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Abetract. It is well-knownthat the complctc singiar int"Crol equatiorw do not
admit sokdioru in a closed form. Howeuer, therc. etist seaeral sp,cial cesec ol
singular inteyd equdions, which cot be solued effectiuelg.

The paper deals with sotne funhmentd prcperties ol integrd op.rctors uith
shilh and apphed to obtain all colutiorrs ol eqntions of the type (1). This class
contains a lot ol the equdioru in [1,8].

Consider singular integral equations of the form

t - r  r  t  - n - r - i r i
a(t)e(t)+ t  ;  l "  rr_7wQ,t)e(r)ar 

:  f ( t ) ,  (1)
j = O  Y  t

where
a ( t ) , m i ( t , t ) , p ( t ) , f  ( t )  €  X :  H P ( I ) ,

f  :  { t :  l r l  : 1 } ,  D +  :  { z : l z l  <  1 } ,  D -  -  { z : l z l  >  1 } .

Define t 
I 

p(r) 
o,( s e ) ( t )  : n J  

r _ t

1  7  , n - L - k 1 k
(sne)@ : 

*i J 
';r- 

- p(r)d'r (z)
I

(Mnp)(q : 
* I '#mt 

(r, t)p(r)dr
F

(WdQ) :  p (e f i ) ,  €1  :  exp(2r i f  n ) ,  ep :  e ! ,
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where mn(r,t) are functions satisfying H6lder's condition in both vari-

a b l e s ( r , t ) € I x I .

We need the following equalities ([4]' [5])

SW :WS,  Sp,S:  S^9p,  SrW -WSn, (3)

I : P * Q ,  S

where
P _

Denote by Pi,i :

( see [a] )

:  P  -  Q ,  P 2  :  P ,  Q '  :  Q ,  P Q :  Q P : O ,  ( 4 )

(5)

where

X* :  P(X),  X- -  Q(X),  Xi  :  Pi(X),

(Nrp) @ : * I'eE&AeQ)d'r,
(* nP) (t) :  * r(t ,  t) P(t),

and mp(r,t) are assumed to satisfy the following condition

m*(r , t )  :  * * ( r t r , t )  :  mp(r ,  e f i ) .

l : l

Pp:  (mpS *  N1)P; ,

r l

; ( r+s) ,  A :  ; ( / -  
s) '  P;Pi  :  6; iPi .

L,2,...rr2 the projectors induced by operator I'V', then

( s  +  No12  : 1 ,

mr( r , t )  -  mp( t , t )
r - t

(6)

(7)

Note that [4]

if the function

j = l

x :  x t@x - ,  x : 6x , ,

(s)
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admits an analytic continuation in both variables onto D+.

Lemma f ([4]). Suppose that K(r,t) admits an analytic continuation
onto Dr  in  both uar iab les r , t  and K(r , t )  :  K(eg, t )  :  K(r ,er t ) .
Suppose that the function (r - t1-tlK(r,t) - K(t,t)) is continuous in
( r , t ) e I x I .  T h e n

1. o* :  * f  #KQ,t)p(r)dr € X+ for everv e e X.
2 .  O + - O f o r e u e r y  p e X + .

In what follows for every function a € X, we write (K"p)(t) :
a ( t )p ( t ) .

Lemma 2, Let a € X be f iaed. Then for any k,, € {1,2,.. . ,n} there
exists b e X such that K6X C Xp and PpKoPi : KuPi.

Proof. By equality (S), we obtain

1 f , r n

PyKopi:  
;  D ef t -L-v1ryv+L Kopj :  

;  D cf-r-"  a(e,af i )w"+L pi
v : l  u = L

. t t u f t

;D,  
e i - t - "  a(e,+f i ) \  e"u+t  r rn l

v=L lL:L

, 1  f L

: (; D,,t"l\"(,,*ri)Pi : o*iu)Pi,
v : l

where
t f ,

akj(t) : 
;D, 

er,]k a(e,ap). (e)
v : L

Put aly(r) : b(t) t'hen PpKoPi : KuPi. It implies KuPi C X*.Lemma
is proved.

Corollary l .  Let a € X. Then for every k, j  e {L,2, . . . ,n} the fol low-
ing identity yield,s

PrKor i :  KorrPi ,

where a*i(t) is defined, bv (s).

Proof. For an arbitrary g € X, we have
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t 1

P*Ko*r,e :  
; l  

ei-r-"*"+r aki\eU\

:  t  
j  i  ef,- ' |-v1ryv.') (* D,,,; | ,^e, ' ,1t)),p(t)

_ l i:' 
tL:L

-  
n l

::{yr:;r*,':u;::;;"ef;7i'e7-'l-'w'+'p('[)
:  or",n'rt* i  6?-1-v1ry4']r(t) :  ari(t)pitp : Ka*,pis,,,  ' l n  u _ ,  t

which proves the corollarY.

Now we deal with the following equation (in X)

(Md(r)  :  Do1(t) (s + N)P1v:  f  U),  (10)
i : l

where

ai  €  X,  (Nisr )  A) :  I rn1f t , t )<p(r )dr ,  
, :  1 ,  2 , " ' , tu '

'  Lemma 3. Suppose that n1(r,t), i  :  L,2,.. . ,n adrnit an analyt ic con'

tinuation onto D* in both uariables r,t and ni(r,t) : ni(rtr,t) :
- ni(r,ef i).  Theng(t) € X is a solution of (10) i f  and onlv i f  9i :

Piv, i  :  1,2, -. ,n is a solution ol the fol lowing system

D"o , ( r ) (S  +  N)P i  :  P* f  ,  k :  ! , 2 , . . . , t u  (11 )
j : l

where 
"oi!) 

is defi'ned, bv (g).

proof . Let p(t) be a solution of (r0). Acting to both sides of equation

(10) by operators Pp, respectively, we get

D rr",(r)(s + Ni)P1v : Pnf ,,  k : L,2, .. . , tu.
j : l

392
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According to Lemma 2, the last system can be written as follows
ft,

D"r i ( t ) ( s  +N1)Pr .e :  P r , f  ,  k : r ,2 , . . . , t u .
j : l

Put 9i - Pig, i  :1,2,.. . , tu, i t  fol lows that {rp}r_l-,,  is a solution of
( 1 1 ) .

Conversely, suppose that there exists a g e X such that pi :
P ipt i  :  L ,2, . . . ,2  is  a  so lut ion of  (11) .  We have

n n n n n

/ : D Prf : I D "ni(t)(s+Nr)P1p 
: DD ro",(t)(s +N)pie

f t = l  & : 1 r : l  k : L  i : l

f a ,  , f L  .  t x

: I (D t-) a1Q)@ + N)P1<p: I o; (t)(s + N)P1e - Mp .
t : l  l c = l  j : l

Thus, rp(t) is a solution of (10). The lemma is proved.

Corollary 2. If {p;};=t,n e X is a solution of (11), then {p;pi};:r.,,
€ X;, respectively, is a solution of (11).

Proof. Suppose that {rp;}r=',,n € X is a solution of (11). Acting to
both sides of equations (f f) by operators Pp, respectively, and using
the result of Corollary 1, we get

ft,

D"r,(t)(S + N1)P1e1 : Pr"f ,  k :  r ,2,. . . , tu.
i : L

..Hence {P;p;);=r,n g X; is a solution of (11).

Corollary g. If {ei}i:t,o € X is a solution of (11), then p : Prer t
Pzez +... + Pnen is a solution of (10).

Due to results of Lemma 3 and Corollaries 2, 3, it is enough to
solve system (tt) in X instead of solving (tO) in X.

Theorem l. Suppose that conditions of Lemma g are satisfied and
that

detA(t) : d,et[".i(t)] 
o,i:rV+ 

o.

Then, for euery f e X, the equation (10) has an unique solution of the
form
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p( t ) :  I I f "  *Np)Ppbp i ( t )P i f  (12 )
f t = 1 i = l

uhere b*iU), le , i = 1,2,...,n are defined, lrorn the rnatrix 
l4trl] 

-t

| l - r  r  1

lA(r)l : laoi(r)1.
Proof. We rewrite system (1t) in the following form

,AKO : F.

where

r :  
ldoi(s + tv1)] 

k, i__r,n,

Q :  ( p t , P 2 , . . . , P * \ i  F :  ( P t f  , P z f  , . . . , P " 1 ) .

The equality (8) follows that K is invertible and 6-t - K. Hence we
o b t a i n  o : K , A - r F , i . e .

ex( t ) :  t , "  +  Nk)bk i | )P i f  . .
i : i

Using Corollary 2,we conclude that every solution of (10) is of the form
(12). The proof is complete.

Now we deal with equation (1) on f
ft

D{"t' l  + bi|)(s + N1)P; \v 
: I$), (13)

i : l

where
bi?)  :  mi ( t , t ) ,  b" ( t )  :  bo( t ) ,  N, ,  :  N6,

(r{ie) @ -- * I 
rybxel,ft)d,r

r

and. mi(r,t) satisfy the condition

mi (e1 r , t ) :  * i ( r , , e1 t )  :  m iQ , t ) .

As Lemma 3 and Corollaries 2 and,3, one can prove the following results
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Lemma 4. Suppose that n1ft , t )  :  ( r  -  t ) - ' l * i ( r , t )  -  ry( t , t ) )  j  :
lr2,...rn ad,rnit an analgtic continuation onto D+ in both aariables and,
suppose that

ni(es, t )  :  n i f t  ,  ef i )  :  n i  ( r , t ) .

Then p(t) € X ,s a solution tf (19) if and only if ei : Pie, (j :
1,2,...,n) is a solution of the following system

il"*,t,1
, : 1

* bni(t)(s + Ni)lPie : Pnf , k  :  L r 2 r . . . r t u .  ( 1 4 )

Corollary 4. Suppose that condition of Lernma I are satisfid,. If
{p;};: t ,^ is a solution of (11) in X, then$;: {P;p;};=r.,,  ,s a solution
of (Iil in X;.

Corollary S. If {e;}i:-r,n € X is a solution of (14), then p : Prgt *
Pzgz +... + Pnpn is a solution of (19).

Write

'  L(r, t)  :  lbni(t)(miU't)  
-  mi(t ' t ) l

I  L  r - t  J k , j : T i '

and t: luo,(r)lrr] k,j:ril

s : fooisJo,r=o
are function-matrices and operator-matrices. Then the system (f +) can
be written in the form

A ( r ) o + B ( t ) ( s o )  + L Q : F .

Q :  (P rQ,  P2g , . . . ,  P "p ) ;

F :  (P r f  ,  Pz f  , . . . ,  P " f ) ;

A(t) :  
I 'oi( t) ]  k, i : t , , ,1

B(t) :  
[a-rt t l ]  k, i : r i l

(15 )

Denote by H(D+ x D+) the set of all two-variable functions t(z,w)
admiting an analytic continuation onto D+ x D+ in both variables and
satisfying the following condition
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l ( e g , t )  :  l ( r , € 1 r )  :  l ( r , t )  o n  I .

Denote by Hn*n(D+ x D+) the set of all function-matrices of order
rL x n their elements belonging to H(D* x D+).

' 
Lemm 5. Suppose that the matrices Da1t1 : felt) + B(r)l are invert-

ible and
.  r  - l

le1rl + B(r)l  L(r,t) € Hnx'"(D* r D*) . (16)

' 
Then the system (tS) can be represented in the lollowing form

(e1t1r + B(r)s) (r + u) : p,

wherc M is an integral operator with the kernel
1 .

*rV,,)  
:  [A(,)  + B(r) ]  

- '  
L1,, t1.

Proof. According to (f6) and Lemma l, we get SM - fu[.
Hence (lt + BS)(/ + M) : AI + BS * tr, which proves the lemma.

Denote by I(z), z € D+ the canonical matrix of the following sys-
tem (see [6])

AV  +  BS! [  :  0 .  (17 )

Denote by o;, i  :  L,2, . . . , tu the part ial indexes of (17). One can assume
t h a t  a 1  )  a 2  )  . . . )  a r n >  0  >  d m * L

r n t  :  a 1 *  o z * . , - *  d m ,  r n  : l o - + t l + . . . *  l o " l .

' 
Lemma 5 and [6] together imply the following theorem

Theorem 2. Suppose that the assumptions of Lemma 5 are satisfi,ed.
Then the systern (lS) ;s soluable if and only if

f 1

J 
F!)r t(r)a(,  *)dr 

:  o,  (1s)
r

where Tt(t) is the transposed matrir of T(t),

r(t) : [r*t, l ]  
- '  

o*'(,) : [r-1t;]- 'r- '1r;,
Qu)  :  (O r { r ) ,  Q r ( t ) , . . . ,  Q,  ( r ) ) ,
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a t  r  \  [ o  i f  j : 1 , 2 , . . . , m
a i \ ,  a )  

:  
t  f l : ' l  c1 "1 ( t  + i ) - k  i I  j  :  m*L , . . . , r 1 .

If the conditions (r8) are satisfied, every solution of system (rs) is 
'

of the form

o : (r _ M) (lor + Bos?F + Bop),

where
1 -

,ao (t) : ,lol, (r) + D_ I (r)] ,
t _Bo(r) :  
;  Lr*(r) -  r-(r)1,

P(t) :  (p, (r) ,  Pr(t) , . . . ,  P"(r)),

e r = l - r :  f  o ' ^  i f  i : L , 2 , " ' , n- r \ i +  
r '  

-  
I  D } ' : r c1 , i ( t  +  i ) - k ,  i f  j  :  r , 2 , . . . ,  rn , ,

ckj are arbitrary complex numbers.
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