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HOLOMORPHIC FUNCTIONS OF UNIFORM TYPE

WITH VALUES IN RIEMANN DOMAINS

THAI THUAN QUANG

Abstract. It is studid un&r uhat conditioru euery holomoryhic lunction
on a (DFC)-spcc uith aalues in a Rielzaann domcin over frz,chet spacc is of
unifonntype. Morcover, necesEary as well as sufi.ciert conditiow lor which every
holomoryhic lunctiqt on a ntrclar Flzchet cprce uith oalues in a Rbmann domnin
oter a Flechet spce is ol unilorm tgpe, arc giaen in terms ol the linar toplqical
inoariarts A,d, D N, D N, iMuced by Vogt [78, 19, 20,.. ].

Let E be a locally convex space and X a complex manifold modelled
on a locally convex space. A holomorphic map / from E to X is called
a map of uniform type if / can be factorized holomorphically through
the canonical map t;n from E to En for some continuous semi-norm p
on -8. Here for each continuous semi-norm Q on E by E n we denote
the canonical Banach space associated to p and by ,p we denote the
canonicalmapfrom Eto En. Nowby H(E,X) and Hu(E,X) wedenote
sets of holomorphic maps and holomorphic maps of uniform type from
E to X respectively. In the present paper we investigate some necessary
as well as sufficient conditions for which the following equality holds:

H(E,X) :  H" (E ,X) . (UN)

This problem for vector-valued holomorphic maps, i.e. for the case
where X is a locally convex space was investigated by some authors.
The first result of this problem belongs to Colombeau and Mujica. In
[Z] they have shown that the (UN) holds when -E is a dual Frechet -
Montel space and X a Frechet space. Next a necessary and sufficient
condition for which (UN) holds in the class of scalar holomorphic func-
tions on a nuclear Frechet space was established by Meise and Vogt
[8]. An important sufficient condition of (Unf) for scalar holomorphic
functions on such a space was found by above two authors [a]. Recent-
tV [6], L. M. Hai and T. T. Quang have also considered this problem for
holomorphic maps with values in the projective space associated to a
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Frechet space. However until now, when X does not have a linear struc-

ture, the problem is not investigated. Here we consider this problem

for holomorphic maps with values in Riemann domains.

The paper contains two sections. In the first one we prove Theorem
1.1 on the uniformility of holomorphic functions on a (DFC)-space with
values in a pseudoconvex Riemann domain over a Frechet space. The

result of B. D. Tac and N. T. Nga [f 7] which shows that every plurisub-

harmonic function on a separable (DFC)-space is of uniform type is also
used to obtain this theorem.

In Section 2 we give a necessary and sufficient condition for which
(UN) holds in the case holomorphic functions on a nuclear Frechet
space with values in a Riemann domain D over a trhechet space B (The-
orem 2.2). We prove that this relation defines subclass which contains

all spaces .E with the property O and spaces B with the property DN

(resp. r e (fr),  B e (DN)). Here o,fr,DN,DN are l inear topological

invariants introduced by Vogt [18, 19, 20,...].

Finally we shall use standard notations from the theory of locally

convex spaces as presented in the books of Schaefer [t+] and Pietsch

[13 ] .

1. HOLOMORPHIC FUNCTIONS ON (DFC)-SPACES
WITH VALUES IN RIEMANN DOMAINS

OVER FRECHET SPACES

The following is an extension of the result of Colombeau and Mujica

[2] to the non-vector valued case.

Theorem 1.1. Let D be a Riernann d,omain ouer a Frechet space F
and t : E --+ D be a holomorphic function on a (DFC)-space. Then f
is of uniforrn type if one of the following two conditions hold,s:

(i) D is pseudoconuen,

$\ fhe space H (D) of holomorphic functions on D separates the
points of D.

To prove the theorem we need some auxiliary results. First we

recall  the result of B. D. Tac and N. T. Nga [17].

Proposition 1.2. Euery plurisubharmonic function on a (DFC)' space
is ol unilorrn type.
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As Colombeau and Mujica [2] we have

Lemma 1.3. Let G be an open set in a (DFC)-space E and | : G --+ F
a holomorphic function with F is a Frechet space. Then there erist a
continuous semi-norrn p on E, a balanced conuetr closed set B in F
and a holomorphic function h on a neighbourhood of ,n(G) in En with
ualues in F(B), the Bonach space spanned, bU B, such that I : hwp.

Lemma 1.4. Euery pseud,oconuex Riemann dornain D over a Ba-
nach space B satisfies the wealc d,isc cond,ition. This means that eu-
ery sequence {o^} C ff(A, D), conuerging in f/(A-,D), conuerges in
If(A, D), where H(L,D) and,I/(A*, D) denote the spaces of holomor-
phic maps from the open unit disc A in C (resp. A* : A \ {O}/ rnto
D equipped with the cornpact-open topology.

Proof. Given {o") c H(A,D) such that a,, -+ o in 1/(A-,D). Put

Bo:  ClspanU
n ) l

0o"(L)

where 0 : D -+ B is a locally biholomorphic map defining D as a Rie-
mann domain over B. since Bo is a separable Banach space there exists
a continuous linear map ,5 from ll onto Bs. Consider the commutative
diagram

s
D o -

- l

0 n l- +

Ds

,"J
Bs

:  l r  xBo Do and, Ts,,3 are the

- s
0 L

where Do : 0-'(Bo);0o : 7loo,fio ,
canonical projections.

It follows that Do is also pseudoconvex with the biholomorphism
0e. Hence Do is a domain of holomorphy [fZ]. This implies that Do
satisfies the weak disc condition. On the other hand, since the map

S : I I(A, t ' )  - I I(A, Bo)

ilLduc* by ,S is open, there exists a sequenc 
" {i") c I/(4,11) such that

0n - B in H(A,l l)  and Sgn : \onfor n ) l .  Consider 0* e n1t,f io1
given bY 

g*Qy : (F.F),o^(t))
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for t € A. Then gn - (0,")jn f/(A- ,fro\. Consequently this sequence

converges ro (g,o) in I/(A, Do). H"ttte on -+ o in 'Ff (A, Ds)'

Now we can prove Theorem 1.1 as follows

(i) Assume that D is Pseudoconvex'

a) Since /(E) is separable, we can cover it by a sequence of open

subseis v1 of D such that g :vi ---+ q(%) is homeomorphic with i >L'

where q z D ---+ F is a locally biholomorphic map defining D as a

Riemann domain over F. By Lemma 1.3 for each 1 ) 1 there exist a

continuous semi-norm Qi in E, a closed, balanced convex set Bi in .F

and a holomorphic function hi on a neighbourhood Ui of cunr(U1) with

(J i :  f - t (V i , in  En,  such that  I lq :  h iue i .  S ince 'E is  a  (DFC):

,iu." *"..r'find a-lontinuous semi-norm p on E such that ,n(Ui)

is op"n in EfKetp for 1 2 L. Moreover, for each i > 1there exists

Ci > 0 such that p > CiOi. This implies that the maps niU > !)
define a holomorphic map h from a neighbourhood G of EfKerpin En

into s-1(.F'(B)), where

B : Clconv l) elBi

i > l

with e \ 0 such that B is comPact.

put D(B) : q-t (r(B)). consider the domain of existence D6 of

h over .En. Then, D6 is contained in En as an open subset, because

E lKerp is dense in En.

b) we show that D6is pseudoconvex. It suffices to prove lhat D6

satisfies the weak disc condition [1s]. Given {o"} c II(4,D1) such

that or, --+ o in Ir(4., D2). Since D and hence D(B) is pseudoconvex'

the sequence {hon} converges lo ho in ff (A, D(B)), by Lemma l'4'

Choose a neighbourhood U of (ho)(0) such that

q : U = q ( U )

a n d e ) 0 , N € N s u c h t h a t

h o " ( e L )  c U

for every rz > N. For each n ) N define a holomorphic function

6n z eA --+ limrind H* (Wr,f (B))
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by
; " ( t ) ( r ) : h ( o " ( t ) + t )

and
6 : eA* --- l imrind H*(Wo,f(B))

by
6 ( t ) ( r ) : h ( o " ( t ) + x )

where {Wr}r>t is a basis of neighbourhoods of 0 e Ee.It follows that
the sequence {6^} converges to d in If (eA*,limrind H*(Wn,tr'(B))).

Indeed, given .K a compact set in eA* and hence 
"(K) 

is a compact set
in Dn. Then there exists V C G such that h is uniformly continuous
on o(K) f V, i.e. for every 6 > 0 there exists y(6) C I/ such that for
n ,A  €  o (K )  *  V ,x  -  y  €V  (6 ) ,  we  have

l l r , ( " )  -n@)l l  <6.

F o r e a c h k > 1 a n d r ) 0 p u t

(Jt , :  
{ l  .  

" ""  
(wk,F(B))  ,  l l / l lw-  = : }

and consider {Ur} with J : N -* N, defined by

Ur : Clconv (U fr(Ur,rtrl)
k > 1

where ix : H*(Wk,F(B)) + l ipri ldH*(WI,^F'(B)) is the canonical

embedding. It is easy to see that {Ur} ir a basis of neighbourhoods of 0
in l imrind H*(W*,tr '(B)). Given a Ul in l imrind H*(W*,F(B)). Take

ft6 such that Wpo C V and Ne sufficiently large such that

on( t )  -  o ( t )  .Wko

o,(t)  -  o(t)  cY f  - l )'  
\ t ( k o ) /

for every rz ) Ns and all t € K.

431
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Thus for al l  rz > No we get on(t),o(t) e H*(W*o,f '(B)) for al l  t  e K

and

sup sup l lh(o,(t) + c) - h(o(t)+ r) l l  .  +
t€K x€wro ' tko)

i 'e '  r
sup sup l l6"(t)(") -  6(t)( t) l l  < 

,(kJ.teKa€W*o

Then 6^(t)-6(t) c(Jxo,t(ko) for al l  t  e K. Thr:s we infer that {7'"} con-

verges to d in H(eL,*,limrind H*(W*,F(B))) and hence 6 can be ex-

tended holomorphically to eA and {6") converges to 6 in

H(eA,l imrind H*(W*,.F(B))). Since {6"(+)) is bounded in

limind H*(Wn,f'(B)) and the inductive limit is regular [t+] there ex-
k > 1

ists ft1 such that
6 " ( t )  €  H* (Wn, , r ' (B ) )

for every ltl S elz and every n ) N6.

observe that o can be extended holomorphically to eA and on ---+ 6

in I/(A, E). Ir remains to check that o(0) € Dn. We have 6"(0)(") :

h(o.(o)*r) for every r €Wp, and z > No. This yields that o(0) € Dn.

c) Let p(r) : - log d,(2,0D7,) fot z € Dn. By b) the function <p is

plurisubharmonic on Dn containing E fKetp. From Proposition 1.2 we

can find a continuous semi-norm p1 > 4 on -E and a plurisubharmonic

function r! on E n, such that qur p : ,hw er.

I t  remair rs  to  check that  Imuerpg D6 where Qpre i  En,  *  Enis

the canonical map. Otherwise there exists z € En, such that wnrn(z) e

7Dn. Let {2") c EfKerpr with 2n + z. Then

*oo : 
.-l1gl-'r,r n, n("n) : ^lyy{(2") S rb@) ( *m.

This is impossible and hence Imu.rn, p e Dn.

(ii) Assume now that I/(D) separates the points of D. BV (i) there

exist a continuous semi-norm p on E and a holomorphic function ft,

from En into D, the envelope of holomorphy of. D, such that f : hwp.

obviously h(En) c clD. choose a continuous function (p on D su.h

that rp-l(o) : Ctp\ D. Consider the continuous function fi on E'

As in Proposition 1.2 there exists a continuous semi-norm h ) I on E

suchthat  
( ,  I  )

" lP t l  116 l :  Pr lz ) '  ' i  '  *
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for every r ) 0. Then hunrn(Enr) S O. Indeed, in the converse case
there exists z e En, such that h.wn,n(z) € 0D, i .e. ghLoorpk) : O.
Take a sequence {"") c EfKerq with zn -* z. Then

( '  1
o o  >  s u p { l  ^  l : n )  1 } : r , t p { f  = - t -  Q * ) l r n } L } :  * .'  t ' p f ( 2 " ) '  )  '  t ' g h w p 1 Q ' " '  )

This contradiction shows that hwnrn is holomorphic on Ep, and hence
(ii) is proved.

The theorem has thereby been proved.

2. HOLOMORPHIC FUNCTIONS ON NUCLEAR FRECHET
SPACES WITH VALUES IN RIEMANN DOMAINS

OVER FRECHET SPACES

Let E be a Frechet space with a fundamental system of semi-norms

tl l . l l r).  For each subset B of E we define a semi-nor* l l . l l i  on E*, the
strongly dual space of E, with values in [0,*m] by

l l " l lb  :  suP{ lu(z) l  :  c  € B}.

Instead of ll.ll lo *u write ll.ll i, with

U p : { * € E : l l z l l o s t } .

Using these notations we define: .E has the property

1 f r y  : v  p j  q  d > o v f t  I  c  > o  \  1 1  1 1 . r + d  .  r _ t l
1 n ; , v p i , q v k , d ' > 0 l c r o l l l ' l l ; ' * " < c l l ' l l ; l l ' l l ; o
( D N )  : 1  p 1 d  >  0 v  q  I  o ,  

?  
r o )  

l t . l l ; * o  s  c l l . l l o l l . l l f .
( p I [ )  : 3 p V  8 f  k ,  d ,  C > o  )  " . " q

The above properties have been introduced and investigated by
Vogt [18, 19, 20,...]. Hereafter, to be brief, whenever .O has the property

d (r".p. fr1 *u write E e (n) (resp. f'e (fr11.
In this section we shall find necessary and sufficient condition for

which relation (UN) holds when .E is a nuclear Frechet space and X
is a Riemann domain over a Frechet space (Theorem 2.2). Ir is also a
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characterization for nuclear Frechet spaces having the properties fi,fr'
We begin with recalling [5] a result of L.M.Hai which is also useful
in proving Theorem 2.2. The main tools to obtain this result are an
interpolation argument as well as methods and results from the theory
of nuclear Frechet spaces.

Proposition 2.1. Let E and, F be Frechet spaces and E, nucle-ar. Then

H u ( E , F ) :  H ( E , F )

if one of the following cond,itions hold's

( i )  E e ( n ) a n d , F e ( D N ) ,

(ii) E € (fr) and, F € (DN).

Theorem 2.2. A nuclear Frechet space E has the property n ft"sp. f i ,)
if euery holomorphic function on E with ualues in a Riemann domain
D ouer a Frechet space B haaing the property DN (resp. DN ) which
satisfi,es one of lollowtng two conditions:

(i) D is pseudoconveq

(ii) H(D) separates the points of D,

is of uniform type.

It suffices to prove in the case E € (n) and B € (DN). We need
the following lemma.

Lemma 2.3. Let B be a Frechet space and, B € (DN). Then

tt 1a1 :

{(€r)r ."  c c- ,  l l l (€a) l l lo:  D 16rl"*pl lbl lo < -  for euerv p > 1}
beB

also has the property DN.

Proof  .  S ince B € (DN), I  p ,V Q,1 k ,d,C )  0  such that

l lb l l ; *o s c l lb l lk l lb l lg

for all b e B. Upon iterating we get

r l d

l lb l lo < crra l l6 l l ; . , l lb l l i . ,
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for all b e B. We have the following estimation:

l l l(€a)|il, : t l€al "*p llbllo < D le,t exp[cr*z llbll;+' l lbllt-]
b € B  b € B

( exp cfr D leuloplr * al l lal lr  + * lul, l
b€B

(  exp ct i - t l ( l€r l# "*p r  + al l la l lo) '* ' ]  
#

beB

f \ - / r - , d ,  d  , . - . ,  r l + 3 .  d ,

"  i L ( l € a l ' -  " * p  1 +  d l l b l l o )  
d  

J r + d
b e n

exp cr iz ( t  l€ul  exp l la l l*)  # ( t  l€ul  exp l lb l l r ) '+"
beB beB

exp c r* ar- lll ( €o ) lll i+ lll ( €, ) lll J"*

for  a l l  (€a) e t ' (B).  Hence 0(B) e (DN).

Now we prove Theorem 2.2.

Given / a holomorphic function on E with values in D, where D
is as in the theorem and .E a nuclear Frechet space with the property

O. Since /(E) is separable without loss of generality we may assume
that B is separable. Take a continuous linear map ^9 ftorrr (.r (B) onto
B with t '(B) e (DN), by Lemma 2.3, and consider the commutative
diagram:

,l 'ol
" ,  B r t I  E

D

oI

t ' (B )

g
-------------+ D +- E

I

as in Lemma 1.6.

Applying Proposition2.l to 0f ,we can find p € N and a holomor-
phic function h on Eo such that hro : d/. Since .E is nuclear, there
exists q > p such that the canonical map wo, : En -, En is nuclear.
Thus there exist nuclear maps g , lr ---, En and a : En --- ll such that
ga: aroo. Consider the holomorphic function ltB from 11 into B. This
function is bounded on every bounded set in ll. By using Taylor se-
ries expansion at zero, it is easy to see that there exists a holomorphic
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function g: lL -- LLJB) such that Sg: h0. Now define a holomorphic

function ft: E -- D by

I t@) :  (sorc(" ) ,  / ( " ) )

for r € E. Then / is of uniform type if /r so is. Hence without loss
of generality we may assume that D : D and B : tr(B). Since D
satisfies (i) or (ii) the canonical map

T : D--+ F :: f l{cr : I e H(D)}

where Cf : C for f € H(D), is a homeomorphism onto the image

[7]. Consider the holomorphic function h:Tf z E ---+ F. Let W be
a neighbourhood of zero in .E such that f (W) is contained in an open
subset U of D for which 0 : U = 0(U). Choose a neighbourhood V of
0I@) such that f@lr)- ' is bounded on I/.  Then Tf is bounded on
a neighbourhood of 0 e E. By an argument as Meise and Vogt [8] we
can find p € N and a holomorphic function gr on Eo with values in F
such that

h t :  g t u p .

This yields from the relation g1(ElKetl l . l lo) C Im? that 91 induces a
holomorphic function / : EfKerll.llp - D. Extend / to a holomorphic
function 9 on a neighbourhood of ElKerll.llo in.Eo. Let On be the
domain of existence of g.

(i) Oo is a domain of holomorphy. Since the topology of E is defined
by Hilbert semi-norms without loss of generality we may assume that

, -Eo is a Hilbert space. Choose q > p such that the canonical map
wno : En - En is compact. Lel r denote the linear metric topology on
H(On) generated by the uniform convergence on sets:

1 r,eqp(z) e tlo dist(arno Q),i lf l) = i )

Note that the canonical map [H(nr), r] -', H(E) is continuous and

H(E)a" ,  = l imind Hu(Er)

(see [8]). Here H(E)ao, denotes the bornological space associated to
H(E) and for every k ) L,Hu(En) denotes the Frechet space of holo-
morphic functions on Ep which are bounded on every bounded set in

K , : { w o r @ ) : l l z l l
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Ey. Therefore, we can f ind k ) g such that I/(Oo) c Uu(Ex).It  re-
mains to check that Imarpp C On. In the converse case there exists
z € Ep such that wnp(z) € Ans. Choose a sequence {"") c E lKerll.llp
which converges to z. Since Eo is a Hilbert space we can find / € f/(Oe)
such that

sup l / t . r6o(r" ) l  :  * .

This is impossible because fwp € H(E*).

(ii) Arguments are similar as in the part (ii) of the proof of the
Theorem 1.1.

The Theorcm2.2 is completely proved.

1 .
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