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THE LOCALLY MOST POWERFUL RANK TESTS

FOR TESTING RANDOMNESS AND SYMMETRY

NGUYEN VAN HO

In this note we construct the locally most powerful rank tests for
testing the randomness and the symmetry, respectively, against very
general alternatives. We recover from these tests the well-known results
of H6jek and Sidek [3], Lehmann [s] and Gibbons [r].

l .  Notations. Let

7s: {F : F is an absolute continuous d.f.  on .B}, (1.1)

7 1  : { F : F € 7 o ,  F ( - " ) : l -  F ( r ) ,  r e I R ) .  ( r . Z )

Let X: (Xr,.. . ,  Xrv) be a vector of N i.r.v's. The hypothesis of ran-
domness )/o (of symmetry .V1) means that X1,..., Xjv have a common
d . f . F € 7 o ( F e f i .

Let us consider the following alternatives, for h : 0, 1:

N

, ( ; (A)  :  {X has a densi ty  ae(r ) : l I f r ( r , r ,0) ,  0  €  L} ,  (1 .3)
r i = l

N

Kl (q :  {x  has  a  d . f .ee( ' )  :  l [  c ;1 r1" ) ;0 ) ,  F  e  fn ,  d  e  A ] ,
I

(1 .4 )

w h e r e A :  A * :  ( 0 ,  @ )  o r A : A -  -  ( - o , 0 ) ,  a l O , a n d f o r  0 e Z , :
AU{0}, 1 < i  < N, f;(a, 0) are densit ies on R such that f;(r,0) :  /(c),
and G;(r, 0) are d.f. on lR such that G;(n,O) : g, and moreover for
h : r :  I ( - x ) : f ( r ) .

Le t  .R  :  (R r , . . . ,  R i v )  ,V  :  (V r , . . . , I z ; y )  and  X ( . )  :  (X ( r ) ,  . . . ,  X ( r ) )
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be the rank vector, the sign vector and the vector of order statistics

of X : (Xr,..., Xw), respectively. The rank vector and the vector

of order statist ics of lxl :  ( |Xt1,.. . ,  lX"l) wil l  be denoted by E+ :

( ,Rf , . . . ,  .Rf i)  and lXlt  I  :  ( lXlt t l , . . . ,  lXl(ry),  respectivelv.

2. The locally rnost powerful rank tests (IjMPRT). The methods
of proof of Theorem II.4.8 [3] may be ameliorated to get the following
result.

Theorem 2.t. Let, for t 1i ( N,

( i )  f l i r , ' ,0) :0f ; ( ' ,q la0 er ist ,0 eL, and'  be cont inuous at  0:o

for o.e. t e IR, where I!@,O) is understood, to be one-sided-

( i i )  l i r ,n . f  Vl@,o) ldn:  I  l l !@,0) ldc (  oo.'  '  a > d * o '  "

Denote
A(k, i )  :  E{I:{ .X61, o) I  f  (x(k))} ,

where X1r),..., X(r) are ord,er statistics of N i.r.u's with the corwnon
d,ensity I@).
Then the test with critical region

N

s(E) : Dr("t, i) > ) (resp. S ))
i : 1

is the LMPRT for testing Xs against Kot(A*) (resp. against,(J(A-)/

at the corresponding leuel.

Theorem 2.2. Suppose, for I S i S N,

( i i i )  s;(v, 0):0G;(v,i l lav erists lor 0 € 6, o < a 1r,

( i") sj(v, 0):0g;(v, qla| eaists lor 0 € A, o' a 1L'

(") oIAo IJ lni]gt., 0)ldy : Ii lo',fu, o)ldy < oo .

Denote
a(k, i )  :  E{sl(Uf&)'0)} '  1 < i '  /c < N' (2'3)

where U1r;,..., Ug1 are order statistics of N i.r.v's with common uni'

form d,istribution U(0, 1).

Then the test with critical region

lV

,S (n )  :D " (A r , i )  > I  ( r esp .  S ) )
i = l

(2.1)

(2.2)

(2.4)
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is the LMPRT lor testing X6 against Ko'(A+) (resp. against K|(L-))
at the corresponding leuel.

To prove this theorem, note that for I;(r,0)-g;(F(r),,0)f (r),
where f(c) : dF(n)ld.r, (iv)-(v) are equivalent to (i)-(ii).

Remarks. (a) For

G ; ( v , q : { ( t - o ) Y * o Y 2 '  
1 < i <  m '  o I o  1 L '

I v ,  m + l < i < N ,

Theorem 2.2 implies the result of Lehman" [5].
(b) For

G ; ( v , q  :  {  
u r r o . '  

. r , a  
l 1 i 1 m '

I  t - ( 1  - y ) l + d ,  m + L < i < N ,  d > 0 ,

Theorem 2.2 implies the result of Gibbons [1].

3. The locally most powerful signed rank tests (I,MPSRT).
The methods of [a] may be generalized to obtain the following results
for testing .Vr against K| and Kl.

Theorem 3.1. With fi satisfying (i)-(i;), denote

f  i , ;@) :  
f , [ r ! { , ,o) + (-1)r  f l?r,o)]  (s.1)

Ai (k ,  i ) :  E{ f i , ; |x lu i l l f l x l ro l ) } ,  @.2)
|  <  i  <  N,  j  :  1 ,2,  where lX l f t l , . . . ,  lX l f " l  are order  s tat is t ics  in
absolute ualue ol N i.r.v's with the cotnmon syrnmetric density f (r).

Then the test with critical region

N

s(R* ,v) :  I tat  @!, i )v i  + Az(Rf ,  i ) l  > )  (< r)  (3.s)
r = 1

is the LMPSRT for testins X1 asainst,(i(A+) (asainst K!(t-)) at
the corresponding leuel.
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Theorem 3.2. Let the condition (;;i)-(u) be satisfied. Denote for
j  : 1 , 2 ,  |  1 i ,  l c  <  N ,  u  €  ( 0 ;  1 ) ,

si,i(u):f,lnl(+; 0) + (-t)is',(f ; 011 (3.4)

a1(k,  i )  :  E{si , ; (U(k))}  .  (3.5)

Then the test with critical region

s(R+ ,v)  :  Dlo '  (R! ,  i )v i  + a2(R{,  i ) ]  > }  (S ))  (3.6)
i = l

is the LMPSRT for testing X1 against Kr'(l*) (against K!(t-)) at
the respectiue leuel.

Remarks. (c) For f;(r,0) = I@ -d), Theorem 3.1 leads to Theorem
rr.4.e [3].

(d) Theorem II.4.10 [3] follows from Theorem 3.1 if gB considered
in Kf is of the form

qo(r) -- fi,,-' t("-e x) tI f @;) .
d= I  i : tn* l
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