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1. A non-periodic multi-wavelet decomposition of functions on R? is L,-stable
if its scaling functions have the [,-stable integer translates. The problem of [,-
stability of integer translates of scaling functions has been studied in [3]. As well
known, in contrast to non-periodic wavelet decompositions there is no single scal-
ing function for a periodic wavelet decomposition and the scaling functions are
different at different dyadic levels. They form a sequence of scaling functions. A
periodic multi-wavelet decomposition are based in such several sequences of scal-
ing functions. These make the problem of L,-stability of periodic multi-wavelet
decompositions more complicate and interesting. The last problem plays an im-
portant role in using multi-wavelet decompositions for nonlinear approximations
of functions (see [1, 2]). A necessary and sufficient condition for Ly-stability of
periodic wavelet decompositions has been given in [4].

2. Let multivariate periodic functions be represented as functions defined on
the d-torus T¢ := [—7, w]¢. Let {‘Pi}kezia j € J, be a finite family of sequences
of functions defined on T¢ and v € N%, where J is a finite set of indices. For
k € Z4 and s € Q(y2%), we define the h*-step translates gai,s by

Pl (2) = o] (x — sh*), x € T,

where h* := 27 /y2F and

Q(m):={keZ:0<k<m}, meN
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Here and later, for ,y € R%, we use the following notations: x; is the j-th coordi-
nate of x € R, ie., 2 = (21, ..., 24); 2% := (2%,...,2%); 2y := (T1Y1, ..., TaYd);
1)z = (1/z1,...,1/zq); Z% = {k € Z* : k > 0, }; the inequality z < y (v < y)
means z; <y; (z; <y,), j=1,....d.

Suppose that every function f € L, := L,(T¢), 1 < p < oo, can be decom-

posed into a series:
F=220 2 fisbhe (1)

kezd j€J seQ(v2*)

converging in the norm of L, where f,g = f,g ;(f) are certain coefficient fucn-
tionals of f. This decomposition is called a periodic multi-wavelet decomposition
of f. The functions ¢, j € J, are called k-th scaling functions and ‘ch,s multi-
wavelets.

We say that the periodic multi-wavelet decomposition (1) is Ly,-stable if there
exist positive constants C,C’ depending only on p,, d and J such that for each
linear combination of the multi-wavelets at any dyadic level

F=2 2 e
JE€J s€Q(~2k)
there hold the inequalities
Clifl, <. > 27MadP)» < || £l (2)
J€J seQ(~2F)

(the sum is changed to max when p = 00), where ||-||,, is the usual p-integral norm
in Ly, and |k| := k1 + - - -+ k4. In the present paper we give sufficient conditions
of Ly-stability for periodic multi-wavelet decompositions in the case when the
sequences of scaling functions of multi-wavelet decompositions are periodized
from non-periodic functions by

Ph(x) = o (7 w) = Y I (25w +279)), j €, (3)

sezd

where

d
W) = [ () (4)
i=1
are tensor products of univariate functions 1/1{ .

3. Let us preliminarly recall some results on [,-stability of integer translates of
non-periodic functions which are directly related to our problem. Let ¢ be a
function on R? and v € R? with u > 0. We set

o= 3 (- — us)).

s€Zd
Let £, ,(R?%) be the normed space of all functions ¢ for which the norm

[pyu = kuHLP(H(u))
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is finite, where II(u) := {z € R?: 0 < x < u}.
Given a function ¢ € £, ,(R%) and a sequence a € loo(Z%), the semi-discrete
convolution 1 * a is defined by

Yxa = Z a(s)y(- — us).

sezZd

For a family 4, ...,4™ of functions on R?, denote by S, (1, ...,1)™) the space
of all linear combinations

F=Y wxal =Y " a'(s)y'(- — us) (5)
i=1 i=1 seZd

with al,...,a" € 1,(Z%).
There holds the following inequality

n
Il ey < max [0 Y la'lly, o). (6)
i=1

1<i<n

We say that the u-step integer translates of ¥, ..., 9" (- — us),s € Z¢, are
l,-stable if there exists a positive constant C' = C(p,d,u, ", ...,9™) such that

n

Z la'lli,zey < Clfllz, @

i=1
for all linear combinations (5). For 1 < p < oo, we denote p’ := (p — 1)/p.
Theorem 1. Let 1 < p < oo and ¢, .., 9" € Lo w(RY). Then the following

conditions are equivalent:
(i) The u-step integer translates of P!, "'11/}"’ are l,-stable,
(ii) For any y € II(27/u) the sequences {1*(y + 27s/u)}scza, i = 1,2,...n, are
linearly independent, and
(iii) There exist g*,...,g" € S1u(¥',...;¥™) such that

(9", 7 (- — us)) = 8;500s fori,j=1,..,n and s € 74,

Moreover, if the u-step integer translates of ¥',...,4)", are l,-stable, then

n n
S llatll,zey < Il @ > 19w
=1 =1

for all linear combinations (5).

Theorem 1 as well as the inequality (6) were proved in [3] for u = (1,1, ..., 1).
The general case can be proved similarly.

4. We now give sufficient conditions of Lj-stability for periodic multi-wavelet
decompositions when the sequences of scaling functions of multi-wavelet de-
compositions are periodized from non-periodic functions.
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Theorem 2. Let 1 < p < oo, v € N%. Let )’ € Eoog,r/v(Rd),j € J, where J is
a finite set of indices. Assume that every function f € L, has a periodic multi-
wavelet decomposition (1) and the sequences of scaling functions {@i}kezi, VES

J, are periodized from non-periodic functions 3, j € J, as in (3). If 7, j € J,
have l,-stable 2 /~y-step integer translates, then the decomposition (1) is Li-
stable. Moreover, contants C,C" in (2) can be chosen as follows

-1
C= <r]n€a;< |W|p,2ﬂ/v) , C'= #Jl?ef’f}( |97 | 27/

where g7 € Sy 97 /4(W1,...,0"), 5 € J, are functions such that
(g", 97 (- — 2ms/7)) = 8;j00s for i,j € J and s € 74,

Theorem 3. Under the assumptions of Theorem 2, if 17, j € J, are tensor

products of univariate functions ], 1 = 1,2,...,d, as in (4), which have l,-
stable 27 /~;-step integer translates, then the decomposition (1) is L,-stable.
Moreover, contants C,C" in (2) can be chosen as follows

d —1 d
C= H (r]nEa}( |wl]|p,27r/'y) P Cl = #JI];EI]nEa}{ |glj|p’,27r/'ya

1=1
where glj € S1.2n/, (W}, .y, j € J, are functions such that
(g1, 9] (- — 2ms/7)) = 81005, 1,5 € J, 51 € L.

5. Let us construct a L,-stable periodic wavelet decomposition with the scal-
ing function periodized from a non-periodic function. Given natural numbers
B,n,~y with 8 > n, we let

Y(x) == By~ tsinc(Bz/2)sinc(nz/2).
The functions
Pk ke Z+,
are periodized from non-periodic functions by:
or(x) =7 (Y, ), k=1,2,....
If 8 + 7 is even, then a straightforward calculation shows that
() sin(32%2/2) sin(n2Fx/2)
x) = .
ok ~2k sin(x/2) n2* sin(z/2)

In particular,
sin(3 x 2¥x/2) sin(2%z/2)
3 x 2k sin(x/2) 2% sin(z/2)

vg(x) := mor(v;a) =

is the classical de la Vallée Pussin kernel where

v(zx) := sinc(3x/2)sinc(x/2)
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is the non-periodic de la Vallée Pussin kernel.
The sequences of scaling functions for a wavelet decomposition

{Sﬁk}kezi

are defined by:
d
(@) = [ on, (25),
j=1

as the tensor product of ¢y;. Further, we define the wavelets as follows:
Ok,s = @r(-— shk), s € Q(’ka), ke Zi.

If 3> 3n and v > (8+17)/2, then a continuous function f on T¢ has a wavelet
decomposition into the series

f(I) = Z Z fk,s(pk,s(x)a (7)

kEZi sEQ(v2F)

converging uniformly on T¢, and consequently in the norm of L,, where f; ; =
fr,s(f) are certain coefficient functionals of f. For u = 2w/, by Theorem 1 it
is easy to check that the u-step integer translates of 1) are [,-stable if and only
if v < B+ n. Hence and from Theorems 2 and 3 we obtain

Corollary. Let 1 < p < oo, and (B,n,7 satisfy the conditions 8 > 3n and
(B+mn)/2 <~y < B4mn. Then the decomposition (7) is Ly-stable, that is, there
exist positive constants C,C’ depending only on 3,n,~ and p such that for each
linear combination of the wavelets at any dyadic level

f= Z AsPl,s

s€Q(v2*)

there hold the inequalities
Clifll, < Y 27 ™ag)» < | f],

s€Q(v2%)

(the sum is changed to max when p = o).
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