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THE POPULATION AND ITS RENEWAL FUNCTION!

NGUYEN QUY HY and NGUYEN DINH HOA

Abstract. A concept of “the population” and of corresponding renewal function
are constructed in the work as a generalizing renewal processes, non-homogeneous
renewal models and ones of renewals by partly fasled objects in the discrete case.

1. INTRODUCTION

Analysing a process of replacements (renewals) of objects in a set
A in the time t € (0,00), we can describe it by three sequences of
nonnegative random variables:

{¢n:n>0}, {vn:n>0}, {ri:n>0} (=1,2,...), (1L.1)

where

bni=bnoi 00 (R21); £ =0 (1,20, foralln>1) (12)

and &, is the n-th renewal moment. At the moment £, a number v,
of objects is added to the set A. The random variable v, is the n-th
number of renewals and:

ve €{1,2,3,...} C[1,00) forn >o0. (1.3)

Here vy (the 0-th number of renewal) is the initial number of objects
belonging to A at the moment £; = 0.

Fixing n (n = 0,1,2,...) the random variable 7} with

1This work has been supported by the National Basic Research Program in
Natural Sciences, Vietnam.
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i €[0,00) (1<i<uy) ? (1.4)

is the restdual life-time of the i-th object in v, objects entering into A
at the moment ¢,. It means that the i-th object exists (lives) in A in
the time 7} and will be eliminated from A at the eliminated moment:

friz = €n + T:;- (1.5)

In brief, when we study the evolution of a set A, each object in A can
be characterized by a random vector (£,,7.) which is denoted by (7,n)
for simplicity:

(ia En) = (z,n) = (ﬁna 7':1,) (1.6)

By this reason, the vector (z,n) in this work represents the correspon-
ding object of A and the set of these vectors: {(¢,n) : 1 < < wv,, n >0}
represents the set A. Under some assumptions for sequences (1.1), it
shows in Section 2 that this set is a generalization of renewal processes
(see [1], [2], [6]) of non-homogeneous renewal models (see [4], [5]) and
of ones of renewals by partly failed objects (see [3]). A concept of the
renewal function will be constructed in Section 3 for the set (“popula-
tion”) A as a generalization of this concept for renewal processes. Using
these notions, we will establish an equation of the renewal function in
the next work to predict the number of “the renewal individual” in a
time (0, t).

2. CONCEPT OF POPULATION

Suppose that the sequences (1.1) fulfill the following assumptions
(A) - (D):

(A) {nn : n > 1} is a sequence of the mutually independent non-
negative random variables 7, := £, — £n—1, such that P{n; =0} =0
and for every n > 2 the random variable 7, is non-trivial, i.e. we shall
exclude the trivial case:

Ing > 2: P{nn, =0} =1. (2.1)

(B) For every n > 0, the random variables v, and . are indepen-
dent and

2je P{ri <z}=0forallz<0
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Un = E(v,) <u < oo (forall n>0). (2.2)

(C) For every n > 0, the random variables 7} (¢ > 1) are indepen-
dent of £, and v,,.

(D) For every n > 0, assume that the random variable Ti(i > 1)
are nonnegative and identically distributed:

Balz) = P{T:; <z} (foralli>1). (2.3)
Here we exclude also the trivial case, where

Iny > 0: P{r, =0} =1 (foralli>1). (2.4)

Lemma 2.1. IfP{m = O} = 0 and the trivial case (2.1) is ezcluded,
then we have:

A N A P{nn>an} o0 (2.5)

Moreover, the exclusion of trivial case (2.4) is equivalent to the
following condition:

Vrn>0, 3B, >0:r,:=P{ri>pf.}>0 (Vi>1). (2.6)

Proof. We can show (2.5) by contradiction. From the assumption (D)
about the exclusion of trivial case (2.4) we obtain (2.6). On the other
hand, if the condition (2.6) holds then

P{T:; :0} SP{T:; Sﬂn} =1-r, <1 (foralln>0).

It excludes the trivial case (2.4). Hence the condition (2.6) is equivalent
to the exclusion of the case (2.4). O

Definition 2.1. Under the condition (A) - (D), the random vector
(¢,n) is called the i-th individual in the n-th renewal. The set of all the
individuals:

A:={(i,n) :n >0, 1<i<uy} (2.7)s

is called the population with residual life-times 7}. This population is
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characterized by the sequences of random variables (1.1)%.

Now we consider a more general renewal model, in which besides
the random variable ' representing the time of existence in A of the
individual (¢,n), there are two other nonnegative random variables 7§,
and 7}, where 7}, is the age of the individual (¢,n) at renewal moment

and it represents the time of existence of (¢,n) before entering in A; TS
is the life-time of the individual (¢,n) and it represents the total time
of existence of (z,n).

Then we have

(2.8)

1 i RIS 1
Ti . Ton — Tin (lf Ton > Tln)’
0

" (if 7on < 7in)-
Moreover, for this model the conditions (C), (D) are replaced by the
following conditions (C,), (D1):

(C1) For every n > 0 and i > 1, the random variables 73 and 7},
are independent: 7¢,, and 7t are independent of &,, vy.

(D,) For every n > 0, the random variables in each sequence {'rc‘;n 3
i> 1}, {rl, 12 1} are nonnegative and identically distributed:

Fon(z) := P{ri, < z}; Fin:= P{r}, <z} (foralli>1), (2.9)

such that ' _
;= Plas, > Tin} >0 (for all n > 0). (2.10)

“Lemma 2.2. Under the condition (D1), suppose that for every n >0
and i > 1, the random variables 7%, and 7}, are independent. Then the
condition (2.10) has the following equivalent form:

1-11, = /FOn(:c)dFln(z) <1 (for alln >0). (2.11)
0

Moreover, for the random variable 7t defined by (2.8) the trivial
case (2.4) does not occur.

3j.e. by the renewal moments, the renewal numbers and by the residual life-
times of individuals
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Proof. Since the random variables rén and r{n are nonnegative, iden-

tically distributed for all ¢ > 1 (by the assumption (Dy)) and indepen-
dent, we have (see (2.9))

P{Tén < T,-"n} = /P{T(jn < z}dF,-n(:z:) = /FOn(z)dFln(x).
' 0 0
Then, it implies that

(o ¢]
I, := P{Tén > 1—;'"} =1 —/FOn(z)dFln(z) (for every n > 0).
0

(2.12)
It is easy now to see that (2.10) and (2.11) are equivalent.

On the other hand, we get from (2.8), (2.11), (2.12) that
P{ri=0} = P{ri, <ri} = /FOn(z)dFln(z) —1-T, <1, (213)
"0

which excludes the trivial case (2.4). O

Theorem 2.1. Assume that the conditions (A), (B), (C1) and (D)
are satisfied. Then, the set of individuals (2.7) is a population with
residual life-times 1. defined by (2.8), where the random variables 7L
(¢ > 1) have identical distribution:

Fu(s) = P{ri <z} =1-TI, /[1 ~ Fon(z + 9)|dFiny) (i 2> 0),
’ (2.14)
Fa(z):=P{r, <z} =0 (ifz<0). (2.15)

Proof. From (2.8) and (2.10) it is easy to deduce that

P{T:; < :1:} = P{Tén > Tfn}P{T:; Sx) Tén > rfn}
T8 Tges TaagPAee <0 1o & p ]
=MnP{r5, — 7, <z} + (1 -1L,)P{0 < z}

= HnP{Tén <z+ Tlin} + (1 =T1,) (for all z > 0).
(2.16)
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On the other hand, since the random variables Tén, i are inde-
pendent for fixed n > 0, i > 1 (by the assumption (C,)), from (2.9) we
obtain:

Plri <z +7in} = [ Fonlo+0)dFny). (@17
0

By (2.16) and (2.17) we get

Fu(e) = P{rf < 2} = Tl [ Fonla + 9)dFun(y) + (1~ L)

(for all z > 0),

i.e. (2.14) is true. Beside, because i >0 (see (2.8)), P{ri <0} =0.
Therefore, we obtain (2.15).

We have thus proved that the random variables 5 (¢ > 1) are iden-
tically distributed with the distribution function (2.14), (2.15). Using
lemma (2.2), from the assumptions (Ci1), (Dy), it is easy to see that
the conditions (C), (D) are satisfied, in which the distribution (2.3) is
defined by (2.14), (2.15). Combining these conditions with the assump-
tions (A), (B) we get the conditions of Definition 2.1. Hence, the set
(2.7) forms a population with residual life-times 7 as required. O

In this case, the set (2.7) is called the population with life-times 7%,
and with ages at renewal moments 7t,. This population is characterized
by the sequences of random variables below:

{¢n:n>0}, {tnin> 0}, {(rén,7i,) :n >0} (fori>1). *
(2.18)
We now shall study, as a particular case of Theorem 2.1, a popula-
tion with the life-times and the ages at renewal moments being discrete

random variables. In this case, suppose that the conditions (C;) and
(D,) are replaced by the following assumptions (Cz) and (D3):

(Cz) For every n > 0,1 > 1, the random variables 73, and 7}, are
independent; 73, and rln are independent on v,.

4j.e. by the renewal moments, the renewal numbers, the life-times and by the
ages at renewal moments of its individuals
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(D2) For every n > 0, the discrete random variables in each se-
quence {Tc‘,n win LY, {r{n : 1 > 1} are identically distributed:

T
P{r5, =k} = pon(k) (1 <E<T); Y poa(k) = 1; pon(T) > 0,
k=1

(2.19)

B
B, = k} = pin(k) (0 < k < T); Z Pin(k) =1 (for all n > 0).
5 (2.20)

The natural number T > 1 satisfying pon(T) > 0 (see (2.19)) is
called the mazimal life-time of all individuals in the population.

Corollary. Under the conditions (C,), (D;), suppose that i, = 1 (for
all n > 1) and the discrete random variables v, satisfy the assumptions
(1.3) and (2.2). Then, the set (2. 7) forms a population with the life-
times and the ages at renewal moments having the discrete distributions
(2.19), (2.20).

Proof. Since n, = 1 for all n > 1, the condition (A) is evidently
satisfied. Moreover from (1.2) we have ¢, = n for all n > 0. Now it
is easy to see that the condition (B) is verified, because (2.2) holds.
Further, we get (C,) as a straightforward consequence of (Cs).

We deduce from (2.19) and (2.20) that

0, (y < 1),
m—1
Fon(y) = kE pon(k), (m-1<y<mm=1,..T), (2.21)
=1
1, (y > T).

Pin(m) (1<m<7T),
0 (m>T).
(2.22)

From (2.19)-(2.22) we obtain [ Fon(y)dFin(y) < 1 — pon(T). Since
0

AFln(m) = Fln(m) = Fln(m T 1) = {

Pon(T) > O (see (2.19)), we have [ Fon(y)dFi.(y) < 1. Therefore, by
0

the condition (D;) and Lemma 2.2 it deduces that the condition (Dy)
is satisfied. We have thus verified all conditions of theorem 2.1. O
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The population defined in this Corollary is called the population of
discrete model (2.19), (2.20).

We now consider some particular cases of the populations consid-
ered in Definition 2.1 and Theorem 2.1.

Definition 2.2. A population A with the lifetime 7¢,, and the ages
at renewal moments 7}, = 0 for all n > 1, is called a population with
renewals by newly-born individuals.

In this case we have for every n > 1:
i = 1401 Fon(z) = Ful(z);  Fin(2) = 1p,00)(2),
where the symbol 1x(z) denotes the characteristic function of X:

1x(z) = {

1 if z € X,
0 ifzdg X.

A population A with the residual life-times 7t identically distribut-
edforalln>1,:>1:

F,(z) := P{ri <z} = F(x)
is called a homogeneous population.
Remark 2.1. If in a homogeneous population A we have
va=1; 7i=1n.1 (n>0),
then A becomes a renewal process (see [1], [6]).

Remark 2.2. A population A of discrete model (2.19), (2.20) with re-
newals by newly-born individuals is a non-homogeneous renewal model
(see [3]) or a discrete renewal population (see [4], [5]).

Remark 2.3. If A is a homogeneous population of discrete model with
the distributions (2.19) of the particular form below:

P{Tén:k}zp(k) (k:l,Z,,_.,T;n:O,]_,z’___)

5
Y (k) =1 p(T)>0 (2.23)
k=1

then A becomes a homogeneous renewal model (see [3]).
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Remark 2.4. A population of discrete model (2.23), (2.20) is exactly a
discrete model of renewal by partly failed objects (see [3]).

Using Theorem 2.1 and its Corollary it is easy to see that all dif-
ferent variations of these populations can be transformed to the form
in Definition 2.1. So, from now on, saying “population” we have in
mind “population with residual life-times” as defined in this definition,
unless specified otherwise.

3. RENEWAL FUNCTION OF A POPULATION

Let us extend the concept of renewal function for a renewal process
(see [1-3], [6]) to the case of population.

Definition 3.1. Let A be a population, We call the random variable

N(t) := max {n E Gy = t} (for t > 0) (3.1)
number of renewal times and the random variable
N(t)
v(t):= Y vn—wo (for t >0) (3.2)
N=0

number of renewals of the population A in the time (0,¢]5.

The expected value of v(t):
U(t) := E{v(t)} (for all t > 0) (3.3)
is called the renewal function of population A.

In order to show that the renewal function is finitely defined, we
have to establish some lemmas.

As we have noted in Lemma 2.1 that if the condition (A) is fulfilled,
then for each n > 1, there exists a number ap > 0 such that: p, :=
P{nn > an} > 0. Now we suppose, in addition, that

i F= 0 h
égfl{an} a >0, (3.4)
inf {pp}:=p>0. Put :gq:=1-p (3.5)
n>1

and consider the following random variables:

5 with the exclusion of the initial moment §o=0
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ﬁn = l(a,oo) (nn) (n > 1); ;7_0 =0, . (36)
€, = Zﬁi (n>1); & =0, (3.7)
N(t) :=max{n: ¢, <t} (t>0). (3.8)

Lemma 3.1. Assume that the condition (A) and (3.4), (3.5) hold.
Then, we have

0<g<1, (3.9)
P{N(t) <o} =1 (t>0), (3.10)
E{[N®)]*} <o (620, k=12,...). (3.11)

Proof. Setting

Pp:=P{nn>a}; §,:=1-pn= P{n.<a} (n>1) (3.12)

we have
P, > P{nn>an}=pn>0 (n2>1). (3.13)

Hence, it implies that

0<p<P,<1; 0<G,=1-p,<1-p=¢g<1 (3.14)
and we have thus proved (3.9).

To prove (3.10) we note first that 7, € {0,1} and £, €{0,1,...}
for all n > 0. On the other hand, by the definition (3.7), (3.8) we have

E—ﬁ(f) <4 E7\7(j)+1 = Z'1\7(;') 0% G +1 > 0l3*=0,1,2,...).

We can deduce by contradiction that
Zjv"(]-) =Notm +- - +0Fy) = b

. (3.15)

TNG+1) =
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For any nonnegative integers ;7 and m, we have:
P{N(j) =m} < P{Tig + -+ +7,, = j}. (3.16)

Let us denote by I;in, with 1 < j < m, the set of all combinations
of j from m elements of the set below:

I7 :={1,2,...,m}. (3.17)

For a combination {¢y,1,,... yi;} € I, we consider respectively
the random events below:

Ai{ty,. .10} = {;, == M, =1}, (3.18)
AO{il, oo ,ij} = {ﬁt(l) SS {5 ﬁi(m—j) = 0}, (319)
where {i(1),...,i(m—3)} is the complementary combination of {i1,..., il

{i(l),...,i(m~j)} = :,':\{il,...,ij}.

Since 77, = 0, we obtain the following relations between events:

o+ 4 T = 5} = (oo 4 T =5} =

= U (Ai{in, -3} 0 Ao{iy, ..., 55)) ©
{$1y00nri; YEP,

- U Ao{ir,.. 15}, (1<j<m). (3.20)
{$1,...8; €L,

We deduce from (3.16) and (3.20) that

P{N(j)=m}< 3" P(Ao{i,-..,i;}), (1<j<m).
{i1,.0ij }ER,
(3.21)
Since the random variables {n,, n > 1} are mutually independent by
the condition (A), it follows from (3.12), (3.6), (3.14), (3.19) that

m—j m—j
P(Ao{ir,...,i5}) = [] P{i) =0} = IT P{nitny < @}

n=1 n=1

m—3

= Hams<a7 @<i<m).

n=

-
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Hence, using (3.21) we get
P{N(j) =m} < Chg™7, (1<j<m), (3.22)
where C{n is the number of combinations of j from m elements:

m!

CJ — T \. ¢ )
(m — 5)4!

m

(1<j<m). (3.23)

The estimation (3.22) is also true for j = 0. Indeed, from (3.16),
(3.14), (3.12) and (3.6) we have

P{N(0) =m} < P{To+ "+ +7m =0} = P{ly = -+ =71 =0}
' =P{77'0 =0} P{m < a}...P{nm < a}
=14,...9, < q" =Coq™. (3.24)

Let T := [t] be the largest integer which is smaller than ¢t. Then,
we have: T <t < T + 1. Replacing j = T in (3.15), it yields

ZN(T) =Fst ZW(T)+1 = EN(T) + 0841 = L +1>t

It implies that
N(t) = N(T) (for allt>0). (3.25)

On the other hand, we have

{N(T) = 0o} = [{N(T) 2 n},
{N(T) > n} > {N(T) >n+1} (foralln>0),

we obtain, therefore, that

P{N(T) = oo} = lim P{N(T) > n}. (3.26)

Writing: o
P{N(T) 2n} = ) P{N(T)=m}.

We deduce from (3.22), (3.24) that
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P{N(T)>n i T¢™ T  (0<T<n). (3.27)

The series of nonnegative terms in the right-hand side of (3.27) is
convergent by the D’Alambert’s criterion (see (3.24), (3.23)). Hence,
by (3.26), (3.27) it has

P{N(T) = oo} =0, (3.28)

Combining (3.25) and (3.28) we get

P{N(t) < o} = P{N(T) < 0o} = 1 - P{N(T) = oo} =1

and (3.10) is proved.

In order to establish the inequality (3.11) we use an argument iden-
tical to that above, concretely,

B{[N )"} =B{[N(7)]") = kap{N m)
kaCT b (forallt >0, k=1,2,...).

The convergence of the series in the right-hand side implies (3.11).
The lemma. is completely proved. O

Now we proceed to the properties of N(t). Let G, and H, be
distribution function of £, and 7, respectively:

Gn(t) :==P{¢. <t} (n=0,1,2,...),

Hig(e) 2B pf <ot junmsi(n= Ay 2end), (3'29)

Lemma 3.2. With the same assumptions as in the lemma 8.1, we
have

P{N(t) <o} =1, (3.30)
E{[N®)]*} <oo (for all k > 1), (3.31)

E{N@)} = i Gn(t) < oo, (3.32)
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Gp+1(t n(t — z)dHpyi(z) (for all n > 0),

\m

(3.33)

G() [Ooo)()

Proof. 1t is clear from (3.4), (3.6) that

M, <nu/a  (foralln>1),
therefore by (3.7) we have

€n < €nfa (foralln > 1) |
with €, = £, = 0. It implies that for all ¢ > 0,
{n:én<at'}={n:é/a<t}c{n:g, <t}
Then, we obtain
0 < N(at') < N(t) (for all ¢’ > 0).

A simple replacing t by t' = t/a in (3.10), (3.11) yields (3.30), (3.31).

Now from (3.31) with k = 1 we get E{N(t)} < oo for allt > 0. On
the other hand, we have

E{N(t)} = ) _nP{N(t) =n}
:i =n}§’i1 (for all t > 0).

Since the series of nonnegative terms in the right-hand side is conver-
gent, we can write

E{N(t) i i -1 (for all ¢t > 0).

Moreover, it implies from (3.1) that

P{N(t) >m} = P{tm <t} = Gn(t) forallm>0.
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Replacing these probabilities in the series by corresponding values yields

E{N(t)} = ) P{N(t)>m} =) Gm(t) <o (t>0)

and (3.32) is proved.

Finally, since the random variables 7,, are mutually independent,
we can say that 9,4 is independent of £, = n; + --- + 5, for every
n 2> 1. Then, from (1.2) and (3.29) we get

Gni1(t) = P{& + npy1 < t}
t

= /G’n(t — z)dH,y1(z) (for every n > 1).
0

This implies (3.33) for all n > 1. In the case of n = 0, the relation (3.33)
is obviously true, because H;(0) = O by assumption (A); therefore, we
have

t t

/ Golt — z)dHy (z) = / 1o,00) (¢ — 2)dH, (z)
0 0
- Hl(t) == Hl(O)
=P{7]1 St} =P{£1 St} _—"Gl(t). O

Remark 3.1. In proving the Lemmas 3.1 and 3.2 we have supposed,
besides of the condition (A), that (3.4) and (3.5) hold. These conditions
say that the chance for two successive renewal moments being very close
one to another is rather rare. That is

Jdo,p >0, suchthat P{n,<a}<1-p (foralln> 1).

In the particular case, when the random variables #,, n > 2 are iden-
tically distributed:

P{n, <z} = Hu(z) = H(z) (for all n > 2)
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the conditions (3.4), (3.5) are automatically satisfied. In this case, a
similar result have been established for renewal processes {n, : n > 1}
(see [6]).

Theorem 3.1. Assume that the condition (A), (B) and (3.4), (3.5)
hold. Then we have

P{v(t) < oo} =1 (for all t > 0); (3.34)

0< E{v(t) Zun ) < oo (for all ¢ >0).
(3.35)

Proof. Since 1 < v, < 0o, from (3.2) we get

N(t)
P{N(t) <o} < P{ Y wa < 00} < P{u(t) < 00} <1 (for all t > 0).

On the other hand, we have (3.30):

P{N(t) < oo} =1.
Combining two relations above, we get (3.34).

To prove (3.35) we note that two events {£, <t} and {n < N(t)}
are identical. We obtain, therefore

(1 (<o),
Lo,y (€n) = { 3 THE
_ 1 (n<N(),
= { 0 (n>N(), (3.56)

and we can rewrite (3.2) in the form:

v(t) = Z an[o,t](fn) — vy (fort > 0).

n=0
Then, since v, is independent of ¢, by assumption (B), we get

o0

0<Ut) =) E{valjo,y(&n)} — E(vo)

n=0

= Z unE{l[o,t] (fn)}
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It implies that

o<U(t P{gngt}

2
Z <Y Gn(t)=TE{N(t)} < oo

(see (2.2) and (3.32)). We have thus proved (3.35). O

Remark 3.2. If in the Theorem 3.1 we replace the condition (B) by the
stronger one (B*) below:

(B*) For every n > 0, v, is independent of all £, k£ > 0 and

E{V}} <w?< oo (for all n > 0) (3.37)

then, we can prove, beside the relations (3.34), (3.35), that v(t) is a
Hilbert valued process (see, for example [2]):

E{V ()} <o  (t>0). (3.38)

Indeed, we know that [E{v,}]? < E{v?}. Hence, it follows from (3.37)
that (2.2) is satisfied. The condition (B*) is thus really stronger than

(B).

To prove (3.38) we shall use (3.36) and the Holder inequality:

E{(Zun)z}siE ) E{1po, (&) [N (t) + 1]}
<u iE{lio 1 (&) [V (2) + 1]}
N ()

< E2E{ Y 1[N+ 1]} =w?E{{N(t) +1]*} <o (3.39)

n=0
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(see (3.31)). As v, > 1 for all n > 0, we obtain from (3.2) that

N(t)

o< B{*®} <B{( > Vn>2} + E{2).

n=

By (3.32) and (3.39) it is easy to see that (3.38) holds. O

The authors wish to express their gratitude to Dr. Sc. Pham Ky
Anh for some valuable discussions.

REFERENCES

1. D.R. Cox, Renewal theory, London - New York, 1962.

2. LI Gichman and A. V. Skorochod, Vvedenie v teoriju slutcaynych processov, Moscow,
1977 (Russian).

3. I. Koniewska, M. Wlodarczyk, Modele odnowy, niezawadnoscs s masowej obslugs,
Warszawa, 1978 (Polish).

4. Nguyen Quy Hy and Le Xuan Lam, On the model for management of the valuegoods,
Scientific bulletin of universities - Seminar: Mathematics, Hanoi, 1990.

5. Nguyen Quy Hy, Le Xuan Lam, and Nguyen Thi Minh, An optimal control by
populations and its applications tn the renewal theory, XXI Ogoln, Konf. mat. zast
Polska, 1991.

6. N.U. Prabhu, Stochastic processes, New York - London, 1965.

Recetved January 6, 1995
Revised December 6, 1995

Faculty of Mathematics, Mechanics and Informatics
Hanoi University
Hanoi, Vietnam.



	Scan1_Part1
	Scan1_Part2
	Scan1_Part3
	Scan1_Part4
	Scan1_Part5
	Scan10001
	Scan1_Part6
	Scan1_Part7
	Scan1_Part8

