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THE RELATTON BETWEEN U(1)-COVERTNG

AND TWO-FOLD COVERING IN REPRESENTATION

THEORY OF LIE GROUPS

TRAN DAO DONG and TRAN VUI

Abstract. To avoid the Meckey's obstructions uhen redrcing Kirilloa's orbit

methd to special contexts, M. Dufl'o lifted the charccter ol the stabilinr to two-fold

couering by using rnetaplutic structutvs. Our purpse is to suggest o lifting ol the

chatwcter to U(1)-coaering da Mpc-structutzs irutead ol metaplectic structures

and then show that therc exists o bijection rclation betueen U(1)-admicsible orbit

ond Z z -admissible orbits.

INTRODUCTION

Let G be a connected and simply connected Lie groups. In order
to find irreducible unitary representations of G, Kirillov's orbit method
furnishes a procedure of quantization starting from linear bundles over a
G-homogeneous symplectic manifold (see [ ]). In 1979- 1980, Do Ngoc
Diep [1,2] has proposed the procedure of multidimensional quantiza-

tion for general case, starting from arbitrary irreducible bundles. This
procedure could be viewed as a geometric version of the construction
of M, Duflo [3].

In this paper, we lift the character of the stabilizer to U(l)-cover-
ing via Mp"-structures instead of metaplectic structures by using the
technique of Robinson-Rawnsley [S]. In the Bargmann-Segal model, we
firstly defi.ne and describe U(1)-admissible orbits and then verify the
bijection relation between these orbits and Z2-admissible orbits that
proposed by M. Duflo and D. Vogan.

1. THE Mp"-STRUCTURE AND U(1)-ADMISSIBLE ORBITS

Let G be a connected and simply connected Lie group. Denote

$ the Lie algebraof G and $* its dual space. The group G acts on $

by
by



418 I)an Dao Dong and Tran Vui

the adjoint representation and on 9. by the coadjoint representation or
simply /{-representation. Denote by Gr the stabilizer of F e S* and
by 9e its Lie algebra. Denote O the K-orbit in passing F e 9*. Let
Bp be the bilinear form on $ given by

Br(X,Y) :  (F,  [X,  Y] ) ,  VX,  Y e I  .

We see that KerBp: 9p. Write Ep for the symplectic form on

9l 9, induced from Bp and Be the Kirillov 2-form on O (see [+, $tS]).

1.1. The Mp"-strtcture

Denote bv Sp(919e, Ep1 o, simply Sp(919r) the symplectic
group 

"t 919r consists of all the real automorphisms that preserve

the symplectic form .Fp.

If 9, I  $,then (see [5, $z]) for every I e Sp(/1$p) there exists
a unitary operator U on the Bargmannspace W(919e) of $f $p stch
that

f r  e 919, +wff$:uw(fr)u-t ,
where W t 9l9e---+ Aut W(919r) is a projective irreducible unitary
representation of the additive group of I I 9e with multiplier exp #Er.
We write o(U) : / when this holds.

Define Mp'(/19e, Ed or simply Mp"(/19e) the subgroup of
Aut.F/ consists of all unitary operators U on IH($ I $p) with o(U) : g
for some g in Se(p l$p). Then o is a surjective group homomorphism
fro'm Mp'(/19e) to Se($l$r) and we have a central short exact se-
quence

1 -+ u(1) - ,  Mp"(91 ge) L sp($1 9e) -4 1 ,  (1)

where U(1) is the group of unitary scalar operators on IH($ l$p).
If  9e': 9, then takine Mp"(919r) : I /(1) we have also a central

short exact sequence

1 -+ u(1) -- Mp"($1 9il 5 1 -- 1 ,

Let g € Gp ana Ta@-t) ,919, -  9 l9e be the real  automor-
phism induced from Ad(g-t l '  I  -  9.  Then the map i  :  Gp'-
Sp(91 9e) given bV r(g) : Ad,(g-r) is a sroup homomorphism from
Gp to sp(919e).

(2)
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Denote by Cfl(t) the Lie subgroup of cartesian product Gr x
Mp"(919r) consisting of all pairs (s,U) such that o(U): Ta@-t),
i.". g and o have the same image in Se$ l$r). Wu know that every
member of Cfl(t) has the form (s, U) such that o(U) : j(g) : ig(g-t),
where U € Mp"(/19e) has parameter (,\, /), with f e Splg lpp) and
) e C such that l)2detC1l : 1, with Cf : itf - ffi) commuting with
i e C ( f 2 : - t ) . T h e n

cfl{tt: {(g; 1x, ials-L))) l lr 'a*c7o1n-,rl : r}

and we obtain the short exact sequence

1 --+ U(1) --+ GVFI) 3 C, -1 1, (B)

where o1(0, (x, ia@-r))) :  s. we call  cf l(t) a U(1)-covering of Gp.
It follows from (3) that we have a split short exact sequence of the

corresponding Lie algebras

o '- ll(t) '* Liecfl(t) - 9p --+ o. (4)

Thus the Lie algebra of cfl(t) i, 9, o U(l) (see [0, gs]).

1.2. U (l)-admissible orbits

Recall that the K-orbit o passing F e I is called integral if there
is a unitary charactet Xp : Gp --+,Sl such that (d,yp)(X) : (h,F)(X),
YX e 9r.

An integral orbit datum is a pair (F, n) with F € $* and zr is an
irreducible unitary representation of Gp on a Hilbert space V such that
an: ( iF)IdV,where Id,V is the identity operator on the space I/.

According to Cartan-Weyl-Kostant ([8, Theoreml]), if G is a com-
pact Lie group then there is attached to each integral orbit datum
(F, n) an irreducible unitary representation of G that is called an orbit
correspondence. This orbit correspondence establishes a bijection rela-
tion between G-conjugacy classes of integral orbit data and irreducible
unitary representations of G. For noncompact Lie groups, however, a
nice orbit correspondence cannot be defined on integral orbit data.

Example 1.1. Let G : Sp(2n, ,B) be the symlectic group correspond-
ing to the symplectic form w in IRzn defined by

, ( (n,  y) ,  ( " ,  t \ )  :  , . t  -  A.z ,  Yr ,  y ,  z ,  t  e  IRn .
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Its Lie algebra is

n  :  { ( t  - "o , ) l o ,u ,c  e  M(n ,  n ) ,  B '  :  B ,  c t :  c } .

The adjoint action of G given by conjugation of matrices: Ad(g) :
gxg -1 .

For each X e I we define a linear functional Fx e 9" by Fx(Y) :

tr(Xf). Then the map X * Fx is an isomorphism from S onto $* ,
intertwining Ad and,.4d*. Consider now the Lie algebra element

- -  ( o  E , r \  - , . '^ : \ o  o  ) ' o '

where -811 is the z by z matrix with a one in the upper left corner, and
all other entries zero. We write F : Fx.

For n: 1, we have

l )  1" ")
Hence

- l o  r \  / l or l :  ^ l : t r l l ^  : l l ^  ^ l l : 0 .
1 0  o ) : " \ \ o ; )  ( S  ; ) )  : '

Then the restriction of F to $p is 0.

The general case n ) 2 is similar. It follows that the K-orbit
O passing F in integral, and (F, n) is an integral orbit datum if we
take zr to be the trivial representations of Gp. Nevertheless, it can be
show that for n 2 2, there is no irreducible unitary representation of
Sp(22, ̂ B) attached to (F, n) in any reasonable sense (see [S]). n

We therefore need something slightly different from integral orbit
data to get a nice orbit correspondence.

Using metaplectic coverings (two-fold coverings) of stabilizer, M.
Duflo and D. Vogan proposed Z2-admissible orbit data to get a nice
orbit correspondence for reductive Lie groups.

We have

, :  { ( t  " " ) .  Mz* ( rn ) l ,e 'o -a 'c :  r ,  B tA:  A tB,  c tD:  r ' " } .

G p : {  ( T  J , ) | t € n \ ,  e r : { ( 3
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. We will suggest here U(1)-admissible orbit data by using Mp"-
structures instead of metaplictic structures and point out a nice bijec-
tion corespondence between U(1)-admissible orbits and, Z2-admissible
orbits.

Definition 1.1. The K-orbit o passing F is called u(r)-integral if
there exists a unitarv character

xY:;) : cf;(r)-- 5r ,

such that

(ax\!P)(x, p) : i{r{*) + kp) ,
where (X, p) e 9e O U (1) and k e Z.

Remark. If o is an integral orbit then it is u(1)-integral, but the
converse does not holds. For ft + o, it is enough to consider the case
k : L. The orbit then is called I/(1)-admissible and we denote simply

x?,? : xrl(L).
' 

Proposition 1.1. ([7, gZ]) In the neighbourhood, of the id,entity of Cf;{tl
we haue

*YG) (g, (r,  Lak-')) :  exp{i{rtxl  + e)} ,

where p € n sai lsf ies the relation \2detCgo,_r): 
"to. 

The integral

kernel o1 yf;Q) is giuen by the formula

u(2, w) :  erp{ i { r txt  + e) + f ,oA, , )  -  
* fu,  , ) } ,

uhere z,w € (//  + N)lW n J/), with N is a posit iue polarization in
9c'

2. THE RELATTON BETWEEN U(1)_COVERTNGS
AND TWO-FOLD COVERINGS

' Consider the unitary character (see [S, $Z])

n : Mp"(91 9F) --+ U(1)
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U H q ( U ) - \ 2 d e t C y ,

where U e Mp"(919e) has parameter (), /).

The kernet Up(91 9r) of tl is called the metaplectic group. Since 4
restricts to U(1) c Mp"(9lgr) * a squaring map' we obtain a central
short exact sequence

1 --+ Zz ". Mp(9lge) - Sp($ l$p) -- L

a:r'd Mp($ I 9r) i" a connected two-fold covering of Se($1 gr).

Proposition 2.1. We haue the following short eract sequence

1--+ u(1) 3 (up(719r) x u(l))/((-r, 1)) 3 sp(7lgr) * 1,

where -l : (-1, I) eC. x Sp(?19r) and ((-1, 1)) v Zz .

In other words, we haue

(Mp(q19e) x u(t)) l((-1, 1)) = Mp'(919r) .

P7oof. Define
rc(u) - (r, ,)((-1, 1)), Vu e U(1)

" ( ( ( r ,  
p) ,  u) ( ( -L  1) ) )  :  p ,  V((2,  p) ,  u)  e  up(9 lgp)  x  u(1)  .

We see easily that rc is injective and is surjective. Moreover,

(((", p), 
")((-r, 

1))) € Ker(zr) <+ detCo : z2 and P: I .

In other words, z2 : L and p: 1;
hence ( ( " ,  p) ,  

" ) ( ( -1 ,  
1) )  :  ( r ,  u) ( ( - r ,  1) ) .

It follows Ker(r) : Im(i), and then the above sequence is exact. f]

According to M. Duflo [a], the K-orbit passing F e 9. is called
Z 2-admissible if'the (unitary) character

xp(expX) : exp{ 
*,rt* l t

of the indentity component (Gr)o can be lifted to a character of the

two-fold covering Gft of. Gp such that Xp(t, e; : -1, where e is the
generator of Zz.
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A representation of (zr, V) of Czl is called genuine if zr(t, e) :
- Idv.

Ln Z2-admissible orbit datum is a pair (F, zr) with F e $* and
zr is a genuine irreducible unitary representation of Gzf on a Hilbert
space 7 such that d,n : (i) n".

Proposition 2.2. There enists a bijection relation between U(I)-ad-
missible orbits and, Z2-admissible orbits.

Proof. Suppose that the K-orbit O passing .F is U(1)-admissible, we
show that {l is Zz-admissible.

' Indeed, we firstly find non trivial elements in kernel of the projec-
tion oi corresponding to

1 --+ U(1) --+ cf;I) "J c, --; 1,

cltrt : { (o; 1x, i,a1s-t))) | lr'a"t c zoln-,r | : 1} .

The unit element of Cfl(t) is e : (r; (r, /)). Choose a non trivial
element in Kerai is (1; (-1, 1)) to have

,  
* u ( r ) 1 r ;  ( _1 ,  r ) ;  _  _1 .

Then {l is Z2-admissible.

I Note that the non trivial elements in Ker oi are

( t ;  (r ,  / ))  with l ) l '  :  r ,  ̂  + |

and we have bv definition

xuFQ) (r; (), /)) : ) '

Thus it is satisfied the definition of M. Duflo.
" We suppose now that A is Zz-admissible. There exists by definition

a unitary character Xr of Gft such that for X e 9, we have

Xr(t,  €) :  -1 and, (d,yp)(X) :  IrVl .
h
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Using the isomorphism in Proposition 2.1 we can extend Xp to a

character xf;ttl or c$(tl = G? x u(t) l((r, 1)) such that

@.x,9)(X, p) : 
|,{r{*) + p) ,

where (X, p) e 9e @ U(1). In other words, the orbit O is U(l)-admis-
sible. !

Example 2.t.  Let G: SL(z,.8). We identify $ and p- with two by

two matrices of trace 0 by using the trace form: if F is a matrice in 9.
and X is a matricein $, then F(X) : tr(FX). The coadjoint action
is then given by conjugation of matrices and we have

f i (FAXA- t )  :  t t (A - t  f l ,X1 ,  VA  €  G ,  X  €  9 * ,

so Gp consists of all matrices in G commuting with F.

s e t  F : ( ' "  
o , ) ,  

* i t h r ) o , w e h a v e
\ u  

- t / '

^  f  ( "  o  \ r  - - lc " : t  ( o  o 1 ' ) l a e n . | '

We therefore identify Gp with .R*. Consequently

G7 :  {@,  " )  
€  n *  xC la2  :  

" ' )  
=  n *  x  { t t }

and

cf ; { t l  :  { (o,  z)  e IR.  xClaz :  l " l ' )  = n.  x U(1)

There are two U(r)-admissible characters of Cfl(t) induced from

the Z2-admissible characters of Gzf given by

XFJ(a, , )  : , lo l i t  and Xr ,z(o,  t )  :  e lo l i ts ign(o)  '

Inparticular, the orbit O passing .F is U(1)-admissible for all , > 0.

Example 2.2. Suppose again G : Sp(Zn, ,il?). As in Example 1.1, we
can identify $ with $-. The coadjoint action is then fy eanjugation of
matrices.



The rcIation between U (l)-covefing and two-fold covering ...

Let F : Fx, the Lie algebra element corresponding to

o -  ( o  E t r \ .  n^ :  
\ o  o  ) ' o '

considered in Example 1.1.

I f  n : 1 .  w e  h a v e

Gp = (cr )o  x  {+rd}  ,

where (Gr)o = IR. Then

c? =.8 x {r,  e} x {+Id} artd GYG) = IR x u(1) x {+Id} .

Consequently F is U(1)-admissible.

lf n ) 1, then (Gr)o contains Sp(2n. - 2, n) and the preimage of
(Gr)o in Mp(2n, JR) is naturally isomorphic to the connected group
Mp(zn-2, n). Hence e belongs to the identity component of. Gzr', and
it follows that F is not Z2-admisible, that is F is not U(1)-admissible
(see [8]). This is consistent with the claim in Example 1.1 that there is
no irreducible unitary representation attached to F.

An U(1)-admissible orbit datum is a pair (F, zr) with F € $* and

zr is a irreducible unitary representation of Cf;{rl on a Hilbert space I/
such that

(an)1x, ,) : ;(r(x) + ,o) ran, (X, p) e geo u(1) .

It follows from [8, Theorem 3] we have

Theorem 2.1. Suppose G is a real red,utiue Lie group and (F, r) is a
U(I)-admissible orbit datum. If f is a regular semisimple elernent (i.e.,
;f 9e is a Cartan subalgebra), then there is attached to this d,atum an
ir red,ucibl e unit ar y t empered r epre s ent ation hauing r eg ul ar infinit esimal
character. This established, a bijection between the G-conjugacy class-
es of regular semisimple U(l)-adrnissible orbit d,ata and the irreducible
unitary tempered representations of regular infinitesimal character.
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