
Vrpru.l,ru Jounnel or MerupuATrcs
Volume 24, Number 3, 1996

S.hort Communication

A SMOOTHNESS CHARACTERIZATION

FOR HYPERBOLIC TRIGONOMETRIC

POLYNOMIAL APPROXIMATIONS

DINH DUNG

1. In this note we give a characterization of smoothness properties
which govern a preassigned degree of the best multivariate approxima-
tion by trigonometric polynomials (t.p.) with frequencies from so called
hyperbolic crosses (h...) for the case when these h. c. are, in general,
the intersection of an infinite number of single ones.,,Being different
from the case of finite intersections of single h. c., this case can not be
reduced to the ca.se of single h.c. our'note is directly related to Ir-+].
In particular, the results in this note generalize those in [+].

2. Let .4 be a compact subset of R{ ,: {, € Rd : ri } 0}. The set

f e ( t )  ' :  { f t  € Z d : I
ieJ"

l k i l ,  1 t ,  a €  A ) ,  r  )  0 ,

is cal led hyperbolic cross where Jr:: { j  ,  oi +O}.We let

E! ( i l o , :  
o? t ' , ^ l l f  

- s l l o ,  r (pSoo ,  ( r )

denote the error in the best .Lo(Td) - approximation of / by elements
ftom Pf the ^Lo(Td)-closure of the span of the harmonic ed(ft,') , k €
Ie(t), where Td :: [-T, nlo is the d-dimensional torus and l l . l lo the p.
integral norm of Lr(Td) with the change to the sup norm *tt"tt p : oo.

Let the vector o* : (ai , . . .  ,  o;) be defined by

Q; i :  max A i  .'  a € A
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The most important case of the approximation (1) is that when the

h.c. Ia(t) is finite subset of Zd for each t ) 0, i.e. the subspace PlA

consists of all t.p. with frequencies from ff . fnis occurs if and only

if the vector a* has only positive coordinates. However' we would like

to emphasize that the results of the present note will be stated without

any requirement on finiteness of Ia(t).

We are interested in characterization of the smoothness properties

of / which give a preassigned degree of Ef (f)r. We let O denote the

set of all functions p € C([0, 1]) such that tp(t) ) 0 for t ) 0, p(0) : 0'

and gr is nondecreasing on [0, r] for some 0 ( r ( 1. The degree

of Ef(f)p which we will consider, are of the form g$lt) fgt p g O.'

satisiying certain conditions of regularity (see Conditions (BS) and (26)

below). Let H! be the space of all functions / e Lp(Td) for which the

quasinorm

l|l u^ :- sup ll\'hfllp lnA(h\'  " P  h € [ o , r l d

is finite for some r with ri > d; where A[, is the r-th mixed difference

operator (see a definition below),

oa(h) : :

If a* is a vector with positive coordinates, then being a'degree of the-

above mentioned form, the function ,pA(Ilt) :: t-t {logd-rt q"(Ilt)}L/p'

is the degree of E! (/)o, 1 I p <--oo, on the unit ball of If , where

p* i: min(p, 2), s is a certain nonnegative integer not greater than

d - lr r(.) a certain modulus of continuity, B a certain compact subset

of R{, which are constructed from A (see [2]).
Let us introduce spaces of functions / with common degree of

E ! ( f )p .  l I p  €  O  and0  <  g  (  oo ,we le t  € f ; , ; e  deno te thespace

of all functions f e t'r(fd) such that quasinorm

t i tu+ (ilple1-\)o)'/0, s < oo
n=O

sup {E+"U)r lp@-")) ,  e:  oo
0(n(oo

d

jtl fl n,:' '
j = l

is finite.

lIlei;",
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3. we now give definitions of new moduli of smoothness. For a nonneg-
ative integer r, the univariate difference operator LL, h € T, is defined
inductively bV A[ ': AlAl-1, starting from the operators

Loof : :  y ,  A, l f  : :  f  ( .+ nl4 -  / ( .  -  hlz).

The univariate integral operator If, is defined in the same way, starting
from the operators

I f l f  : :  7 ,  I l : :  h- ts,

where g is the primitive with zero mean value of /, i.e.

s ' : f  ,  I g @ ) d r : 0 .
!*

For r e Z+ ': {ft € Zd : ki ) 0}, we let the multivariate mixed
difference operator LL, h € Td, be defined by

Aif  : :  A; ' ,A; ' , . . .  L ' , : " f  ,

where the uninariate operator L,'l is applied to the variable ri. The
multivariate mixed integral operator { is defined similarly.

For a pair 1 : (r, i l '€ Z+ * Z+, the operator Dl : DTQ\ is
defined by

f
Dl f :: J 

n'rfo I fI h;L dh ,
6vA(t )  ieJ '*

wheri 6VA(t) :: VA(t) \ y" (t l2) is the augmented of the hyperbolic set

Va( t ) , :  {h  €  Td:  h i  }  o ,  I I  n i t  - -2 t ,  a€ ,4} ,  ,  >  0 .
jeJ-

We define the modulus of smoothness nl,U,. )o by

nIU, 6)o : : : :B l lDi  / l lo  ,  6 > o.

A slight modification of this definition was given in [a] for single h. c.

We now introduce Besov spaces of common smoothness. If 92 € O
and 0 < g ( oo, we let I :: Bf,{," denote the Besov space of all
functions f e Lp(Td) such that the quasinorm
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g < o o

0 :  o o

Namely, we say

(  i  {n l t  f  ,2- ' ) , lp7-")}o) ' / ' ,
n:o

sup {nl (1,  z-")p lpQ-")} ,
O(n(oo

is finite.

4. We will require some conditions of regulariff on 9'
that rp € O satisfies Condition (BS) if

and Condition (Ze),, > 0, if

lo' ,td! s c a(t) ,

lo '  , td,-o !2 < c e(t)t-o .

we will need also some restriction or "f : (r, 0) for the modulus

of smoothness O](/,.)p. We say that the pair 1 : (r, B) satisfies

Condition (R) wiih respect to A if J, : JB - Ja* and I . gi 
f ri,.i €

Ja.. For 1 : (r,p) satisfying Condit ion (R), we define p(A,l) z:

min{( r r ' -Nl " i :  i  €  J . ' }  and v(A, l )  asthe number of  i  €  Jo-  such

that (rr' - ill;;: P(A,1). Denote by card I the cardinalitv of a set

I and recall thai p* := min(p, 2) for L < p ( oo'

Theorem l. LetL < p ( @,0 < g ( oo, andlet A be o compact subset

,fB+. Thenfor any 0 >O ond, ony noturol number u lcard,Ja*,IDQ

can c'onstructiuely f'nd a pair 1 : ?, P) e 2Z+ * Z+ such that

(i) 1 sotisfies Condition (R) w;th respect to A,

( d d )  p : p ( A , i > 0 '
( ; i i )  v ( A , 1 ) : v .

Moreover, if I is such a poir and f e to(xo), thtn there holds the
Jockson type direct inequolity ol weak lorm

i {nlg, ,-\}o')''o (z)
m = n * ' L

n{"U)o < c (
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for any nonnegat;ue number n wheneuer
addition ue haue the Stechkin - Timan type
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the right side is finite. In
inuerse inequality

nl , ( f  ,2- " )p  S 
" ( Im=O

for ony natural number n.

Theorem 2. und,er the assumptions of rheorern 7, let p € tD and
tp satisfy Cond,itions (BS) and (26). Then for any pair I _ (r, g)
sotisfying Cond,itions (i) - (;;) in Theorem 7, we haue

€f;,;o : Bi,{'o .

Moreouer, for functions f e €f;e

l r l  l ' l

l I  I  ra ,e  N l t  I  ae , r ,o  .'  ' - P , q  ' - P , q

From Theorem I it follows that we can constructively find a pair
1 - V, 

p) (with ,(A, i : 1) for which there hold the inequality (2)
and the inequality

n l ( f , 2 - " ) pS" ( D
tn=O

{z-o@-")  E+*( i lo}o )"o '

5. The methods employed in the proofs of Theorems 1- 2 rest on the
Littlewood-Paley theorem and Marcinkiewicz multiplier theorem and
some generalizations of the discrete Hardy inequalities and, in particu-
lar, are a refinement of those in [t], [+].
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