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Abstract. In this paper we extend a result on the existence of the limit df =
lim

m→∞ ‖Dmf‖1/m
p and the equality df = sup{|ξ| : ξ ∈ suppf̂} to n-dimensional

case and for Lorentz spaces.

1. Introduction and Preliminaries

Let Φ : [0,∞) → [0,∞) be a non-zero concave function, which is non-decreasing
and Φ(0) = Φ(0+) = 0. We put Φ(∞) = lim

t→∞ Φ(t). For an arbitrary measurable
on R

n function f we define

‖f‖NΦ =

∞∫

0

Φ
(
λf (y)

)
dy,

where λf (y) = mes{x ∈ R
n : |f(x)| > y} , (y ≥ 0). If the space NΦ(Rn) consists

of measurable functions f , such that ‖f‖NΦ < ∞ then NΦ(Rn) is a Banach
space. Denote by MΦ(Rn) the space of measurable functions g such that

‖g‖MΦ = sup
{ 1

Φ(mes Δ)

∫

Δ

|g(x)|dx : Δ ⊂ R
n, 0 < mes Δ <∞

}
<∞.
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Then MΦ(Rn) is a Banach space, too [7, 6]. The NΦ(Rn) and MΦ(Rn) are called
Lorentz spaces.

We have the following results.

Lemma 1. [7] If f ∈ NΦ(Rn), g ∈MΦ(Rn) then fg ∈ L1(Rn) and∫

Rn

|f(x)g(x)|dx ≤ ‖f‖NΦ‖g‖MΦ .

Lemma 2. [7] If f ∈MΦ(Rn) then

‖f‖MΦ = sup
‖g‖NΦ≤1

∣∣∣
∫

Rn

f(x)g(x)dx
∣∣∣.

Using Lemma 2, it is easy to prove the following:

Lemma 3. If f ∈MΦ(Rn), g ∈ L1(Rn) then f ∗ g ∈MΦ(Rn) and

‖f ∗ g‖MΦ ≤ ‖f‖MΦ‖g‖L1.

Let m ∈ Z+. Denote by Wm,2 the usual Sobolev space, i.e., the set of all
f ∈ S′ such that

||f ||m,2 =
( ∑
|α|≤m

||Dαf ||22
)1/2

<∞ .

We have the topological equality H(m) = Wm,2 (see [5, 7.9]), where

H(m) =
{
f ∈ S′ : ||f ||(m) =

(∫

Rn

(1 + |ξ|2)m|f̂(ξ)|2dξ
)1/2

<∞
}

and f̂ = Ff is the Fourier transform of f .

2. Results

Theorem 1. Let P (ξ) be a polynomial with constant coefficients, f ∈ MΦ(Rn)
and let suppf̂ be bounded. Then there always exists the limit

df = lim
m→∞ ||Pm(D)f ||1/m

MΦ
,

and moreover,

df = sup
ξ∈suppf̂

|P (ξ)| .

Note that Theorem 1 is an extension of a result obtained in [1], which is very
helpful for us to study imbedding theorems for Sobolev spaces of infinite order
[2 - 4].
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Proof of Theorem 1
We shall begin by showing that

lim
m→∞

||Pm(D)f ||1/m
MΦ

≥ sup
sp(f)

|P (ξ)|, (1)

where we denote suppf̂ by sp(f) for simplicity.
Let ξo ∈ sp(f) such that |P (ξo)| = sup

sp(f)

|P (ξ)|. Without loss of generality we

may assume that P (ξo) > 0. Further, we fix a number 0 < ε < P (ξo)/4 and
choose a domain G such that ξo ∈ G and

|P (ξ)| > P (ξo) − ε, ξ ∈ G. (2)

Fix v̂, ŵ0 ∈ C∞
0 (G) such that ξo ∈ suppv̂f̂ and < v̂f̂ , ŵ0 > 
= 0. And let

ψ ∈ C∞
0 (G) and ψ = 1 in some neighborhood of suppŵ0. Then for any m ≥ 1

we get

| < v̂f̂ , ŵ0 > | = | < ψ(·)P−m(·)Pm(·)v̂(·)f̂(·), ŵ0(·) > |
= | < Pm(·)v̂(·)f̂(·), ψ(·)P−m(·)ŵ0(·) > |
= | < Pm(·)v̂(·)f̂(·), P−m(·)ŵ0(·) > |
= | < F−1(Pmv̂f̂), F (P−mŵ0) > |
= | < Pm(D)(v ∗ f), F ŵm > |,

where ŵm(ξ) = P−m(ξ)ŵ0(ξ). Therefore, by Lemmas 1 and 3 we get for all
m ≥ 1

| < v̂f̂ , ŵ0 > | ≤ ||Pm(D)f ||MΦ ||v||L1 ||Fŵm||NΦ . (3)

Next we prove

||Fŵm||NΦ ≤ C(P (ξo) − 2ε)−m, m ≥ 2n2. (4)

Actually, let |α| ≤ 2n2. Since P (ξ) 
= 0 in G and the Leibniz formula, we get

Dα
(
P−m(ξ)ŵ0(ξ)

)
=

∑
β≤α

α!
β!(α− β)!

Dα−βŵ0(ξ)DβP−m(ξ), (5)

DβP−m(ξ) =
∑

γ1+···+γm=β

β!
γ1! . . . γm!

Dγ1
P−1(ξ) . . . Dγm

P−1(ξ).
(6)

Therefore,

|xαFŵm(x)| =
∣∣ ∫

G

e−ixξDα
(
P−m(ξ)ŵ0(ξ)

)
dξ

∣∣

≤
∑
β≤α

α!
β!(α − β)!

∑
γ1+···+γm=β

β!
γ1! . . . γm!

(7)

×
∫

G

∣∣Dα−βŵ0(ξ)Dγ1
P−1(ξ) . . . Dγm

P−1(ξ)
∣∣dξ
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for all x ∈ R
n. On the other hand, we have

∑
β≤α

α!
β!(α − β)!

= 2|α| ≤ 22n2
,

∑
γ1+···+γm=β

β!
γ1! . . . γm!

= m|β| ≤ m2n2
.

Further, let m ≥ 2n2. We remark that for γ1 + · · · + γm = β, there are at
least m− |β| ≥ m− 2n2 multi-indices among γ1, . . . , γm equal zero. Therefore,
by (2), (5) - (7) and ŵ0 ∈ C∞

0 (G), we obtain a constant C1 = C1(P, ŵ0, 2n2)
such that for all m ≥ 2n2

|xαFŵm(x)| ≤ (2m)2n2
C1(P (ξo) − ε)−m+2n2

,

where

C1 = max{(P (ξo) − ε
)|β|−2n2

∫

G

∣∣Dα−βŵ0(ξ)Dγ1
P−1(ξ) . . . Dγ|β|

P−1(ξ)
∣∣dξ :

β ≤ α, |α| ≤ 2n2, γ1 + · · · + γ|β| = β} <∞.

Therefore, since

lim
m→∞(2m)2n2(P (ξo) − 2ε

P (ξo) − ε

)m = 0,

we obtain a constant C2 = C2(ε) such that

sup
x∈Rn

|xαFŵm(x)| ≤ C2(P (ξo) − 2ε)−m

for all |α| ≤ 2n2 and m ≥ 2n2.
Therefore

sup
x∈Rn

(1 + x2n
1 )...(1 + x2n

n )|Fŵm(x)| ≤ C3(P (ξo) − 2ε)−m (8)

for all m ≥ 2n2.
Hence

|Fŵm(x)| ≤ C3(P (ξo) − 2ε)−m

(1 + x2n
1 )...(1 + x2n

n )

for all m ≥ 2n2, x ∈ R
n.

So, putting g(x) = [(1 + x2n
1 )...(1 + x2n

n )]−1 we obtain

||Fŵm||NΦ =

∞∫

0

Φ
(
λFŵm(y)

)
dy ≤ C3(P (ξo) − 2ε)−m

∞∫

0

Φ
(
λg(y)

)
dy.

On the other hand, we have



A Property of Entire Functions of Exponential Type for Lorentz Spaces 223

∞∫

0

Φ
(
λg(y)

)
dy =

∞∫

0

Φ
(
mes{x ∈ R

n :
1

(1 + x2n
1 )...(1 + x2n

n )
> y}

)
dy

≤
1∫

0

Φ
(
mes{x ∈ R

n :
1

1 + x2n
j

> y, j = 1, ..., n}
)
dy

=

1∫

0

Φ
(
2n

(1
y
− 1

)1/2)
dy

≤
1∫

0

Φ
(
2n 1
y1/2

)
dy

≤
1∫

0

2n 1
y1/2

Φ(1)dy <∞

because Φ(t) ≤ tΦ(1) for all t ≥ 1. Thus we have proved (4)

||Fŵm||NΦ ≤ C(P (ξo) − 2ε)−m, m ≥ 2n2,

where C depends on ε. Combining (3) - (4), we obtain

lim
m→∞

||Pm(D)f ||1/m
MΦ

≥ P (ξo) − 2ε .

Letting ε→ 0, we get (1).
To complete the proof, it remains to show that

lim
m→∞||Pm(D)f ||1/m

MΦ
≤ sup

sp(f)

|P (ξ)|. (9)

Given ε > 0. We choose a domain G ⊃ sp(f) and a function ψ ∈ C∞
0 (G)

such that ψ = 1 in some neighborhood of sp(f) and

sup
G

|P (ξ)| < sup
sp(f)

|P (ξ)| + ε . (10)

By Lemma 3 we have

||Pm(D)f ||MΦ = ||F−1
(
ψ(ξ)Pm(ξ)f̂(ξ)

)||MΦ ≤ ||F−1
(
ψ(ξ)Pm(ξ)

)||L1 ||f ||MΦ

(11)
for all m ≥ 0.

Putting hm(ξ) = ψ(ξ)Pm(ξ),m ≥ 1 and 	 = [n/2] + 1, we get from Holder’s
inequality that

||F−1hm||L1 = ||Fhm||L1 =
∫

Rn

(|ĥm(ξ)|2)1/2dξ

≤ (∫

Rn

|ĥm(ξ)|2(1 + |ξ|2)�dξ
)1/2(∫

Rn

(1 + |ξ|2)−�dξ
)1/2 = C4‖hm‖(�),
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where C4 < ∞ is independent of m. Therefore, by (11) and the topological
equality H(�) = W�,2, we get

||Pm(D)f ||MΦ ≤ C5||hm||�,2||f ||MΦ , m ≥ 1 . (12)

On the other hand, it follows from the Leibniz formula that

Dαhm(ξ) =
∑
β≤α

α!
β!(α− β)!

Dα−βψ(ξ)DβPm(ξ), (13)

DβPm(ξ) =
∑

γ1+···+γm=β

β!
γ1! . . . γm!

Dγ1
P (ξ) . . . Dγm

P (ξ). (14)

Further, we again notice that for |β| ≤ 	 ≤ m and γ1 + · · · + γm = β, there are
at least m− |β| ≥ m− 	 multi-indices among γ1, . . . , γm equal zero. Therefore,
combining (10) and (12) - (14), we obtain a constant C6 = C6(ψ, P, 	) such that

||Pm(D)f ||MΦ ≤ C5C6(sup
G

|P (ξ)|)m−�||f ||MΦ

≤ C5C6( sup
sp(f)

|P (ξ)| + ε)m−�||f ||MΦ

for all m ≥ 	. Hence

lim
m→∞||Pm(D)f ||1/m

MΦ
≤ sup

sp(f)

|P (ξ)| + ε.

Letting ε→ 0, we get (9). The proof of Theorem 1 is complete. �

Remark 1. Theorem 1 still holds when we replace P (D) by the following pseu-
dodifferential operator:

A(D)f = F−1a(ξ)Ff(ξ),

where a(ξ) is an arbitrary function in C∞(Rn).

3. An Application

Let us now apply Theorem 1 to obtain certain Paley-Wiener-Schwartz theorems.

Theorem 2. Let f ∈ MΦ(Rn), bj 
= 0, j = 1, · · · , n and r > 0. Then sp(f) is
contained in the ellipsoid

{
ξ ∈ R

n : ξ2
1

b21
+ · · · + ξ2

n

b2n
≤ r2

}
if and only if

lim
m→∞

∥∥( 1
b21
D2

1 + · · · + 1
b2n
D2

n

)m

f
∥∥1/m

NΦ
≤ r2.

Further, let P (ξ) be a polynomial, K ⊂ R
n, r > 0 , B(0, r) the ball of radius

r centered at zero, σ = (σ1, . . . , σn), σj > 0 and Δσ = {ξ ∈ R
n : |ξj | ≤ σj , j =

1, . . . , n}.
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We put

Q(K,P ) =
{
ξ ∈ R

n : |P (ξ)| ≤ sup
K

|P (x)|},
Q(K,P, σ) = Q(K,P ) ∩ Δσ,

Q(K,P, r) = Q(K,P )B(0, r).

Clearly, K ⊂ Q(K,P ), Q(K,P ) can be noncompact although K is compact,
and Q(K,P ), Q(K,P, σ) and Q(K,P, r) can be nonconvex.

Using Theorem 1, we have the following results:

Theorem 3. Let f ∈MΦ(Rn). Then sp(f) ⊂ Q(K,P, σ) if and only if

1) lim
m→∞

||Pm(D)f ||1/m
MΦ

≤ supK |P (ξ)|,

2) lim
m→∞

∥∥∥ ∂m

∂xm
j

f
∥∥∥1/m

MΦ

≤ σj , j = 1, . . . , n.

Theorem 4. Let f ∈MΦ(Rn). Then sp(f) ⊂ Q(K,P, r) if and only if

1) lim
m→∞

||Pm(D)f ||1/m
MΦ

≤ supK |P (ξ)|,
2) lim

m→∞
||Δmf ||1/m

MΦ
≤ r2,

where Δ is the Laplacian.

References

1. H.H. Bang, A property of infinitely differentiable functions, Proc. Amer. Math.

Soc. 108 (1990) 73–76.

2. H.H. Bang, Some imbedding theorems for the space of infinite order of periodic

functions, Mat. Zametki 43 (1988) 509–517.

3. H.H. Bang, On imbedding theorems for Sobolev spaces of infinite order, Mat.

Sbornik 136 (1988) 115–127.

4. H.H. Bang, Imbedding theorems for Sobolev spaces of infinite order, Acta Math.

Vietnam. 14 (1989) 17–29.

5. L. Hormander, The Analysis of Linear Partial Differential Operators I, Springer-

Verlag, Berlin - Heidelberg - New York - Tokyo, 1983.

6. M.M. Rao and Z.D. Ren, Theory of Orlicz Spaces, Marcel Dekker, Inc., New York,

1991.

7. M. S. Steigerwalt and A. J. White, Some function spaces related to Lp, Proc.

London. Math. Soc. 22 (1971) 137–163.


