp VP
v = Y. APla, up,, with A} >0, S AP =1. Set iy = Y Alup,, Vp.

k=p k=p k=p
Vp
Then @, = vp + wp, where wy := kz /\f,lA;unk with w, — 0 a.e. since
=p

LagtUn, =5 0 a.e. We deduce that for a.e. w € (1, the sequence (i@ ,(w))

is weakly Cauchy in E, thereby proving the Theorem.

Theorem 1.12. Let X be a bounded subset of L;(u). Then the follow-
ing are equivalent:

(1) X has the weak Talagrand property (WTP).
, (2) Given any sequence (un) in X, there are an increasing se-
quence (Ax) in F with kllr{.lou(Ak) = 1 and a subsequence (u,,) of

(un) such that (1a,un, )k fs relatively weakly compact in LL(u) and
that (14cupn, )k converges a.e. to zero.

(3) Given any sequence (uy,) in X, there ezists a sequence (Gn) with
fin € cof{ty, : m > n}, Vn, and ue € Li{u) such that (i,) converges
a.e. to U, for the norm topology of E.

Proof. (1) = (2). By Biting lemma ([28, [45]) there exist an increasing

sequence (Ax) in 7 with klim p(Ak) = 1 and a subsequence (up,) of
— 00

(un) such that (1a,un,)k is uniformly integrable in L (u) and that

(Lagun, )k converges to zero a.e. Now we claim that the set K :=

{14, %n, : k € N} has the (WTP). Indeed, by (1) there exists a subse-
quence (up, ) of (un,) and a sequence (vp) with vy € co{up, :j 2 P},
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Vp, such that for a.e. w € 0, (v,(w)), converges weakly to v(w) in E.

Vp
Each v, has form v, = jgp /\;-’unkj with A¥ > 0 and YT, AP = 1. Set
Vp
wp, = Y, /\;?lAk,unkj, Vp. Then it is easily seen that wy(w) — v(w)
j=p g
weakly a.e. in E. As w, € co{lAkjunkj :J 2 p}, Vp, K has the (WTP).
Since K is uniformly integrable, by leger-Diestel—Ruess—Schachermayer
Theorem (Theorem 1.6), we conclude that K is r.w.c. in LL(u).

(2) = (8). Let (A) and (un,) according to (2). By Mazur’s lemma,
we may assume, by extracting a subsequence if necessary, that there
exists a sequence (vx) with vy € co{l4, u,, : m > k}, Vk, such that
(vk)x converges a.e. to an element v, € LL(u). Each vy has the

Vi Vi
form vy = Ek/\flAjunJ., with 0 < A;? <1, j;k/\;-‘ = 1. Let @, =

]:
vi
> Mu,., Vk. Then (iix) has the desired properties. (3) = (1) is
=k
obvious.

Corollary 1.13. Let K be a conver bounded WTP set in LL(u) which
1s closed for the topology of the convergence in measure. Let J : K —
[0, +0o[ be a convez lower semicontinuous function for the topology of
convergence in measure. Then J reaches its minimum on K.

The preceding corollary generalizes a result due to Levin [38]. (see
[15] for details an references).

Let us mention the following consequence of Theorem 1.12.

Proposition 1.14. Let X be a bounded WTP set in Li(u). then the
following are equivalent:

(1) Yo € Lg (1), {(v(-), u(-)) : u € X} is uniformly integrable in
Ly (w).

(2) X is relatively weakly compact in LL(u).

Proof. (2) = (1) being obvious, it is enough to prove that (1) = (2).
We may suppose that E is separable. Let (ur) be a sequence in ¥.
By Theorem 1.12, there are uo € LE(u) and a sequence (#,) with
tp € co{tty, : m > n}, such that (@,) converges a.e. to uy, for the
norm topology of E. By (1), Vv € L% (#), the sequence ((v,1iy,)),

is uniformly integrable, then by Vitali’s theorem lim fn(v,ﬂn)du 2=
n—oo
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f a (v, %0 )dp. By virtue of Theorem 1.3, we conclude that ¥ is relatively
weakly compact in Lk (x).

Now we present some nice properties of bounded WTP sequence in

Li(k).

Theorem 1.15. Let (u,) be a bounded WTP sequences in Li ().
Then the following properties hold:

(a) There ezist an increasing sequence (Ap) in 7 with li;nu(Ap) =
1, a subsequence (uy,,) of (uy), a sequence (i,) with @, € co{un, : k>
n} and uo, € Ly () such that, Vp, (un, a,)k (L', L) converges to
Uoo|Ap and that i,(w)) converges in norm to u(w) for a.e. w € Q.

(b) If (vy,) is a bounded sequence in LE; (1) converging in measure
to voo € L% (1) for the norm topology of the strong dual of E and if the
sequence ((‘J,,,u,)")n is uniformly integrable in L% (1), then we have

liminf/(vn,un)duzj(voo,uoo)du.
Q y

n-—00

(¢c) If p: 0 x E— [0,+00[ is an F ® B(E)-measurable integrand
such that, YVw € Q, p(w,.) s convezr lower semicontinuous on E, then
we have

liminf/ o(w, un(w))p(dw) 2/n<p(w,uoo(w))u(dw).

n—oco Jo \

Proof. (a) Repeating the Biting lemma ([28],{45]), we find an in-
creasing sequence (Ap) in 7 with plinolo #(Ap) = 1 and a subsequence

(uy) of (u,) such that, for each p, (uy, ) is uniformly integrable.
Since (u,) is WTP, then (uj , )n is uniformly integrable and WTP
in L};(Ap). By virtue of Theorem 1.3, Vp, (u, 4 )n is relatively weak-
ly compact. Consequently, by a straightforward diagonal procedure,
there are u,, € L (1) and a subsequence (u,,) such that, for every p,
(Ynyia,)k o(L', L™) converges to ¥oo)4,-

Since (up, )k is WTP, by Theorem 1.12 there exist v, € L (x) and
(in) with @, € co{uyn, : k > n} such that (&,) converges a.e. to v
for the norm topology of E.

For any fixed p, and B € ¥ N A, and any =’ € E’, we have

/(z',voo)duz lim (',,) = lim (z',unk)du=/<m',u'oo)du.
B =40 j B k—ooJp B
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Hence (z’,v00) = (z',uc0) a.e. on Ap, so (i,(w)) converges in norm to
Uoo(w) for a.e. w € 0. This proves Assertion (a).
Assertion (b) follows from the arguments given in [15]. Let us check
(c). We may suppose that a := liminf [, p(w, un(w))p(dw) is finite and
n
by extracting a subsequence that @ = lim [, o(w,un(w))pu(dw). Let
n—o00

(n) and uo € LL (k) given by Assertion (a). Each i, has the form
Vp Vn

in(w) = 3° AJup;(w) with0 < AT <1and 3 A} =1. By convexity,
j=n j=n

we have

Yw, Vn, o(w,in(w)) < Z Ado(w, un, (w)) .
j=n

Hence ‘
limsup/ p(w,p(w))u(dw) < a.
Q

n

By lower semicontinuity of ¢(w,.) and by Fatou’s lemma, we get

liminf | o(w,t,(w))p(dw) .2 /;Itp(w,uoo(w))u(dw).

n—oo Q

Hence

timint [ (o, un()(d) 2 [ (0 ton ) n(de).

Remarks. (1) Properties (a) and (b) yield a version of Fatou’s lemma
in Mathematical Economics. See [15] for a complete bibliography of
this subject.

(2) Property (c) is a lower semicontinuity result. It turns out that
(c) allows to state a minimization problem as in the corollary of Theo-
rem 2.9. The details are left to the reader.

(3) If E is separable and if (un) is bounded and R,k (E)-tight, then
one can check that us(w) € cow — Ls{u,(w)} a.e. We refer the reader
to Amrani-Castaing-Valadier ([1]), Theorem 8) for details.

There is a variant of Theorem 1.15.

Theorem 1.18. Assume that E; is separable. Let (u,) be a bounded
sequence in LL(u) such that

() VAe 7, Ha = U{ [ undu} ts relatively weakly compact.

(17) Any vector measure m : ¥ — E with bounded variation such
that, VA € 7, m(A) € c6(¥4), admits a density in LL(v).
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Then properties (1), (2), (3) in Theorem 1.12 hold.

Proof. We sketch only the proof. It is enough to repeat the arguments
of the proof of Theorem 1.12 by noting that, for each p, (u;m ) is
p

relatively o(L!, L*) compact. See ({17}, Theorem 3.1).

2. SEQUENTIAL WEAK COMPACTNESS IN
SET-VALUED INTEGRATION

We recall and summarize some results which will be used in the
sequel.

Theorem 2.1. Let E be a separable Banach space and let T : {1 —
cwk(E) be a scalarly integrable multifunction such that the set {6*(z’, X) :
' € Bg'} ts uniformly integrable. Then the set Slfe of all Pettis
integrable selections of X ts nonempty and the multivalued integral
ng Xdy = {fA fdu: f € Slfe} 1s convezx weakly compact.

Proof. By criteria of Pettis integrability (|30, [33], [40]) S£¢ is nonempty
and the weak compactness of the integral fA Xdu follows from ([19,
Theorem V-14).

The following result ([16], Lemma 4.1) is a key ingredient of several
proofs of the results that we present below and we provide the proof
for the sake of completeness.

Lemma 2.2. Let E be a separable Banach space and (X, )nen a se-
quence of scalarly integrable cwk(E)-valued multifunctions satisfying:

(1) {6*(z',X,) : 2’ € Bgr, n € N} is uniformly integrable.

(2) For every A € ¥ the set Xq := |J fA X,pdu 1s relatively weakly
nelN
compact.

Then there ts a subsequence (Xn, )ken such that

VAe ¥, V' € E', lim 6*(z', Xn, )dp

k—o00 A
erists in R.

Proof. We may suppose that for every A € 7, there exists a convex
weakly compact subset K4 such that ¥4 € K4. Let D' be a countable
dense sequence in E’ for the Mackey topology (see [19], Lemma III-32)
and let 4 = 0(A;, ¢ € N) be the o-algebra generated by (X»)nen. By
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Theorem 2.1, for each n € N and for each A € T fA Xndu is a convex
weakly compact subset of K 4. Further observe that for each 1, the set
Ci = {C € cwk(E) : C C Kg,} is compact for the Hausdorff topol-
ogy associated to the weak topology. Then by (2) and by extracting
diagonal subsequences, we find a subsequence (X7, )ken such that for
any fixed : € N, ( f s Xn,,du) converges to an element C; € C; for this
topology which coincides with the topology of pointwise convergence of
their support functions on D’. By Strassen’s theorem ([19], Theorem
V-14), it follows that /

lim 6* (:c’,/ Xn dp) = lim 6*(2', Xy, )du = 6*(=', C))

k— o0 A; k— o0 A;

for all 2’ € D' and for all : € N. Now since D' is dense for the Mackey
topology, the preceding equalities are valid for every ' € E'. Let A € A
and € > 0. Since the set {6*(z', Xy, ) : 2’ € Bpr, k € N} is uniformly
integrable, there is a measurable set A; such that ‘

/ 16% (2, X, )|ds < &
A;AA
so that

I/ 6*(:1:',X,,k)du—/ 6*(2:',Xnk)du| S/ [6%(z!, X, )|du < €
A A; AjAA

for all 2’ € Bgr and for all k € N. It follows that klim [, 6*(=', X,;k)d,u,

exists in R. Consequently, for any ' € E' and for any positive
A-measurable and bounded function A

lim [ hé*(z', X, )du

k—o0 (9]

exists in R. Now let h be any positive F-measurable and bounded
function and let EA4h the conditional expectation of h, then we have

im [ hé*(z',Xp,)dp = lim | E*hé*(c', X, )du.
k— oo Q k— oo Q

Here is an integral representation theorem for sublinear continuous
functions defined on Lg ().
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Theorem 2.3. Assume that E' ts strongly separable. Let | : L% (1) —
b
R be a sublinear continuous mapping. Assume that the following con-
ditions are satisfied: .
(¢) For any pair (f1, f2) in LOEC?,(/‘) with disjoint supports,
U(f1+ f2) = U{f1) + U(f2) 2
(#5) For any increasing sequence (An) in F with Ap 1 A and for
any ' € E',
lim I(xa,z') =l(xaZ).
n—oo
(#11) For any fized A € ¥, '+ l(xaz') is 7(E', E) continuous on
E'.
(tv) Any vector measure m: ¥ — E with bounded variation verify-
tng
V(A,z') € F x E', (z',m(A)) <l(xaz')
admits a density in L (u).
Then there exists a unique X € ﬂzwk(E) (p) such that

Vo € L3 (0), 1) = [ 6 (o), X()ulde).

Proof. Since the proof is rather long, we sketch only the main steps.
See Castaing-Clauzure [17]. Note that for any X € L} y(g)(u) the
function

. / 8 (w(w), X(w))n(dw)
0

is a sublinear continuous mapping from L‘}’;‘:,, (1) to R which satisfies all
the conditions of our theorem.
Conversely let [ : LOEO,', (1) — R satisfying (i), (ii), (iii), (iv).

Step 1. It is obvious that for any fixed A € 7, 2’ — I(x4z') is support
function of a convex weakly compact set M(A) in E. Set

§*(z', M(4)) = l(xaz), V(A,z') € T x E'.

By ([17], Prop. 2.1), the multifunction M : ¥ — cwk(E) is a multimea-
sure of bounded variation, that is A — 6*(z', M(A)) is a scalar measure
and there exists a finite positive measure v such that M(A4) C v(A)Bg:
for all A € 7. Moreover v is absolutely continuous with respect to u.
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Step 2. Let Sps be the set of all selections measure of M. Then for
every A € 7 and every z/ € E’ we have (z/,M(4)) < §*(z', M(A)).
Since m is of bounded variation, by (iv) there is f,, € LL(u) such that

VA€ 7, m(A /fmdp,
Set
X={fm:m€ S}

and

VAEF, Ha :={/ fmdp : fmi € Lp(k), m € Sm}.
A

Then ¥4 = M(A) and it is easily checked that ¥ is uniformly integrable
because we have

im su / mldp < lim v(A) =0.
u(A)*OmegM A|f " n(A)—0 (4)

As E' is strongly separable, ¥ satisfies all the conditions of Theorem
4.1 in Castaing-Clauzure [17|. Hence X is relatively weakly compact in
LL(u). Sihce ¥ is closed and convex, ¥ is weakly compact. Moreover,
for any A € ¥ and any pair (u,v) in ¥, we have x q4u + x4-v € ¥, then
by a well-known result (cf. e.g.[36]), there exists X € Ecwk(E)( ) such

that ¥ = S}{ where S}( is the set of all integrable selections of X. It
follows that

VAe 7, M(A)=/AXdu:={/Afdu:feS}(}.

Equivalently we have
VA€ F, V' € E', l(xaz') = 6" (z',M(4A)) = ] 6*(z', X)dp
A

To finish the proof, it is enough to repeat the arguments given ([17],
Prop. 2.2) to obtain

Vu € LF (1), 1(u) = /ﬂ&*(u(w),X(w))u(dw).
The following is a weak sequential compactness result in Eéwk(E) (w).

Proposition 2.4. Suppose that E' is strongly separable and E has
Radon-Nikodym property and (X,,) is a bounded sequence in Ecwk(E)( ©)

satisfying:
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(1) {6*(«', X,) : =’ € Bgr, n € N} is uniformly integrable;
(2) for every A€ F, ¥a:=U [ 4 Xndu is relatively weakly compact
n

in E, then there ezist a subsequence (Xy,) and Xoo € f,clwk(E)(u) such
that
lim [ 6*(z', Xn,)du = / 6* (2, Xoo)dp

n=ooJA A
for every A€ ¥ and every ' € E'.

Proof. By (1), (2) and Lemma 2.2 there exist a subsequence (Xy, ) of
(X») such that

lim [ 6*(z', Xy, )du (2.4.1)
k—o0o A

exists in R. Now we complete the proof by adapting the arguments
in ([16]), Theorem 4.1). Note that for each n € N*, the mapping
In:u > [ 6*(w(w), Xn(w))u(dw) is additive sublinear and continuous
for the norm of L°E‘:,) since we have

()] < 1o sup [ 1Xada (2.4.2)
neNJQ

for all u € L%"L. By (2.4.2) (l,.) is relatively compact in the space of
all continuous mappings from L%‘Z to R endowed with the topology

of pointwise convergence. Hence there exists a filter U finer than the
Frechet filter and a mapping o : L°E°l,, — R such that

Vu € L°E‘;,), loo(u) = lilin/ 6% (u, Xn)dp. (2.4.3)
o)

It is obvious that lo is sublinear additive and by (2.4.1) satisfies
the inequality

V(A,z') € F x Bpr, loo(xaz') < sup / 6*(z', Xp)dp . (2.4.4)
I'EEEI,nEN A

By (2.4.4) we see that, for any fixed 2’ € E’ and for any sequence (An)
such that A, 1 A, we have nllngoloo(x,‘nz’) = loo(xaz’). Moreover it
is clear that loo(xaz') < 6*(z’,H4) for all (4,2') € F x E’ so that
for every A € ¥, ' — loo(xaZ') is continuous on E’ for the Mackey
topology. Hence we can apply the integral representation Theorem 2.3
to oo which provides X0 € Eiwk(E) such that
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Vu € L°ECZ, loo(u) = / 6" (u, Xoo)du. (2.4.6)
Q

Then (2.4.1), (2.4.3) and (2.4.6) yield

Vi) €7 x B, tlim [ 6@ Xu )i = [ 6!, Xuc)a

as stated.

Now we aim to extend the preceding compactness results to scalar-
ly integrable multifunctions. It is convenient to introduce the following
limiting notions.A sequence (X,) of scalarly integrable cwk(E)-valued
multifunctions scalarly Mazurconverges to a scalarly integrable cwk(E)-
valued multifunction Y if there is a sequence (Y;,) of convex combina-
tions of (Xy,) of the form

Vn Vn
Yo=) A'X;, with0< A? <1and Y oar=1
! i=n i=n
which scalarly converges almost everywhere to Y, that is the support

functions of ¥, converge almost everywhere to the support functions of

Y. We will write ¥, € co{ Xy, :m > n}. If the Cesaro sums 1 > X
=1

n

m=
scalarly converge almost everywhere to Y, we say that X, scalarly C-
converges to Y almost everywhere.

We need first an easy lemma.

Lemma 2.5. Let (X,)nen be a sequence of scalarly integrable cwk(E )-
valued multifunctions such that

(1) {6*(z', X,) : 2’ € Bgi, n € N} is uniformly integrable.
(2) For every measurable set A, U fA Xndu ts relatively weakly com-
n
pact in E.
(3) For every subsequence (Y,,) of (X,) there is a sequence (Y,) with

?n € co{Y,, : m > n} which scalarly converges to a scalarly integrable
cwk(E)-valued multifunction.

Then there exist a subsequence (X,,) and ¥ € P:wk(E) (1) such
that

lim 6*(::’,Xnk)du:/ 6*(z',Y)du

n-—0o0 A A
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for all A€ A and for all ' € E'.

Proof. By (1) and (2), we may apply Lemma 2.2 to (X,). Then there
is a subsequence still denoted by (Xy) such that ‘

VA€ F, V' € E'; lim 6*(z', Xy )dp

n—oo A
exists in R. By (3) there is a sequence (V,) with ¥, € co{Xm : m > n}

which scalarly converges almost everywhere to a cwk(E)-valued scalarly
integrable multifunction Y. Since each Y, has the form

Vn Vn
Vo= ) A%Xpn, with0< Az <land ) A% =1

m=n m=n

then the sequence (Y,) satisfies also the UI condition (1), namely
{6*(z',Y,) : 2’ € Bgr, n € N}

is uniformly integrable. Hence by Lebesgue-Vitali’s theorem we get

lim | 6*(z',X,)dp = lim 5*(z',}”fn)du:/ §* (', Y )dp .

n—o00 A n—oo A A

Remark. Lemma 2.5 holds if we replace (3) by: Every subsequence
(Y,) of (X,) admits a subsequence which scalarly C-converges to Y €
1
Pcwk(E ) (”’) 0
Now we are ready to produce weak sequential compactness results
for scalarly integrable cwk(E)-valued multifunctions.

Theorem 2.6. Let X be a scalarly integrable cwk(FE)-valued multi-
function such that {6*(¢',X) : ' € Bg'} is uniformly integrable. Let
(Xn)nen be a sequence in P, (u) such that Vn, Vw, Xn(w) € X(w).
Then there are a subsequence (Xy,) and Xoo € P (1) such that

lim 6*(:1:',Xnk)du=/ 6*(z, Xoo)dp .
k—oo 4 A

Proof. Let (e,) be a dense sequence in E' for the Mackey topolo-

gy. Applying Komlos theorem [34] and using a standard diagonal pro-

cess there exist a subsequence (X, )xen and a sequence (pp)peN in
L% (Q, #, u) such that
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n s, oo
lerrgo 3 ;6 (e) Xn, (W) = pp(w) ace. (*)

Since %kz Xn,(w) C X(w) for all n € N* and for all w € 0, by
=1
(*) we may apply ([14], Lemma 3.3) providing a scalarly integrable
n
cwk(E)-valued multifunction ¥ such that (2 3~ X, (w))nen- scalarly
k=1

converges to Y a.e., that is (X, ) scalarly C-converges a.e. to Y. Final-

ly, by Theorem 2.1, for every A € 7, ¥4 := | fA Xrndp is relatively
neEN
weakly compact because it is included in the convex weakly compact

fA Xdu. So we can finish the proof by using Lemma 2.5.

3. WEAK COMPACTNESS FOR BOCHNER AND PETTIS
E-VALUED FUNCTIONS

The material in this section is borrowed from Amrani-Castaing [2].
We recall the following basic result ([30], [33], [40]) and we provide an
alternative proof for the convenience of the reader.

Theorem 3.1. Let E be a Banach space, (fr)nen a sequence of E-
valued Pettis functions and f : Q@ — E a scalarly integrable function
satisfying:

(1) {{(=', f) : 2’ € Bps} is uniformly integrable.

(2) For every z' € E', (¢, f,) converges o(L', L™) to (z', f).
Then f is Pettis-integrable.

Proof. By (2) for every ' € E' and for every A € 7, we have

lim (:z:',/ fndu) = lim A(:z:’,fn)du,z / (', fidu .
A

n—oo n—oo A

So, in order to prove the theorem, it is sufficient to show that for every
A € 7, the sequence (fA frndp)nen is relatively weakly compact in E.
By the Eberlein-Smulyan-Grothendieck theorem ([31], Corollary 1 of
Theorem 7) it is equivalent to prove: for every sequence (z})ien in
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By and for every subsequence (fn,, )men of (frn)nen, we have

o:= lim lim (z}, [ fa.dp)=p0:= lim lim (z}, | fa,. du)
ko [ Jrm L3 PRA

k—o0o0 m—oo m—o00 k— oo
(3.1.1)

provided theses limits exist. First by (2) we have

m-—00 . m— 00

lim (z;,,/Af,,mdu.) = lim (z;c,/Afnm)du= /A<x§c,f)du. (3.1.2)

By Komlos theorem [37], applied to the sequence ((z,f))xen there
n

exists a sequence (y.)nen With yj, = 1 Y 7}, and a real valued inte-
' 1=1

grable function h such that (y},, f) converges to h almost everywhere.

So by (3.1.2) and (1) we have

a= lim [ (z},f)du = lim /(yi,,f)duz/ hdp . (3.1.3)
A RisieC UPA! A

k—oo

Let y}, be a weak* cluster point of (y,,)neN, then for every m € N, we
have

Jim (zf, /A frndpy = lim (y7,, /A frmdp) = (yo, /A from d1)
=/A<y6,fn,,.)du- (3.1.4)

Taking the limit when m — oo in the last integral in (3.1.4) and using
(2) we obtain

8= lim [ (yhsfus)du= / AR (3.1.5)

Since (y',, f) converges to h almost everywhere and y;, is a weak* cluster
point of (¥’,)nen, b = (yh, f) almost everywhere. Returning to (3.1.1)
and using (3.1.3), (3.1.4), (3.1.5) we get a = §.

Theorem 3.2. If E is a separable Banach space and X 1s a subset of
PL(u) satisfying: (1) {(z',f) : ' € Bp, f € A} is uniformly inte-
grable; (2) given any sequence (fs) in X, there are a sequence (fn) with
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fr € co{fi 1 k> n} and f, € Pi(u) such that, V2! € E', (', f,,) con-
verges (LY, L™) to (z/, fo.), then X is relatively sequentially compact
for the topology of pointwise convergence on LY ® E'.

Proof. Step 1: Let (fs)nen in ¥. We note that by (1) ¥4 is bounded
for every measurable subset A. Now we claim that, VA € A, Ha =
(fA fadp)nen is relatively weakly compact or equivalently K 4 := coM4
is weakly compact. By James’s theorem [35] it is enough to prove that
for every =’ € E’, there exist ¢ € K4 such that

(',¢) = sup (z/,z) = WERNE 6 (', Hy) .

z€K4

Let (fn,)ken be a subsequence of (f,)nen such that
lim (:c',/ frodu) =6"(z',},) .
k— o0 A

Let (fn)nGN and foo € Pi(p) associated to (fni)ken by (2). Since

= o Vn Vyp
each f, has the form f, = ) APf,, with 0 < A? <1 and MR =1,
t=n i=n

then we have
6*(a',Ka) = lim (', / fudit) = lim (2,3 A7 / Fucdi)
k—o0 A n—oco e A

— (&, [ o) < 8", Ka).
A
So the claim is true. Note that in this step, it is not necessary to

suppose that E is separable.

Step 2: Since (fA frndu)nen is relatively weakly compact we may
apply Lemma 2.2 in section 2 which provides a subsequence still denoted
by (fni)ken, such that for every measurable set A and every z' €

E', klim fA<x', fn,)du exists in R. Let (fn)neN and [, € PL(w)
— 00
associated to (f,, Jkex by (2). Then we have

lim [ (z/, fo,)dp = lim (z’,fn)du = /A(a;',foo>d,u

k— oo A n—oco [ 4

so that by standard arguments we get
Jim [ h(a!, b = [ s fo

forall h € Lg and ' € E'.
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Corollary 3.3. If E is a separable Banach space and ¥ 15 a subset
of Ph(u) satisfying: (1) {(z', f) : ' € Bpr, f € X} is uniformly inte-
grable; (2) given any sequence (fn) in X, there is a sequence (fn) with
= co{fr : k > n} such that (fn) weakly converges in E almost ev-
erywhere, then ) is relatively sequentially compact for the topology of

pointwise convergence on LE ® E'.

Proof. Let (fn)nen in X and let (fn) given by (2). Let us consider
foo(w) := weak-lim f,(w) for w ¢ N where N is a negligible set and
n

foo(w) = 0 for w € N. By (1) and ([39], Remark 1, p. 162) foo is Pettis
integrable and by Lebesgue-Vitali’s theorem we have

tim [ (@ Fuddu = [ (@' Foo)d

n—oo A A
for every A € ¥ and every =’ € E'. So Corollary 3.3 follows from
Theorem 3.2.

Corollary 3.3 allows to deduce a recent weak compactness result in
[16].

Proposition 3.4. Let E be a separable Banach space. Let T : Q1 —
cwk(E) be a scalarly integrable multifunction and St the set of scalarly
integrable selection of T. If {(z',f) : =’ € Bg:, f € St} is uniformly
integrable, then the set Slfe is nonempty and sequentially compact for
the topology of pointwise convergence on Ly ® E'.

Proof. Nonemptiness of SF¢ is ensured by hypothesis and ([30], [33],
[40]). Now let (fn)nen C SEe and let (ep)pen be a dense sequence
in B for the Mackey topology. Since for each p € N, the sequence
({ep> fr))nen is uniformly integrable, by Komlos theorem [37], then by
an obvious diagonal process, there exist a subsequence (fr,)ken and a
sequence (pp)pen in Ly (2, F, ) such that

n

Since 1 3~ fa,(w) € T'(w) for all n € N* and for all w € ), and I'(w) is
k=1

n
convex weakly compact, it is not difficult to see that (-1'; Y fre(wW))nen-
k=1
weakly converges a.e. So by Corollary 3.3 and, using the fact that I’
is scalarly integrable with convex weakly compact values, we conclude
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that Slf ¢ is sequentially compact for the topology of pointwise conver-
genceon Ly ® E'. [
To end this section we mention two applications of the preceding

techniques to best approximation in Pj(x) and to weak compactness
in Ly (p).

Proposition 3.5. Let B be a sub-o-algebra of ¥ and let E be a sep-
arable Banach space and let T : Q — cwk(E) be a scalarly B-mea-
surable and integrable multifunction such that the set {(z',f) : ' €
Bg, f € SE¢(B)} is uniformly integrable. Then SEe(B) is proziminal
in PL(Q, 7, u).

Proof. Let f € PL(Q, ,u) and let (f,.) be a minimizing sequence in
SEe(B), that is

lim ||f — fu|lpe:= lim sup / 2!, [ — fa)|du
n—oo n—o00 IIGEE’ Q o

= N Inf — =
g If —gllp

where ||.||p. denotes the Pettis norm. By Corollary 3.3 we may suppose
that (f,) converges o (P4 (0, 7, 1), LE ® E') to a Pettis integrable func-
tion fo, € SF¢(B). We claim that (f,) converges o(PL(2, 7, 1), Ly ®
E') t0 foo. Indeed, let ' € E’ and h € LY (F). Denote by EBh the

conditional expectation of h with respect to B. Then we have

lim [ h(z, fo)du= lim | EBh(z', f,)du

n—oo Q n—oo Q

= [ BPh, fun)a
Q

= [ e S
Q ‘

In particular, for every z’ € Bgs we have
[ &1 = folas < timint [ 1,5~ gl
9] n—ee Ja

< liminf sup / Kz, f — fn)ldu
Q

n—oco =
I’EBEI

IA

lim {1/ = fullpe

= inf f—g ;
gesIe(8) ” ”Pe
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By taking the supremum over B in the preceding inequality, we get

— foollpe = inf — o
I = Follre = _inf 17 ~sle

The following is a criteria of sequential weak compactness in L.

Proposition 3.6. Let E be a separable Banach space and X a sub-
set of LL(n). Assume that: (1) {{z',f) : =’ € Bpi, f € X} is uni-
formly integrable; (2) given any sequence (fn) in X, there are a se-
quence (fn) with fn € co{fx : k > n} and foo € LL(u) such that,
Vz' € E', (', f,) converges a(L',L™) to (z', foo), then X is relatively
sequentially a(L1 , LY ® E') compact.

In particular, if E' is strongly separable and H s a uniformly in-
tegrable subset of Ly () satisfying (2), then X is relatively sequentially
o(Ly,L%) compact.

Proof. Apply mutatis mutandis the proof of Theorem 3.2 and use the
norm separability of E’ and a result in ([13]) which says that on the
unit ball of L, the topology of convergence in measure coincide with

the topology of umform convergence on uniformly integrable sets in L.
We omit the details which are left to the reader.

4. CONVERGENCE OF CONVEX WEAKLY COMPACT RANDOM
SETS IN SUPER-REFLEXIVE BANACH SPACE

We shall assume that E is a separable super-reflexive Banach space.
We recall the following vector E-valued version of Komlos theorem [37]
due to Garling ({29], Theorem 6, p.310).

Theorem 4.1. Suppose that E is super-reflezive and (f,) ts a bounded
sequence in LL,. Then there is a subsequence (gx) = (fn,) and f in L}
such that

1
(1/1) Z (w)

a.e., for each subsequence (gk,).

We will use the following limiting notions. Also we shall use the
following limiting notions. If Cy, Cy,..., C,,... and Cy, are nonempty
closed convex subsets of E, C,, Mosco converges to C, (shortly Co, =

M — lim Cn) if the two following inclusions are satisfied:
n
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Coo Cs-liChi={z€E: |z~ z,]| - 0; z,, € Cp}

—IsCy:={z € E : z,, = z weakly; z,, € C,,,} C Coo

Given two nonempty subsets B and C in E, the gap between B
and C' is defined by:
D(B,C) =inf{||lz—y| : z€ B, y € C}.

The slice topology 7, on cc(E) (nonempty closed convex subsets of E)is
the weakest topology 7 on cc(E) such that for each nonempty bounded
closed convex subset B of E, the function C — D(B, C) is 7-continuous
(see, (8], Theorem 5.3).

A sequence (f,) in L} (0, 7, ) Komlos convergesto fo, € Lk (0,7, 1)
if there is a subsequence (fﬁ(n)) of (f,) such that

i va ) = I

a.e., for each subsequence (f,,(n)) of (fa(n))-
Given a sub o-algebra B of F and X ¢ Ecwk(E), the conditional ex-

pectation E2X is a B-measurable cwk (E)-valued multifunction which
enjoys the following property:

VB € B, V' € E', / 6*(z', EB X)du =/ 6* (2, X)du
B B

We refer to [19] for details.

The following is a version of Komlos-slice convergence theorem for
convex weakly compact random sequences (X,) in ng k(E)"

Theorem 4.2. (Castaing-Ezzaki [18]) Suppose that E is a separable
super-reflezive Banach space and (X,)nen- s a uniformly integrable
sequence in f’;wk(E)’ Then the following hold:

(a) There ezists a subsequence (X, (n)) and Xo, € Erl:wk(E) such
that

VAe ¥,Vz' € E’, lim 6" (', Xo(n))dp = / (2, Xoo)du
n—oo J 4 A
(4.2.1)
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(b) There is a subsequence (Xp(n)) of (X (n)) such that

YL i Y Xy (W) = Xoo(w) (4.2.2),

a.e., for each subsequence (X (n)) of (Xa(n))-

(¢c) Assume further that (¥,)nen- 15 an increasing sequence of sub-
o-algebras of ¥ with oo := 0(U %), Y 15 a positive random variable
n

such that EM'Y < +o0o and that |X,| <Y for all n € N and a.e.
w €, then (4.2.2) implies

lim D(B, E*[- ZXW) D(B, E™~X ) (4.2.3)

n— 00

for any bounded closed convezr subset B of E and a.e. w € (1.

Proof. Statement (a) follows directly from Theorem 2.4. Let us prove
(b). Let Dj := (e})xen- be a dense sequence in B for the norm topol-
ogy. Let (X,(n)) and X as in (a). For each k, we pick a maximum
integrable selection 0(’;(”) of X4 (n) associated to e;. Using (4), (a),
Theorem 4.1 (Garling’s theorem) and extracting diagonal sequences,
we find a subsequence (Xg(n)), a subsequence (Ug(n)), ok € L} and
¢ € Ly, such that, for each k the following hold:

lim 6*(ef, = ZX () (@) = 6% (e}, Xoo(w)) (4.2.4)
] 1
almost everywhere, for each subsequence (Xy(n)) of (Xp(n));
lim % Zn: ok (@) = ok () (4.2.5)
Jj=1
almost everywhere, for each subsequence (o ,’;(n)) of (og(n)); and that

lim —ZIXW)I p(w) (4.2.6)

n—oo N

almost everywhere, for each subsequence (X)) of (Xg(n)). Apart
from the use of weak compactness result in (a) Komlos arguments in
(4.2.4) and (4.2.6) are not new since they have been already used in a
series of papers by Balder (see e.g. [3]) whereas Garling’s theorem is
first used in (4.2.5). For simplicity we set
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Bplwits ;IL—ZX,,(J-)(LU)

for all n € N* and for all w € 1. Then by (4.2.6) we have
sup | Sp(w)| < 400 (4.2.7)
n

a.e. so that by the norm separability-of E’ (4.2.4) holds for all z* € By,
that is, there exists a negligible set N such that

lim 6* (<", % Y Xy(3)()) = 6°(@", Xeo() (4.2.8)

n—oo

)

for all (w,z*) € (2 \ N) x Bg. Now by obvious properties of (o)
(4.2.4), (4.2.5) and the definition of s-lix '21 X, (j)(w) we have
J:

5 (e Xeo()) = (e, oK (@) < 87 (e} s 30 X (@) (429
=1

almost everywhere, for all k. Hence (4.2.2) follows from (4.2.8) and
(4.2.9).

Now using (4.2.8), (4.2.9) we will prove (4.2.3) that is a new for-
mulation of Komlos-slice convergence in ‘Ciwk(E) involving conditional
expectation.

Stepl. Claim: (*) Vz* € B/, lim E™6*(z*,S,(w)) = E*=6*(2*, Xoo (w))
n—oo
a.e. on f{l.

Since Ef'Y < 40 and |X,| < Y, for all n € N and as., then
using (4.1.8) and a new version of dominated convergence theorem for
conditional expectation of real-valued integrable random variable ([27],
Chap V, Lemma 2.4) we deduce that Vz* € Dj, there exists a negligible
set N.« in  such that

lim E%6*(z*,S,(w)) = lim 6"(z*,(E™S,)(w))

n—oo n— 00
= Ef°°6*(1:*,Xoo(w))
=6"(2", (E7> Xoo)(w))
forallw € Q\N;-. Set N= |J N,-. Forany (w,z*) € (R\N)xDj,
z*e€D]
we have
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lim §*(z*, (E™ 8n)(w)) = 6 (2", (B Xoo) (W) - (4.2.10)

n—oo

Let w € Q\ N, z* € Bg- and let € > 0. There exists zj in D] such
that ||z — z;|| < €. Hence

16*(z*, (7 Sp)(w)) = 8" (", (BT~ Xoo) (w))]

< 16* (2", (BT S0)(w)) = 67 (zk, (B Sn) (w))]
+16” (%(ET 2) (@) = 67 (zk, (BT Xoo) (w))]
+16* (24, (7 Xoo) () = 67 (2", (B Xoo) (w))]

< max(6”(z” _zk’(E7 Sn)(W)), " (zk — 2", (B 5n) (w))

+16* (21, (B Sn) (w)) = 6" (zks (BT Xoo) ()]

< max(6*(zj — ', (B7 Xoo) (), & (1'* zi, (E7= Xoo) (w))

< 2|z — 24| ERY () + 6" 2k, (B Sn) (W) — 8" (2 (B Xoo)(w))]

< 26E7Y (w) + |87 (zi,(Ef"Sn)(w)) 6" (ks (B7= Xoo) (w)) -

Since by (4.2.10) the last term of the right side of the preceding in-
equality goes to 0 when n goes to infinity, the Claim follows.

Step 2. Claim: (**) D(B,E’=X) < liminfD(B,E*S,) for all
n—oo

bounded closed convex subset B in E and a.e. w € (1.

By (*) we have

liminf D(B, E**S,) = liminf sup {-6(z", E*8,) - §*(~z*, B)}

n—0o0 n—00
z EBEI

> sup liminf{-6*(z*, E™S,) - 6*(—z*,B)}
z EBEI A

—= sup {-limsupé*(z*,E*™S,)~ 6*(~z*,B)}
x*EEEl n— oo

= sup {-6"(¢*,E™~ X))~ 6*(—z*, B)}
I'EEE/

= D(B,E™ X)

for any bounded closed convex subset B in E and a.e. w € {2, thus
proving the liminf part (**). Let us prove now the limsup part.

Step 8. Claim: (***) limsupD(B,E*S,) < D(B, E*~ X,) for all

n—o0
bounded closed convex subset B in E and a.e. w € (1.
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Let (gx)ken be a Castaing’s representation of E %= X in S;J
By (4.2.9) and ([27], Chap V, Theorem 3.1), we have

E™Xoo() C s-liE™S, ()

Foo X

almost surely on 1. Hence there exists a negligible set M in § such
that

Vw e 2\ M, Vk € N, gi(w) € s-li(E™S,)(w).

Hence

Vw € 0\ M,Vz € E, Vk € N, limsup d(z, (E™ S,,)(w)) < d(z, gk(w)),

n—oo

which implies that

limsup d(z, (E**S,)(w)) < klglf; d(z, gx(w)) = d(:c,(Ef""Xoo)(w))

n—oo

a.e. on {l. Now let B a bounded closed convex subset of E, then

limsupD(B, (E™S,)(w)) = limsup inf d(z (E™S,) (W)

n—oo n—oo ZEB

< inf limsup d(z, (E**S,)(w))

z€B pooco

< inf d(z,(E7 Xoo) (w))

= D(B,(E7=X)(w))

almost surely on (). Hence (4.2.3) follows from (**) and (***).

Remark. The preceding result holds for a decreasing sequence (B,)nen-
of sub-o-algebras of 7 with By, := () B,.. In this case we assume that

n
EB~Y < o0 and | X, |<onra.lln€N* and a.e. w € 0. Then

lim D(B, E®| ZX,,(J) B, E’=X_)

n—oo

for any bounded closed convex subsets of £ and a.e. w € 0.

To end this paper we will discuss some Banach-Saks properties with
respect to a RMS (a,q).
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The remainder of this section is borrowed from Benabdellah ([6],
17])-

Let E be a Banach space. Let a = (apq) be a RMS. The Banach
space E has the Banach-Saks (resp. weak Banach-Saks) property with
respect to the RMS (a,q) if any bounded (resp. weakly null) sequence
in E, has a summable subsequence with respect to (apq) (cf. [24],
p.75; [26], p.232). Analyzing Theorem 1.2 and 1.3 reveals that the-
ses properties characterize relative weakly compact and conditionally
weakly compact subsets in E. Hence it is noteworthy to study theses
properties and their implications on convergence problems for bounded
sequences in L (u).

We need first a lemma.

Lemma 4.3. Let H be a Hilbert space and (ayq) be a RMS such that

lim Z apq? =0 ()
q:O

n—oo

If (z,,) ts a weakly null sequence in H, then there ezists p € Si(N) such
that

[ o]
lim sup || ) apz =101
B oM BN ;::O paZeoou(q) |

Proof. W.l.o.g., we may suppose that ||z,] < 1 for all n. Let (€n)n>1
[0 o]
be a decreasing sequence in R7* such that ) €2 < 4+o0o0. Set M =

n=1

o0
sup Y |apg| < +00 and ng = 0. Choose n; > ng such that
p q=0 €1
|<$n0,$n1>| < M
Take ny > n; such that
€9 9
|<zno’$n2>l < -ﬂ and '(xn“xng)I < —M—
Then by induction, there exists a finite sequence with ny > ng_1 >

.-+ > ng such that
4 €k
Vi <k, K&n,; Tl < 73
Take p(k) := ng, Vk. We shall show that ¢ has the desired property.

Let ¢ € Si(N). For every k € N, we have
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1) akizpopll = Z |aki|* |z pop (s 12
1=0 )

+ 2 Z QL QK] $<p o ¢( ) $<po¢(l)>

i<
(o ] € !
SZIakl +22|ak1a | Secv ) <Po¢()
1=0 < i<i
(o) oo I-—-1
SZ[aM + — ZZngakilEz
1=0 I 15=0

since €,0y(1) < €1, Vi. On the other hand by Hélder inequality
pov(l)

-1

00 0o -1 oo
DY laksanler =) larle(d faks]) < > lakleiM

=1 j7=0

o0 (e o]
Yot O low

=1 =1

0
set L := IZ e?. Then we obtain
=1

o0 00 oo
1) akizgopl® < Y laril? + 2V, | 3 a2
t=0 1=0 =

o0
Since by our assumption lim 3 |ape|? = 0, the assertion we are after
follows from the preceding inequality.
Remark 4.4. Let us consider the two following (RMS):

1 .
» ={m if0<qg<p
pe

0 ifg>on
: 2P7% ifg>p
A ifg<p

It is easy to check that (apq) and (by,) are (RMS). Moreover, for all p,

we have
o0
Z |apq|2 e
g=0
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= 1
Zlbmﬂz = Z‘lp_q =3 0

7>p
Then (a.pq) satisfies the condition

PIEEOZ |apq| (*)

whereas (bpq) does not satisfy (*).

Now it is worth to observe that the (RMS) which satisfy the con-
dition () are those for which the spaces L'(S, L, v), where (S,Z,v) is
a Probability space, have the weak Banach-Saks property. Indeed let
a = (apy) be a RMS that does not satisfy ().

Let 1 = [0, 1] and u be the Lebesgue measure on ). Let us consider
the sequence (r,,) of Rademacher functions on [0, 1|. It is well-known
that (r,) is an orthonormal system in the Hilbert space L%([0, 1]) and
rn, — 0 for a(Ll,L°°) topology. Suppose by contradiction that there
exists a subsequence (ry, ) of (r») which is summable with respect to the

RMS (apq) in L1([0, 1]). Then the sequence (s,) with s, 1= Y apqrn,
qg=0

converges to 0 for the norm of L!, hence converges to 0 in measure.
Since (s,) is uniformly integrable in L?([0, 1]), s, — O for the norm of
L%([0, 1]). As (rn) is an orthonormal system in L?([0, 1]), we deduce
that

oo oo
lspll3 = 1) apgrn,ll3 = Y lape|®
q=0 q=0

This contradicts the fact that @ = (apq) does not satisfy (*). Hence
L([0, 1]) does not satisfy the weak Banach-Saks property with respect
to the RMS (a,q).

Now we are able to produce the-following result which generalizes
the Szlenk’s one to (ap,)-summability in L}, where H is a Hilbert space.

Theorem 4.5. Let H be a Hilbert space. Let a = (apq) be a RMS.
(1) If (apq) satisfies the property

pll.rﬂo Z |apq| (*)
g=0

then, for any weakly null sequence (u,) tn L} (u), there exists ¥ €
Si(N) such that
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pli’ngo ES;I()N) “ Z Upqlhypogp( q)||1

(2) Conversely, if all the spaces L (S, Z,v) have the weak Banach-
Saks property with respect to the RMS a = (ayq), then a satisfies

Plivngo Z |apg* = 0. ()
q=0

The assertion (2) follows from the above remark 4.4.

Proof. We shall divide the proof in two steps.
Stepl. Claim: For any € > 0, there exists ¢ € Si(IN) such that

Ii o =
1ﬂ$;1)p SD&_s;’ll?m | Z GpgUyop(g)|; < €-

W.l.o.g. we may suppose that ||u,|ly <1 for all n.

Let M > max(1,sup Z lapq|) and let € > 0. As (up) is uniformly
P g=0
integrable, there is a > 0 such that

b / unllds <
n Junl>al 3A4

Set Ap := {|lun|| > a, uj, := 14, u, and u;; := 14:up. Since |[ul|| < o
a.e., there exists v € LY (u) such that ||v|| < o a.e. and a subse-
quence (u;;,(k)),zp € Si(N), such that (u:/'J(k)) converges o(L$, L)) to
v. Hence u:p(k) = Uy(k) — ug(k) converges o(L};, L) to —v. More-
over it is obvious that, Vk, [luy [l < 357, hence |v]l1 < 337, As
(“:/I)(k) —v)o(L%, L%) converges to 0, then in view of Lemma 4.3, we
may suppose that

I =
pl'IEO esslt%)N) H (;)al’q u*/’W('i) )“2

There is p, € N such that p > p. implies

aesSul%)N H Z_: a‘P‘I ut/)oa U)l|2 <

wlm

Then for all p > p. and ¢ € Si(N), we have
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” Z ApqUipop(q) Hl < || Z anutllocp(q)||1 + “ Z Qpq uzpoga(q) )“1

q=0 q=0 q=0
o0
+H(Z“m)”|'1
q—O
< Z |apq|3M + | Zapq| lofly + || Zam ut/»osa(Q) )HZ
g=0 6=g
T <MW +MW + ==

thus proving our claim.

Step 2. Let (u,) be a weakly null sequence in L} (r) with ||u,]]; <
1, Vn. According to the first step, we find, by induction, po,... , @k
in Si(IN) such that

I ) <9k 4.5,
l,lfi,so‘;f’ aesslf%)N) I Z GpqUyroo(q) ”1 = (I

with ¥, = oo ... 0 k. Let us consider the diagonal sequence
Y(k) := vr(k), Vk and let us show that #(.) Las the required prop-
erty in Theorem 4.5. Let § € Si(IN) and k € N be fixed. Define

n ifn<k
p(n) := :
Ok+10...009n)(0(n)) ifn>k+1
Then ¢ € Si(N) and, Vg > k+ 1, % 0 8(q) = 1k 0 p(q). Moreover we
have

|| ZapqutpoO(q)”] < || Zapqut/)(@(q )”1 + ” Z “Pq”¢ko0(q)’|1

q=k+1
Z |apq| + “ Z QpqUyrop(q) — Z GpgUyrop(q) ”1
q=0 g=0 q=0

k co
<2 n :
it ;::) |apq| UGSS}:(pN) || gamuw "(4)”1

(4.5.2)
By (4.5.1) and (4.5.2), it follows that

oo

k
I | > <2} +27F =27k
1ﬁsip BESSI:(pN) ” (; ApqUpob(q) “1 oo 8 ;) |apq]

(4.5.3)
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Since k is a arbitrary, assertion (1) follows immediately from (4.5.3).

Corollary 4.6. Let H be a Hilbert space and a = (apq) be a RMS which
satisfies property (x). Let (uy) be a bounded sequence in L} (1). Then
there ezist ) € Si(N) and u € Ly (u) such that, for all p € Si(N), the

sequence () apgUyop(q))p CONVErges in measure to u.
q=0

Proof. By Theorem 1.12, we may suppose that there exists an increasing
sequence (A,) in ¥ with lim u(Aj5) = Osuch that (14, u,) o(L?, L)-
n—oo

converges to u € L} (x) and (14sun) converges u-a.e.to 0. Now we
apply Theorem 4.5 to the weakly null sequence v, = | s o L
Then there exists ¢ € Si(N) such that, Vo € Si(N), the sequence

[e.e]

(22 @pgUyop(q))p converges in L} (1) to 0. Let p € Si(IN) be fixed and
g=0

set 8 = ¢ o . Then

oo (0. 0) e e]
D Gpqto(q) = D gLy, vog) + 5 alag, Yolo)
q9=0 g=0 q=0
O (e o] oo
= (Z @pq)u + Z ApqUs(q) T Z apqlAZ(q) Uo(q)
q:O q=0 q:O
o0
As (ayq) is a RMS, the sequence (( Y apq)u), pointwisely converges to
=0
u and the sequence () apqlAz(q)ug(q))p converges u-a.e. to 0. Hence
q=0

o0
(Zo apqto(q))p cONverges in measure to u.
q:

Open Problem. It might be interesting to obtain a multivalued ver-
sion of Komlos theorem for integrable closed convex random sets Xz,
that is d(0, X,,(.)) is bounded in L} and SLLN for closed convex valued
martingales in separable super-reflexive Banach spaces. The first prob-
lem for convex weakly compact random sets is studied in this paper
(cf. Theorem 4.2), whereas the second one was stated in Ezzaki [27] for
convex weakly compact valued martingales in p-smooth separable Ba-
nach spaces. To end this paper we would like to address the following
question: What happens if one replaces the Cesaro sums

1 n

FRu

1=1
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in vector-valued Komlos version theorem ([29], Theorem 6) by the fol-
lowing ones &5

Z apgXq

q=0

where (X,,) is a bounded sequence in L}, and (apq)(p,q)eNxN is 2 pos-
itive regular method of summability satisfying suitable conditions (see
(24]; [26], Cor.2.17). Taking account into the above mentioned results,
we suspect that o

(Z aquW(q))p

q=0
converges in probability to X € LY, that is

gy 1 Xon = O s Ko7, 0

in probability where (X(»)) is @ subsequence of (X,). This conjecture
is a sort of Banach-Saks property for bounded sequences in L% with
respect to a regular method of summability.
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