Vietnam Journal of Mathematics 32:2 (2004) 127-140 Vietnam Journal

of
MATHEMATICS

© VAST 2004

An Algebraic Condition of an Irreducible
Variety in C""

Le Mau Hai and Bui Quoc Hoan

Department of Mathematics, Hanoi Pedagogical Institute, Hanoi, Vietnam

Received August 31, 2002
Revised March 19, 2003

Abstract. The main aim of this paper is to prove that an irreducible variety V" in C"
is an algebraic one if and only if the space H (V') of holomorphic functions on V has

property (DNDZ).

1. Introduction

The algebraicity of an irreducible variety V in C™ was investigated by some
authors. The first result in this direction belongs to W.Stoll. In [10] Stoll
proved that an irreducible variety V is algebraic if and only if the projective

volume of V is finite, i.e / (cldc log(1 + |z|2)) < +o0.
4

Next using methods from Padé approximation Sadulaev gave a beautiful
criterion on algebraicity of V. Namely, in [8] he has shown that V is algebraic if
and only if there exists a compact subset K C V such that the Siciak extremal
function L(z, K) associated to K is locally bounded on V. Recently, from some
interested results on properties of plurisubharmonic functions of the Lelong class
on a complex space. Zeriahi has obtained a generalization of the above result of
Sadulaev [15]. At the same time, by relying heavy on the above characterization
of Sadulaev, some years ago, Aytuna has proved that V is algebraic if and only if
the restriction map R : H(C") — H (V) has a linearly tame right inverse for the
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system of semi-norms on H(C™) defined by the increasing sequence of polydiscs
in C" [1] of the form Dy, = {z € C" : ||z|| < e*}, k= 1,2,....

In this paper by employing the modern theory of Fréchet spaces, mainly,
by using the linearly topological invariants (DNDZ) and (DNDZ) on graded
Fréchet spaces and linearly tame operators between graded Fréchet spaces we
establish the algebraicity of an irreducible variety V in C". Namely the main
result of the paper is the following.

The Main Theorem. Let V' be an irreducible variety in C™. The following
assertions are equivalent:

(i) V is algebraic.

(it) H(V) has property (DNDZ).

(i) H(V) has property (DNDZ).

Our paper is organized as follows. Beside the introduction the paper con-
tains three sections. In Sec. 2 we recall some definitions and fix some notations.
Mainly in this section we introduce the linearly topological invariant (DN DZ) on
graded Fréchet spaces which is a generalization of property (DN DZ) introduced
and investigated by Poppenberg (see [4,5]). In Sec. 3 we give a characterization
of property (DNDZ) which is also of independent interest. The proof of the
main theorem is presented in Sec. 4.

2. Preliminaries

2.1. For the usual notions on Fréchet spaces we refer to [9, 11] and to [4-5, 7,
12] for grading Fréchet spaces.

In the linearly tame category the objects are the graded Fréchet spaces E, F, ...,
i.e Fréchet spaces equipped with a fixed sequence of semi-norms

Fllo<-lh<l-lz <

defining the topology, or equivalently, a fixed fundamental sequence of balanced
convex neighborhoods

UyDU DUsD...0U, D ... .

The such sequence is called grading. Graded subspaces and graded quotient
spaces are equipped with the induced semi-norms.

The morphisms in this category are linearly tame operators between graded
Fréchet spaces. A linear operator L : E — F is called to be linearly tame if
there exist a > 1,b > 0 such that

Vo 3en, >0 || Lz||n < enllz||ants, Yz € E.

Notice that L is linearly tame if and only if there exist a > 0,b > 0 such that for
each n > 1 L induces continuous linear operators L,, : Eg,1p — F,, where Fypip
and F,, are Banach spaces associated to the semi-norms || - ||gn4s and || - ||, on
E and F respectively.
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In the case where a = 1, L is said to be tame. The category of graded
Fréchet spaces with tame morphisms is called the tame category. A short exact
sequence of graded Fréchet spaces

0—FE-F-2.G-—0

is called linearly tame (resp., tame) exact if e : E — Ime and §: F/kerg — G
are linearly tame isomorphic, where g : F/ker g — G is the map induced by g.

2.2. Let E and F be graded Fréchet spaces with the gradings defined by funda-
mental systems of neighborhoods

Uy,oU;>...0U0,...

VioxWeD...V,D...

of the zero elements in E and F respectively. Then EQpF is graded by

Wio>WeD ... Wy, D...

where W,, = T'(U,, ® V,,) is closure of the balanced convex envelope of U,, ® V,
in EQpF.

If either F or F is nuclear, we always assume that the canonical maps between
Banach spaces associated to U, and V,, are nuclear. Then E®pF is tamely
isomorphic to EQ.F where EQ.F = L(E’B7 F), the Fréchet space of continuous
linear maps from the strongly dual space E'ﬁ of F to F. This space is graded by

[ lle = sup{||f(u)]lk : u € UR}.

Now we consider the special case where E = A(A) is the space of sequences
defined by the Kéthe matrix A = (a;x);k>1

A(A) = {m = (2;) CCV: alle = Y lzjlaze < +oo Vk}.

Jjz1
In the case where A(A) is nuclear we always assume that

X:M<oo7 Vk > 1.

=1 Gkl
Then A(A)®pX is tamely isomorphic to A(A, X) given by

MA,X) = {o = (25) € X : Jlzll = Y llzjllass < +oo vk}
j>1

for every Banach space X.
Moreover, A(A, X) can be graded by

lzlllx = sup l|lzjllajk, VE=>1.
Jj=21
If {X,};>1 is a sequence of Banach spaces then M;>1X; is graded by
k
@1, e =D gl k> 1
j=1

Obviously it is tamely equivalent to the grading defined by
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Nz, zn, )l = sup [z, k=1
1<j<k

2.3. Let E be a graded Fréchet space with the topology defined by an increasing
sequence of semi-norms

e <t-flo< <l fln<.on

For each n > 1, put U,, = {x € E : ||z|, <1} and
Jully = sup {u(@)| : 2 € Un}, w e By,

where E'ﬁ denotes the topological dual space of F equipped with the strong
topology (.

Definition 2.3.1. We say that E has property (DNDZ) if there exist a > 1,
b>0, p>0 and constants c,, ,m > 0 such that for alln > b and r > 0

a(n—>b) oo
0 m—+p770 Cnk 170
URC [\ eam™ PUnam + () 755 Udinyar - (1)
k=p

m=—p

If a can be chosen equal to 1 then in [4] Poppenberg said that E has property
(DNDZ).

Remark 1. With E also every graded subspace has property (DNDZ).

Next we recall property (2DZ) introduced and investigated by Poppenberg
in [5].

Let E be a graded Fréchet space.

E is called to have property (2DZ) if there exist b,p > 0 and constants
Cn, Cn,k > 0 such that for alln > b+pand r >0

n—b +oo c
i—p . Ln.k
Un g Cn( n r Unfz) + m Tk+p Un+k .

i=p k=—p

As in [5] Poppenberg showed that every power series space of infinite type
A (@) has property (2DZ) and with E also every graded quotient space of E
has property (2DZ).

3. A Characterization of Property (DNDZ)

By relying on the tame splitting theorem of Vogt (see 3.2 in [12]) in [4] Poppen-
berg has given a nice characterization of graded nuclear Fréchet spaces having
property (DNDZ). Namely he proves that a graded nuclear Fréchet space E has
property (DNDZ) if and only if there exists some € > 0 such that E is tamely
isomorphic to a graded subspace of s. (Theorem 4.3 in [3]). In this section we
also establish a characterization of property (DNDZ) when F is nuclear in the
linearly tame category.
The following result is proved here.
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Theorem 3.1. Let E be a graded nuclear Fréchet space. Then E has prop-
erty (DNDZ) if and only if E is linearly tame isomorphic to a graded subspace

of s.

In order to prove Theorem 3.1 we need some following propositions and
auxiliary lemmas.

Proposition 3.2. Let 0 — €°°(I)®Hs S E-LE-—0bea linearly tame
exact sequence of graded Fréchet spaces. If E has property (DNDZ) then q has
a linearly tame right inverse.

Proof. Without loss of generality we may assume that the gradings of £*°(1 )@Hs

and F are induced by the grading of E and E satisfies property (DNDZ) for
b = p = 0. Hence there exist ¢, > 0 such that

Qn o

C
0 myr0 n,k
Un m Cn,mT Ua2n—am + ﬂ rk Ua2n2+ak
m= k=0
~ an—2 770 ~ an—2 770
N G2+ () G0,
pEAn q€Bn

where
Anz{aQn—kza:OSkSna},

B, ={a*n+ka:k>0}.
For each (i,) € I x N consider the coefficient functional on £>°(I)&rs given by
fij([xij I x N]) = ZTij, [Iij I x N] S EOO(I)(%HS

n

— e N ,

Since || fi;|% = J~
Banach theorem we can extend f;; to F;; € E’ such that

IF|l: = emes

aj =logj, j > 1 then according to the Hahn-

We notice that

+1 * *
IESTD = E s S VS s + 1ES
+1) 1% * —(n o —na;
< EG D + 1ES 7 = 70 e
< 2e "
forallie I, j> 1.
On the other hand, we have Fi(jnﬂ) - Fi(]m = 0 on ¢*(I)®ns then we may
choose GE;) €2e " UYL, | C E' such that
n n+1 n
G 0 g = FOFD_ p)

Next we choose an increasing sequence 1 < ¢, < ¢, 41 such that
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Cn
Dy, = 2Pch sup —£ < 400
n Cn

forallpe A, UB,,.
Since
e (11 o) () o0
PEAnL1 4€Bni1

it follows that
2e " U2+1 C ( n 267”%'5"“,1,7’“("“)*3%?)

PEAL11
— o~ — 9
* ( [ 2e7" Gt US)
qEBn 41
Take r = e and choose
2ac
n+1
(n) e~ 1 1 ((n+1)—a%)aj 0
9 €2e Tt 5B ) —p a2 (nt 1) —p Up
Cn—i—l
for p € A,41 such that ng) €2e % ) 5n+17p7’“("+1)’§U£ + ggl).
PEAnL1
Hence
()% — o 2P i (1—%)%‘
”gij ||p < 26n+1yl7'2a2(n+1)' az(n+1)e
CnJrl
_ PLINC (kL) j
S 20n+17p.m.z—::__}e 22 )%
Cn-i—l
E Cp (17i)a,-
< opep LD gon _ntl \TTa? )T
- Cn+1 CgCZH
< D2 e )
for p € Apt1.

On the other hand,
G e 2e 9 UY,

and
. ~ _ g
G,S;L) - gf‘?) c 267”’&3 m Cn+1,q7na(n+1) a Ug
qE€EBn4+1

Hence, we have

n n) || * —n 17%2)
”Gz('j)_gz(j)nqSD(J2 e( aj for q€ Bpya.

Now we notice that the series
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9ij = Z a5
converges in

By = {we E': Jully = sup{Ju(a)| : 2o < 1} < +o0}

because

Z lgs 5 < Doe Z 2"

Hence g;; € E’ for all 1e€l,j>1. Put

k} oo
oy = F +gga =S = {360 o) = Y o} ou

n=0 n=k+1
We have
k
* k+1 * n n) |
lois iz gerny < NES P Ni2geny + D 1GS = 95 1204y
o0
+ > 195 e ey
n=k+1
k
E4+1) % _ _ )
< HFIS + )||k+1 + DaQ(k-i-l) 22 ne(l (k+1))ay
n=0
+ Z Daz(k+1)2_ne(1_(k+1))a1
n=k+1
S (k‘“rl)aj +D 2 k‘+1 22 n
< (1 + 2Da2(k+1))efkaj.
Hence
loij ()] < (14 2Da241y)e " [|2)lazes1)
for z € E.
Define

o(x) = {(pij(x) :(i,4) € I x N}, z€E.

Now we show that o(z) € £°°(I)®ys for z € E and ¢ is linearly tame left inverse
of e. Indeed,

le(@)ls = Supz |ij () |e™

j>1

(1 + 2Da2(2k+1)> ||:L'||a2(2k+1) Z e ke

Jjz1

1
< (4 2Da2k4m) D 77 ) Ik 4o

Jjz1

IN

< Doz oy |12l 2002 402
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Hence ¢ is linearly tame. Moreover,
(,06([Iij I x N]) = [apij(e[acij I x N])}

_ {ﬂg“”(e[xij;fo]{i(GE?)gif)) i 95?)}

n=0 n=k+1
- q(elwiy; : I xN]): I xN }
= {fij([wij :IxNJ): T x N}
= [’Jlij i XN] :idloo

(D@nS'

Proposition 3.2 is proved. ]
Lemma 3.3. [11] There exists a tame exact sequence
0—-s—>s—w—0. (3)

Tensoring the above tame exact sequence with an arbitrary Banach space we
get the following.
Lemma 3.4. For every Banach space B there exists a tame exact sequence

0 — s&nB — s&nB — BY — 0. (4)

Proposition 3.5. Let E be a graded Fréchet space. Then there exists an index
set I and a tame embedding e : E — [(>°(I)]N, where [¢>*(I)]N is graded by the
system of semi-norms

|zlln = sup x|,z € (1), 2 = (xx) € [(>*(D)]".
1<k<n

Proof. Let {|| - ||x}x>1 be a system of semi-norms defining the grading on E.
For each k > 1, put I, = U and define I = |_| Ix. According to Hahn-Banach
k>1

theorem, for x € E, we have
[e]ls = sup{[u(@)| - w € Ix}.
Let ey : B — £>°(1I},) be given by
O (z) = [u(z) 1 u € I].

Then
llex (@) ¢oe (1) = =[x for all x € E.

Define the map e : E — Mg>10°°(I}) by setting
e(x) = [en(x) 1 k > 1],
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where Mp>1£°° (1)) is graded by the system of semi-norms

[zlln = sup |lzklx
1<k<n

for x = (Ik) S ﬂkZlfoo(Ik),Ik S €°°(Ik) and kaHk = ||Ik||za>o(]k). Then
le(@)lln = lllex(z) : k = 1][[n = sup [lex(x)]|
1<k<n
= sup{|[zflx : 1 <k < n} =[]

Hence, e is a tame embedding. On the other hand, I = |_|k21 I, and from the
gradings defined on Mg>1£°°(I};) and [£>°(I)]N, the form

elfe : Nl = [ex(fx) : N],

where N e
aan ={ 1 e

defines a tame embedding from M2, £°°(I},) into [¢>°I;)]".
For the proof of Theorem 3.1 we need the following

Definition 3.6. [12] The graded Fréchet space E admits a family of smoothing
operators if there exist linear operators Ty : E — E,0 > 0, and p > 0,¢pn > 0
such that for all @ >0 and x € £

1Tyl < cmnd™ P~ 2]l if m<n+p
& = Tolln < emn™ el if m > n+p.
Proposition 3.7. (>(I)&nus has property (DNDZ) for all index set I.

Proof. By [12] s admits a family of smoothing operators {Tpy : § > 0} satisfying
conditions in Definition 3.6. Consider the family
Ty : 0°(D@ns — £(I)Bns,
[Ii, I] — [Tng,l],
where x; and Tyz; belong to s for all i € I.
We have
| Tolws, Nl = [|[Tos, Nl = sup | Toai |

< Cm 0T sup [Zillm = Cm,n8" P[0, 1|l
T

for m <n+p.
Similarly,

(s, 1) = Tolwi, i = ll[zs — Tows, Tl

= sup [lz; — Tpzilln < cmnd™ P~ sup [|z[|;
3 3

<m0 [, 1) | for m>n+p.
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Hence, by [4] £2°(I)®ms has property (DNDZ) and, hence, (DNDZ).
Now we are able to prove Theorem 3.1.

Proof of Theorem 3.1.
Sufficiency is clear.

Now we establish the necessity condition.

From Proposition 3.5 there exists an index set I such that E is tamely
embedded into [¢>°(I)]N. Now Lemma 3.3 admits a tame exact sequence of the
form

0 — 2°(I)®ns = £°(I)@ns > [(>°(I)]N — 0.
Put E = ¢~ !(E). Then we have a tame exact sequence
0—°(N&ns S E-LE—0

with the graded subspace E of (> (I)®mns. Since E has property (DNDZ) and
from Proposition 3.2 we deduce that ¢ has a linearly tame right inverse. Hence
E is linearly tame isomorphic to a graded subspace of £°(I)®s.By [4] E has
property (DNDZ) and from a result of Poppenberg (see [4]) we deduce that
there exists € > 0 such that E is tamely isomorphic to a graded subspace of
se. However, s. is linearly tame isomorphic to s and, consequently, F is linearly
tame isomorphic to a graded subspace of s. n

Now from the above characterization of property (DNDZ) we prove the
main result of the paper.

4. Proof of the Main Theorem

First we describe gradings of Fréchet spaces H(C™) and H(V) where V is an
irreducible subvariety in C". For each k > 1, put

FkZ{ZE(Cn:HZHSEk}, 5k:§kﬂv,

where
Il = sup{|z;] : 1< j <n}, 2= (21, ,20) € C,

Assume that H(C™) and H (V) are spaces of holomorphic functions on C™ and
V respectively. These spaces are graded by

I £llx =sup{|f(2)] : z € Bi}, f e H(C")

and -
lgllk = sup{lg(2)[ : = € Dx}, g€ H(V),

respectively.
Now we need to use the following result of Djakov and Mitiagin (see [2]) on
the structure of polynomial ideals in the proof of (i) = (ii) of the main theorem.
Let V be an algebraic variety in C". Then there exist polynomials Q1,... , Q)
that generate the ideal
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I"(V)={P eCla,... ,2,) : Ply =0}
and vector B = (b1, ... ,b,) and continuous linear operators
R,:H(C") - H(C"),0<i<p

such that

(a) f=Ro(f)+Xr | Ri(f)Q; forall fe H(C),
(b) ker Rg = {f € H(C") : f|v = 0}, R3 = Ro;
(c) for every r>1

|Ri flrB < |flrB, i=0,...,p,

where if
f= Z Ca2®
aEmn
is a holomorphic function on C"™ and ¢ = (cy, ... ,¢,) then we set
fle="Y" leale™.
a€Ln

Now we prove the implication (i) to (ii) of the Main Theorem.

Let V be an algebraic variety in C". Consider the restriction map R :
H(C") — H(V). If f € H(V) , by Cartan Theorem B,we can choose an entire
function G € H(C") such that R(G) = f. Consider the map £ : H(V) — H(C")
given by

E(f) = Ro(G).

From (b) £ is a well defined continuous linear extension operator and RE(f) = f
for all f € H(V). We show that £ is a tame right inverse of R. An important
feature of the operators R;,0 < i < p of the above mentioned result is that for
any r > 1 they can be considered as continuous linear operators on H(A,p)
satisfying

(d) g=Rolg) + ZRi(g)Qi for all g € H(Arp);

i=1
(e) ker Ry = {g € H(ATB) : g|VﬁA7vB = O}a
where A, g is the polydisc around zero with polyradii rB (see [2, Corollary 3]).
Now for a fixed k& > 1 we consider the restriction operator from H(Agg) to
H(AgpNV). Here H(Akp) and H(Arp NV) are graded by systems of semi-
norms

|Fllsg = sup |F(2)|,s <k, F € H(Ap)

2€A:p
and
[fllasnv = sup [f(2)l,s <k, feH(ANV),
zEN BNV
respectively.

Since this restriction operator is a surjection, by the open map theorem ,we
can find a ¢y = ¢o(k) such that for every f € H(V) with || f|a,znv < 1 there
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exists an Fy, € H(Agp) such that Fylvna,, = flvna,; and ||Fk|| ) <c
with some 0 < € < k independent of k. Then &(f)|a,, = Ro(Fi) on
Hence,

1E) ke = [[Ro(Fi)lak—e)B < [Ro(Fk)|ak-e)a
< |Fklagk—eoB < CillFrllak—5)8 < CoCill fllaysnv

k—¢
s

where C = ) < oo.
la]>0

Hence £ is a tame right inverse of R and H(V) is tamely embedded into
H(C") = Aoo((k:%)). However, Aoo((k:%)) has property (DNDZ) [4] and, there-
fore H(V') has property (DNDZ).
(if) = (iii) is clear.

Now the Main Theorem is proved if we show the implication (iii) to (i).

Let H(V) has property (DNDZ). Consider the restriction map R : H(C")
— H(V). First we show that the map R : H(C™)/ker R — H(V) which is
induced by R, is tamely isomorphic. For each k > 1, consider the restriction
Ry : H(By) — H(Dy). By Cartan Theorem B, Ry is surjective and, hence, it is

open. This yields that there exist a compact set K,,, and a constant C,gl) >0

k

satisfying
Dy_1 C Ky, C Dy
and
COW (K on,) C R(W(Bi_1)).
Hence,

— — 1 _ ~
WD) © W(Kom,) €~ Re (W(Bi-)) € CPW (D),
k

where C,f) > 0 and

W(Dk)={f € HV): | fl5, <1},
W(Kp,)={f€HV):|flk,, <1},
W(Br-1) ={f € HC") : | fl5,_, <1},
W(Dk—1) ={f € HV):|fl5, , <1}
This yields that the gradings { }M and { (W(Fk)>}k>1 on H(V)
are tamely equivalent. However if H(V) is graded by {R(W(Fk)) }M then

R:H(C") / ker R — H (V) is tamely isomorphic. Hence the exact sequence
0—JV)SHC)EHV) >0

is tame exact, where
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J(V)={f € H(C"): flv = 0}.

Let Jy denote the coherent ideal subsheaf of the sheaf Hcn of germs of holomor-
phic functions on C™. By [3] there exists a surjective morphism 6 : Hf:ln — Jy,
where Hgn is the sheaf of germs of ¢! -valued holomorphic fucntions on C”.
Theorem Cartan’s B implies that 6 induces a continuous linear map 9 from
H(C", Aél) onto J(V). Moreover for each n > 1, 6 induces continuous linear

maps 0,, from H(B,,¢') onto J(D,). As in the above argument, f induces a
tame

tamely isomorphism from H(C”,El)/kera onto J(V). Because H(C", /') =
H(C")®ml" e Ao (@)@t = As(a, ) where a = (o),ar = k= then
H(C",¢') and, hence, J(V') has property (2DZ) (see [5]). On the other hand,
H(V) has property (DNDZ) then Theorem 3.1 implies that H(V) is linearly
tame isomorphic to a subspace of s. Hence, if H (V) is considered as a graded
subspace of s, then H(V') has property (DN DZ) and we obtain a linearly tame
exact sequence

0—J(V)— HCY S HV) = 0.

Using an argument as in [6, p.157] and Proposition 3.4 in [5, p. 130] we claim
that R has a linearly tame right inverse. By [1] V is algebraic. n
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