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THE POPULATION AND ITS RENEWAL FUNCTIONI

NGUYEN QUY HY and NGUYEN DINH HOA

Abetract. A concept ol "the popdation" and ol contsponi[ng rc.newal lunction
arc, cqutrrcted in the work os a generdizing reneual pra,esces, non-homqgneourt
rcnewal rndels and onea ol rcnewals by prtly loiled objects in the discttte cute.

r. INTRODUCTION

Analy'sing a process of replacements (renewals) of objects in a set
.4 in the time t € (0,oo), we can describe it by three sequences of
nonnegative random variables :

{ € ^ , n > 0 } ,  { u n : n > 0 } ,  { r j  : n ) 0 }  ( i :  1 , 2 , . . . ) ,  ( 1 . 1 )

where

€ , , : :  € , " - t l n , .  ( "  )  1 ) ;  € o : 0  ( n " >  0 ,  f o r  a l l  z  >  1 )  ( 1 . 2 )

and €n is the n-th renewol moment. At the moment {,, a number r/n
of objects is added to the set ,4,. The random variable un is the n-th
number of renewals and:

u o  €  { L , 2 , 3 , .  . .  }  c  [ r ,  o o )  f o r  z  )  o . ( 1 . 3 )

Here z6 (the O-th number of renewal) is the initial number of objects
belonging to A at the moment fs - 0.

F ix ing n (n :0 ,1,2, .  .  .  )  the random var iab le r i  w i th

r This work has been supported by the National Basic Research Program in
Natural Sciences, Vietnam.
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r i € [ 0 , o o )  ( 1  < t S u * )  2 (1 .4 )

is the resid,ual lif e-time of the i-th object in 2,, objects entering into .4
at the moment €". It means that the i-th object exists (lives) in A in
the time rf, and will be eliminated from .4 at the eliminated, moment:

. i  , -  s  t n i
! z  ' -  s n  '  

" t '
(r.s)

In brief, when we study the evolution of a set A, each object in A can
be characterized by a random vector (€",rI) which is denoted by (f , z)
for simplicity:

( i ,  € " )  :  ( i , n ) : :  ( € " , r 1 ) .

By this reason, the vector (i, z) in this work represents the correspon-
d ingobjectof  Aandthesetof  thesevectors:  { ( i , " )  :1  (  i  1 t /n ,  

"  
2  0}

represents the set A. Under some assumptions for sequences (1.1), it
shows in Section 2 that this set is a generalization of renewal processes
(see [r], [2], [6]) of non-homogeneous renewal models (see [4], [5]) and
of ones of renewals by partly failed objects (see [3]). A concept of the
renewal function will be constructed in Section 3 for the set ("popula-
tion") A as a generalization of this concept for renewal processes. Using
these notions, we will establish an equation of the renewal function in
the next work to predict the number of "the renewal individual" in a
time (0, t).

2 .  CONCEPT OF POPULATION

Suppose that the sequences (t.t) fulfill the following assumptions
(r') - (D):

(A) {rl, : n ) 1} is a sequence of the mutually independent non-
negative random variables 4n t: €r, - €rr-r, such that P{a1 : 0} :0

and for every n ) 2 the random variable 4,, is non-trivial, i.e. we shall
exclude the trivial case:

(1 .6 )

(2 .1 )l n s ) 2 : P { r 1 n o : 0 } : 1 .

(B) For every n ) O, the random variables vo and {r, are indepen-
dent and

zi.e. elri( c) - o for all c ( o



The population and its renewal function

LLn; :  E(r " )  (Z(  m ( for  a l l  r ,  >  o) .

(C) For every n ) 0, the random variables ,lU > 1) are
dent of {n and un.

(D) For every n ) 0, assume that the random variable
are nonnegative and identically distributed:

P"(r) , :  P{rI  < r} ( for al l  i  > 1).

Here we exclude also the trivial case, where

l n 1 ) O : P { r i ,  - 0 } : 1  ( f o r  a l l  i  >  1 ) .
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(2.2)

indepen-

r i$ I  t )

(2 .3 )

Lemma 2.1. I f  P{nr - 0} : o andthe tr ivial case (z.t) is ercluded,
then we have:

V n ) 1 ,  ) o , , . ) 0 , p , , : p { q n t o r , } t O .  ( 2 . 5 )

'Moreouer, 
the erclusion of triuial case (p.l) is equiuarent to the

following condition:

Vrz 2 0,  =p^ > O: rn , :  P{r i ,  > g^} > O (Vi  > 1).

(2.4)

(2.6)

Proof. we can show (2.5) by contradiction. From the assumption (D)
about the exclusion of tr ivial case (2.4) we obtain (2.6).on the other
hand, if the condition (2.6) holds then

P{ r i , :  o }  S  P { r i ,  A  g " )  -  1  -  rn  1 r  ( f o r  a l l  
" ,  

>  0 ) .

It  excludes the tr ivial case (2.4). Hence the condit ion (2.6) is equivalent
to the exclusion of the case (2.4). !

Definit ion 2.1. Under the condit ion (A) - (D), the random vector
(f , rz) is called the i-th indiuidual in the n-th renewal. The set of all the
individuals:

A  t :  { ( i , n )  :  n )  0 ,  |  <  i  S  u , } (2 .7 )  t

is called the population with residual life-times ri. This population is
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characterized by the sequences of random variables (1.1)t.

Now we consider a more general renewal model, in which besides

the random variable rf, repr"."nting the time of existence in A of the

individual (i,n),there are two other nonnegative random variables rj,"

and ri,n, where ri," is the age of the indiuidual (i,n) at renewal moment

and if represents the time of existence of. (i,n) before entering in A; rj,

is the life-time of the individual (f, z) and it represents the total time

of existence of (i, rz).

Then we have
_n _ | ,3n - rin (if 

"3" 
> ,ln),

' ' - \  o  ( i f r f r " < r i ) .
(2.8)

(2.10)

Moreover, for this model the conditions (C), (D) are replaced by the

fol lowing condit ions (C1)' (D1):

(C1) For every n) O and i 2 1, the randomvariables r[n and, ri,-

are independent: rj,, and rin arc independent of (o, vn.

(D1) For every n ) O,the random variables in each sequence {r3^,
i > 1), {ri*, i > 1} are nonnegative and identically distributed:

Fo^(r) r:  P{r|* < 
"}; 

Frn i :  P{ri^ < r) (for al l  i  > 1), (2.9)

such that
I lo :: P{r|* > 

"i,} 
> 0 (for all t? > 0).

'Lemma 2.2. [Jnder the condit ion (D1), supposethat for everU n2O

and i ) L, the rondom uariables r[n and, rln are independent. Then thc

condition (2.10) has the following equiualent form:

( f o r a l l n > 0 ) . (2 .11 )

Moreouer, for the random uariable rf, defined by (2.a) the triuial

cose (e.l) does not occur.

3 i.e. by the renewal moments, the renewal numbers and by the residual life-

times of individuals

T
1 - [,,. : I Fon(a)dFr"(") < 1

J
o
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F ^ ( r ) , :  P { r } ,  S  " } : o  
( i f  z  < o ) .

Proof. From (2.8) and (2.10) it is easy to deduce that

P{r i"  < 
"} :  

p{r t^> r i^}p{rtr< r  l  r3,> r i*}

301

Proof . since the random variables rfr," and rin arc nonnegative, iden-
ticallv distributed f9r 1lt i 

> 1 (by the assumpiio" (or)) ,rra i.riupurr-
dent, we have (see (2.9))

p {r3^ s ri^} : 
i rr,r. 3; r}dF;n(r) : 

f ,r^(x)d,F1^(r).
0 6

Then, it implies that

f [ , , : :  p{r)^> 
" i ,}  

-  1- i  ," ,(x)d.F1^(r) ( for every n > 0).t"

I t  is easy now to see that (2.10) and (2.11) are equivalent. 
Q'rz)

On the other hand, we get from (2.8), (2.11), (2.12) that

P{ r } , -0 } :  p { r t ^< r : * } :T  ro , ( r )dFr * ( " )  :  t - r , ,  <  1 ,  (2 .18 )
t"

which excludes the trivial case (2.4). n

Theorem 2.1. Assume that the conditions (A), (B), (e) and, (D1)
are satisfied. Then,. the set of indiaiduats (p.z) is a population'with
residual life-times rf, defi,ned by (e.a), where the rand,om uariables rf,
(i > t) haue identical d,istribution:

p^ ( r ) , :  P { r i ,<  
" } :1 - [ , , .  I l -  Foo(x+y ) ]d ,F6 (y )  ( i f  c  >  0 ) ,'  

J '
o

(2.r4)
(2 .15)

+ P{r[* < r i , ]p{ri ,  < r I,3* S ri^}
: I I ,P{"jo - r in< r} + (1 - lr")^e{o < "}: t7*P{r ln1r+r i , }  + ( r  - ' ' , )  ( for  a l l  

"  = of) r . ru l
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On the other hand, since the random variables ,[n, ,in are inde-

pendent for fixed n ) O, i > I (by the assumption (Ct)), from (2'9) we

obtain:

P{ r3^3 r+ r i * }

By (2.16) and (2.r7) we get

T
:  I  Fon(r+a)dFn(v) .

J
o

T
c) : II," I Fo"(r 1y)dF1"(y) +. J

0

(2.17)

F^(") : P{ri, S ( t  -  r")

(for all r ) 0),

i .e. (2.fa) is true. Beside, because ri ,2o (see (z.a)) ,  P{' i" < 0} : o'

Therefore, we obtain (2.15).

we have thus proved that the random variables ri $ 21) are iden-

tically distributed with the distribution function (z.t+), (2.15). using

lemma (Z.Z), from the assumptions (C1), (Dt), it is easy to see that

the conditions (c), (D) are satisfied, in which the distribution (z.e) is

defined by (z.ra), (2.15). combining these conditions with the assump-

tions (A), (B) we get the conditions of -Definition 2.1. Hence, the set

(2.21 ror-" a population with residual life-times rj as required. n

trn this case, the set (2.7) is called the populotion with life-times rin

and with oges of reneuol moments rlrr. This population is cha.racterized

by the sequences of random variables below:

{ € * , n > 0 } ,  { u n z n > 0 } ,  { ( " 3 , , , i ) t t  > 0 }  ( f o r i 2 1 ) '  4

(2 .18 )

we now shal.l study, ffi & particular case of Theorem 2.1, a popula-

tion with the life.times and the ages at renewal moments being discrete

random variables. In this case, suppose that the conditions (C1) and

(D1) are replaced by the following assumptions (C2) and (D2):

(C2) For every n ).O, f ) 1, the random variables ri," and ri,. arc

independent; rjo and rf," are independent orr L/n'

a i.e. by the renewal moments, the renewal numbers, the life-times and by the

ages at renewal moments of its individuals



T- r
P{ri^ - f t} :  pn(k) (o S l '  < 
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lc=0
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(D2) For every rz
q u e n c e  { r i , * , i > 1 } ,

0 ,
m - l

D no"(k),
& : l

1 ,

discrete random variables in each
1) are identically distributed:

(v  < 1) ,

( *  -  1  1  y  I  r n ;  r n :  1 , .  . . , 7 ) ,  ( Z . Z t )

@2r ) .

,, a T),

r) .

2 0, the

{ r i * : i >

T
P{r|,  -  k} :  po,(k) (1 < fr .  r) '  Ioo,(e) :  L; po,"(?) > 0,

lc= I

(2 .1e)

(for all r, > 0).

(2.20)
The natural number T > L satisfying po,(T) ) 0 (see (Z.fO)) is

called the morimal life-time of all individuals in the population. 
"

Corollary. Under the conditions (C2), (D2), suppose that r7n: L (for
all n ) t) and the discrete random variables un satisfy the assumptions
(1.9) and (2.2). Then, the set (2.7) forms o population with the life-
times ond the ages at renewal moments hauing the discrete distributions
(e.rc), (p.po).

Proof. since rn = I for all n ) L, the condition (A) is evidently
satisfied. Moreover from (1.2) we,have €n = n for all n ) o. Now it
is easy to see that the condition (B) is verified, because (2.2) holds.
Further, we get (Cr) * a straightforward consequence of (C2)..

We deduce from (2.t0) and (Z.ZO) that

Fo"(y)

A,F6(m) i :  Frn(*) -  Fn(m - 1) :

From (2.1e) -(2.22) we obtain I Fo^(a)dF,.*(y) <
U

{  
nn(m)  ( t  5

| .  o  ( *2
(2.22)

| - po.(T). Since

po.(T) ) 0 (see (2.19)), we have I Fo,(y)dFr,(y) < 1. Therefore, by

the condit ion (D2) and Lemm u z.i  i t  deduces that the condit ion (D1)
is satisfied. we have thus verified all conditions of theorem 2.1. n
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The population defined in this corollary is called the population of

discrete mod,el (2.19) , (2.2o).

We now consider some particular cases of the populations consid-

ered in Definition 2.1 and Theorem 2.1.

Definition 2.2. A population A with the lifetime rfr,, and the ages

at renewal moments r|n = 0 for all n ) !, is called a population with

renewols by newly-born indiaiduals.

In this case we have for every n ) l:

,i : ,3*; Fo*(r) : F*(r)i Fn(") : l1o,oo; (z),

where the symbol 12s(c) denotes the characteristic function of X:

(  L  i f  n € X ,
l x ( c )  : t o  

i f r l x .

A population A with the residual life-timOs rl identically distribut-

e d f o r a l l r z 2 l , i 2 l :

F, ( r ) : :  P { r l ,  <  r } :  F ( r )

is called o homogenrcus population.

Remark 2.1. lf in a homogeneous population ,4 we have

un :  l i  , l r :  nn+ t  ( ,  2  0 ) ,

then A becomes a renewal process (see [t], [0]).

Remark 2.2. A population A of discrete model (2.19), (2.20) with re-

newals by newly-born individuals is a non-homogeneous renewal model

(see [S]) or a discrete renewal population (see [a]' [S]).

Remark 2.3. If A is a homogeneous population of discrete model with

the distributions (2.19) of the particular form below:

P { r 3 , . - -  k \ :  e & )  ( k : 1 , 2 , . . . , 7 ;  n : o , L , z , " ' )
T

\-\
I r(fr) : r; P(r) > o (2'23)
lc=1

then A becomes a homogeneousi renewal model (see [3])'
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Remarlc 2.1- A population of discrete moder (z.zs1, p.2a) is exactly a
discrete model of renewal by partly failed objects (r.L 1s1f. 

r -

using Theorem 2.r and its corolrary it is easy to see that all dif_
ferent variations of these populations can be transformed to the form
in Definition 2.1. so, from now on, saying "population,, we have in
mind "population with residual life-times', as defined in this definition,
unless specified otherwise.

3. RENEWAL FUNCTION OF A POPULATION

Let us extend the concept of rerrewal function for a renewal process
(see If-e], [O]) to the case of population.

Definit ion 3.1. Let A be a population, we call  the random variable

N(t) : :  max {z , €, S r} (for r > 0) (8.1)
number ol renewol times and the random variable

N ( r )

u(t) :: D r, - ro (for r > o)
N : O

number ol renewals of the population A in the t ime (0,t ls.
The expected value of u(t):

U(t) :: E{u(t)} (for all r > 0) (3  .3)

(3 .2 )

is called the renewal function of population A.
In order to show that the renewar function is finitely defined, we

have to establish some lemmas.

As we have noted in Lemma 2.1 that if the condition (A) is fulfilled,
then for each z ) l, there exists a number en ) 0 sucir thut, pn ,:
P{n^ t o,,} > olNow we suppose, in addit ion, that

i g t { 4 " } : : a ) 0 ,

ig!{ r" }  : -p)  o.  Put  :  q : :  L -  s t

and consider the following random variables:

(3 .4 )

(3 .5 )

5 with the exclusion of the init ial moment {s - 0
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i n . :  l 1o ,oo ; ( r , r )  ( "  2  1 ) ;  f o  : 0 ,

fl,

En i :Dn,  ( "  2  1 ) ;  Eo  :0 ,
t = 0

lflt; :: ma>c{n : €" S t} (, > 0).

Lemma 3.1. Assume that the condition (A) ond (9.1),

Then, we haue

0 S q ( 1 '

r { F ( t )  < * } : 1  ( r > o ) ,

r { [ l r1 t ; ] * ]  .  -  ( t  >  o ,  k  :  1 ,2 , . . . ) .

Proof. Setting

Fn i :  P{r t^  > o} ;  4n i :  |  -  Pn:  P{q"  S a}  ( "  2  t )

we have
p n >  P { q n ; '  a o }  -  P n } O  ( "  2 1 ) .

Hence, it implies that

(3.6)

(3.7)

(3.8)

(e.5) hotd,.

(3.e)

(3.10)

(3 .11)

(3 .12 )

(3.13)

0 < p  3 F ^ S L ;  O l Q n : ! - F , - 1 L - p -  q < L  ( 3 . 1 4 )

and we have thus proved (3.9).

To prove (3.10) we note f irst that 7," € {0,1} and €" e {0,1,. .  '  }
for all rz ) 0. on the other hand, by the definition (3.7), (3.8) we have

€p11 ;  S  r ;  E "O l * ,  :  € i v ( r )  *  4 rv ( i )+ r  >  J  ( ,  :  0 '  L ' 2 '  " ' ) '

We can deduce by contradiction that

€f t i l  :  7o * , t r  t  " '  *  4 iv( i )  :  l ,

f rv( i+r )  :  1 '
(3 .15 )
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For any nonnegative integers , and tut wa have:

P{ fU l  -  m)  g  r {no  + . . .+  , t ,  :  j \ .  (s .16)

Let us denote by Ii^, with I S r s m, the set of all combinations
of .1 from rn elements of the set below:

I f f  : :  { 1 , 2 , . . . , m } .  ( 3 . 1 2 )

For a combination {11, iz,.. .r i i }  e I i^, we consider respectively
the random events below:

A t { i t , . . . , i i }  r :  { D - ; ,  : . . . : D i ,  :  l } ,  ( g . 1 g )
Ao{ i r , . . . , i i )  r :  {T ; ( r ) : . . .  =  t r ;@_ i )  "  0 } ,  (3 .19 )

where {r(1), .  .  . , i(*- j)} is the complementary combination of {f1, .  .  . , i j } ,

{ i ( l ) ,  . . . , i ( *  -  i ) }  :  I X  \  { i t ,  . . . , i i } .

since 7o : 0, we obtain the following relations between events:
I

{ r ' o  +  - - .  +  t t ^ :  r }  :  { 4 ,  +  . . . *  4 ^ :  , }  :
:  U  (a r { ; ,  , .  . .  , i i l  n  Ao{ i r , .  .  .  ,  i i } )  c

{ ; 1 , , , . , i i l e l i *

c  U  A o { i r , . . . , i j } ,  ( r s j < m ) .  ( 8 . 2 0 )
1i r , . . . i r  1er i

We deduce from (3.16) and (a.ZO) that

P ( . 4 0 { ? r , . . . , i i } ) ,  ( 1  <  j  < m ) .

(3.2r)
since the random variables {nn, n > 1} are mutually independent by
the condition (A), it follows from (3.r2), (3.6), (e.ra), (s.to) tnat

m -  j  m - J

P(Ao{ ; r , . . . , i i } ) :  f l  P { r t ; t * t  -  0 }  :  f [  r { ' r ;1 " t  S  o}
n = l  z = l
m- j

:  f {  4 ; 6 y < e ^ - i ,  ( ; s i < m ) .
z = 1

t
{ ; 1  , . . . , i ;  } € I t -
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Hence, using (3.21) we get

r { lv ( i )  -  m}  <ct*q*- i ,  ( r  3 i  <m),  (3 .22)

where Ct , is the number of combinations of 1 from rn elements:

. ml.
ck: 

6:jf1., 
(r s i < rn). (3.23)

The estimation (g'22) is also true for J : 0' Indeed' from (e't6)'

(3 .14) ,  (3 .12)  and (3.6)  we have

P { I i ( o )  :  , n }  S  r { n o +  . . . +  4 * : 0 }  :  P { t o  :  "  '  : f l * :  o }

: ij:: ;] !1,:'-i;]";;:'{'-' 
< a} 

(s24)
Let T r: [t] be the largest integer which is smaller than t. Then,

we  have :  T  < t  <  ?+  1 .  Rep lac ing " t :T  i n  (3 .15 ) ,  i t  y i e lds

€ r t t l  : T  1  t ,  € t ( t ) * ,  :  { r v ( r )  * 7 " ( t ) * ,  : T  } 1  > ' '

It implies that

lr l t ;  :  F(") (for al l  t  > 0). (3.25)

On the other hand, we have

{F(")  -m}: n{,nr(r)  }n),
n : 0

{N(") > n} > {N(") > n-r L) (for al l  n. ) 0),

we obtain, therefore, that

p{ I i ( r )  -  oo} :  * l iT1P{ I t ( " )  >n) .  (3 .26)

Writing: ao

P{F(") > n):  I  "{ l rrr) :  
*} .

We deduce from (3.22), (3.24)th;
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P{ I t ( " )  > " } s  D t | , o^ - ,  ( o<T<n ) .

The series of nonneg;;" ,*rrs in the right-hand side of
convergent by the D'Alambert's criterion (see (l.Z+), (8.23)).
by (3.26), (s.27) i t  has

P{.nr ( " )  :  m}  :0 .

Combining (3.25) and (S.28) we get

309

(3.27)

(e.zz) is
Hence,

(3.28)

(3 .30)

(3 .31 )

(3.32)

r { l v ( r )  < m } : p { F ( " )  . * } - r - p { I i ( " )  : * }  : r

and (3.10) is proved.

In order to establish the inequality (3.11) we use an argument iden-
tical to that above, concretely,

a{ lrtrl] 
r] :n{[F(")]*] : i  mk r{N(r) - *}

oo ::o

< t  * kg r  on - r  ( f o r  a l l  t  )  0 ,  k  :  L ,2 , .  . . ) .
m : l

The convergence of the series in the right-hand side implies (3.11).

The lemma is completely proved. D

Now we proceed to the properties of N(t). Let G,, and Hn be
distribution function of (,, and qn, respectively:

G " ( t )  , :  P { € "  <  t }  ( z  :  o ,  L , 2 , . .  . )
H^ ( t ) ; :  P {n*  <  t }  (n  :  L ,2 , .  .  . ) .  

(3 '29 )

Lemma 3.2. With the some aEsumptions as in the lernma 9.1, we
haue

P { N ( t )  ( o o } : 1 ,

r { [ , r r1t1]* ] .  -  ( ror  a l l  f r  t  t ) ,
oo

z'{,nr1ry} : D G^(t) ( oo,
n : l
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t
f

Gn+r (t) : 
I 

G"(t - x)d,H"a1(r) (for all n > 0).

o 
'  '  (3.33)

Go(t) :  l1o,oo; (t).

Proof. It is clear from (s.l), (s.0) that

r t ^ S q n f a  ( f o r a l l n ) l ) ,

therefore by (S.7) we have

€n < €"f a (for all t' > 1)

with fo : €o = 0. It implies that for all t') 0,

{n, €n 1 out'} :  {n : t* l  o < tt} c {n rEn < t '} .

Then, we obtain

o < N(ar') < N(r') (for all , ' > 0).

A simple replacing tby t ' : t la in (a.rO), (3.11) yields (3.30), (s.sr).

Now from (3.31) with &: l  we get .E{N(t)} < - for al l  t  ) 0. On
the other hand, we have

E { N ( t ) } : i  n P { N ( t ) : n }
n:0

oo lr'

=  t p {N ( r )  : " }  D  1  ( f o ra l l r  >o ) .
n = l  m = L

Since the series of nonnegative terms in the right-hand side is conver-
gent, we can write

^E{N(r)} : i i "{"tt) 
:,,} .r (ror all , > 0).

m:l  t t=m

Moreover, it implies from (3.1) that

P{N(t)  > m} -  P{€^ 1t}  :  G^(t)  for  a l l  rn )  0.
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Replacing these probabilities in the series by corresponding values yields

E{N(r)} : p, p{N(r) > m}: p, G-(r) < m (r > o)

and (3.32) is proved.

Finallg since the random variables nn are mutually independent,
we can say that 4o+r is independent of {," : et * ... * qn for every
n) l .  Then, from (1.2) and (3.29) we get

Gn+ t  ( t )  :  p {€n*nn+ t  S t )
t
f

= I G.(t - r)d.H",a@) (for every n > 1).
t"

This implies (a.a3) for all n ) l. In the case of n : O, the relation (S.fe)
is obviously true, because I/t(0) :0 by assumption (A); therefore, we
have

f f
I Go(t - r)d,H1(") : / t1o,oo) (t - x)dnr@)

J J
o 0

- H1(r) - r/r (o)
:  P { n t  <  t } :  P { € r  <  r } :  c l ( t ) .  n

Remark 3.7. In proving the Lemmas 3.1 and 8.2 we have supposed,
besides of the condition (A), that (3.4) and (B.s) hold. These conditions
say that the chance for two successive renewal moments being very close
one to another is rather rare. That is

)a,p )  O,  such that  P{n"S a}  < L -  p  ( for  a l l  n  > L) .

In the particular case, when the random variables On, rL ) 2 are iden-
tically distributed:

P{n"  < t }  :  H*(" )  = H( t )  ( for  a l l  n> 2)
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the conditions (3.4), (a.S) are automatically satisfied. In this case, a
similar result have been established for renewal processes {r1" : n > l}
(see [o ] ) .

Theorem 3.1. Assume that fhe condition (A), (B) and (9.1), (3.5)
hold. Then we haue

P { u ( t ) ( o o } : 1  ( f o r a l l  , > o ) ;  ( 3 . 3 4 )

o < E { u ( t ) } : U ( t )  : i  u , G  , ( t ) < a  ( f o r a l l  , > 0 ) .
n: r  (8.3s)

Proof . Since L 1 un ( oo, from (3.2) we get

N( r )
P{N(r )  <  oo}  s  t {  Dr , .  - }  !  P{u( t )< m} < 1 ( for  a l l  r  >  0) .

n :o

On the other hand, we have (3.30):

P { N ( r )  <  @ } :  1 .

Combining two relations above, we get (3.34).

To prove (3.35) we note that two events {€" < t} and {n 5 N(t)}
are identical. We obtain. therefore

(  1  ( € " < r ) ,
l t o , t t ( € " )  : { :  ) : " . : 1 '

t 0  ( € " > r ) ,

: t ,  ( z < N ( t ) ) ,- [ o  
( z > N ( r ) ) ,  

( 3 ' 3 6 )

and we can rewrite (3.2) in the form:

u(t) -- i z,l1o,tt (€.) - uo (for t > o).
n : 0

Then, since 2,, is independent of €" by assumption (B), we get

o<u ( r )  : i  E {un r1o , t 1 (€ , " ) }  -E ( ro )
n :o

oo

:  I  unE { rp , t1  (€" ) } .
z=0
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It implies that
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oo

o < U ( t )  : t u * P { ( * < t )
n = l

oo oo

L"^r.( t )  < "D t"( t)  :  uE{N(t)}  < -
n : l  ,  n : l

(see (z.z) and (3.32)). W" have thus proved (3.35). !

Remark 3.2. If in the Theorem 3.1 we replace the condition (B) by the
stronger one (B*) below:

(B*) For every n) O,2," is independent of al l  €r, /c ) 0 and

n{r|} 1a2 < a (for al l  r,  > o) (3.37)

then, we can prove, beside the relations (3.34), (S.eS), that rz(t) is a
Hilbert valued process (see, for example [2]):

E{ r ' ( r ) }< *  ( r>o ) .  ( 3 .38 )

Indeed, we know that lE{u*}]' S n{"3). Hence, it follows from (3.37)
that (2.2) is satisfied. The condition (B*) is thus really stronger than
(B) .

To prove (3.38) we shall use (s.r0) and the Holder inequality:

rv(r) ^ . ft) I() \r { ( t  " " ) ' }  <E{ D, , ' "  D t ' } :n{D, , '^ r r " , r r (€*) tN( , )+11}.
n:O n=O m:O n=0

Since z' is independent of all {1, ft ) 0, we get

- . N ( t )  . r .  o o( / s'-,

" t ( t , " ) - I  
s  t  n@'") .8{r1o,r1(€") [N( , )  +1] ]

n=O n :0

S r '  fE{110,11 (€-) [N(t )  + 1]  ]
n:o

-  N ( i )

<r " { t  r . [N ( t )  +  1 ] ]  u 'E {  [N ( , )  +  t ] ' ]  <  *  ( 8 .3e )
n :0
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(see (S.Sf) ) .  Ar  un2L for  a l l  n  )  O,  we obta in f rom (3.2)  that

N(r )

o < E{u2(,) }  < t {  (  f  , " ) ' \  + E{ul} .
n :o

By (s.ez) and (3.e9) it is easy to see that (3.38) holds. n

The authors wish to express their gratitude to Dr. Sc. Pham Ky
Anh for some valuable discussions.
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