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Abstract. In the paper we discuss the Borel exceptional value of a transcendental
meromorphic function and its relation with Picard and Nevanlinna exceptional values.

1. Introduction and Definitions

Let f be a nonconstant meromorphic function defined in the open complex plane
CuU{co}. We use the standard notations and definitions of the value distribution
theory (cf. [4]). Let k be a positive integer or infinity. We denote by N(r,a; f |<
k) the counting function of distinct a-points of f whose multiplicities do not
exceed k. Clearly N(r,a; f |< o0) = N(r,a; f).

We put

?

logt N(r,a; f |[< k loo™ N(r. a:
50 (a; f) = limsup og" N(r,a; f |< ), 5(a f) = limsup og" N(r,a; f)
r—00 logr r—o0 logr

and N
! N ;
pla; f) = limsup log” N(r,a; f) f)
r—00 logr
If f is a meromorophic function of order p,0 < p < 0o, a € CU {0} and k
is a positive integer then we say that a is
(i) an exceptional value in the sense of Borel (evB for short) for f for distinct
zeros of multiplicities not exceeding & if p,(a; f) < p;
(ii) an evB for f for distinct zeros if p(a; f) < p;
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(iii) an evB for f for the whole aggregate of zeros if p(a; f) < p.

We call a an evB for f for simple zeros if p,(a; f) < p and an evB for f for
simple and double zeros if py(a; f) < p.

The quantity

P N(r,a; f)
§(a; f)=1 11£ILS£p T )
is called Nevanlinna deficiency of the value a € CU{oo}. If é(a; f) > 0 then a is
called an exceptional value in the sense of Nevanlinna, in short evN. If §(a; f) =0
then a is called a normal value in the sense of Nevanlinna, in short nvN.

A value a € CU {oo} is called an exceptional value for a transcendental
meromorphic function in the sense of Picard, in short evP, if f has at most a
finite number of a-points.

Let k be a nonnegative integer or infinity. We denote by Ng(r,a; f) the
counting function of a-points of f where an a-point of multiplicity v is counted
v times if v < k and 1 + k times if v > k.

We put N 5
T, a;
Si(a: f) =1 — limsup —=22 27
k(as f) mSup =
Then clearly §(a; f) < 6x(a; f) < Sp_1(a;f) < -+ < d1(a; f) < dolas f) =
O(a; f) <1, where
: N(r,a; )
O(a; f) =1—limsup ———==
( ) r—00 T(T7 f)
is called the ramification index.
Valiron (cf. [9, pp. 72-78]) proved the following generalization of the classical
theorem of Borel for entire functions of finite order.

Theorem A. Let f be an entire function of finite order p. Then
(i) there exist at most two distinct elements of C which are evB for f for simple
zeros,
(i) if there exists a € C such that a is an evB for f for the joint sequence of
simple and double zeros (double zeros being counted twice) then p1(b; f) = p
for all b € C\{a},
(iii) there exists at most one element of C which is an evB for f for the joint
sequence of simple and double zeros.

In [7] Singh and Gopalakrishna obtained stronger results than above for
meromorphic functions of finite order. Gopalakrishna and Bhoosnurmath [2]
improved the results of Valiron and Singh-Gopalakrishna to meromorphic func-
tions of unrestricted order. The result of Gopalakrishna and Bhoosnurmath [2]
can be stated as follows:

Theorem B. Let f be a meromorphic function of order p, 0 < p < oo. If
there exist distinct elements a1, aa, ... ,ap,b1,b2,... ,bg,c1,¢2,... ,cs in CU{o0}
such that ay,az,... ,ap are evB for f for distinct zeros of multiplicity < k,
b1,b2,...,bq are evB for f for distinct zeros of multiplicity <1 and c1,¢c2,... ,cs
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are evB for f for distinct zeros of multiplicity < m, where k,l,m are positive
integers, then

k l
Pl L 0 oy
14k 140 14m
In the paper we improve Theorem B and discuss the relation between the

evB for a meromorphic function and the Nevanlinna deficiency of those values.

We also improve some other results on the exceptional values in the sense of
Borel.

Definition 1. [1, 8] We put for a € CU {o0}

T

7,.) = [ L

1
No(raa;f) = /Mdt, mo(T,a; f) — / m(t7ta; f)dt

1

(taf), [ N(ta; f |< k)
(r,a; f) = t, No(ra;f|<k)= | ——————=dt,
/ 1/ t

(ra; f) = / k(. f t, So(r,f):/s(t’f)dt ete.

t
1 1

Further we put for a € CU {oco}

8o (a; f)llinlsup%7
O, (a; f)llinlsup%’
(o f) = 1~ timsup SHES)

Throughout the paper we assume that f is a transcendental meromorphic
function of finite or infinite order p defined in the open complex plane C.

2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 1.

; log T, logT
(1) lim sup 0og 0(T7 f) = lim sup 0g (’I“, f)
r—o0 logr oo log

and
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log T, log T
lim inf ~2-0\"J) o(r, /) — liminf 28220/ (r, f)
T—00 logr T—00 logr

(ii) For any a € CU{oo} and for any k, a positive integer or infinity,
log" No(r,a; f |< k) log" N(r,a; f |< k)

lim sup = lim sup
r—00 logr reoo log
and L L
1 No(rya; f <k ! N(r,a; f |I<k
lim inf o8 (raiflsk) = lim inf o8 (ra; f| )
—00 10g7‘ =00 1ogr

Proof. Since for all large values of r
To(r7 f) S T(T7 f) 1Og7a and T0(2T7 f) Z T(’I“, f) 10g27

(i) follows easily.
Again since for all large values of r

No(rya; f |[< k) < N(r,a; f |< k)logr

and _ _
No(2r,a; f |< k) > N(r,a; f |< k) log2,

(ii) follows easily. This proves the lemma. ]

Lemma 2. Let k be a positive integer or infinity. Then for a € CU {oco}

— E — 1
No(raa;f) S H—kNO(Taa;f |§ k)+ H—kNIS(Taa;f)a
where we assume that Hik =1 and k—}rl =0 if k= o0.

Proof. Since we know that (cf. [5])

k — 1
N )< ——N < —N, ;
(raa7f)—1+k (raa7f|—k)+1+k k(raa7f)a

the lemma follows on integration. This proves the lemma. n

Lemma 3. [1] Let a1,aq, ... ,aq be ¢(> 2) distinct elements of CU {oo}. Then
forallr > 1

(q - 2)To(ra f) < ZNO(Ta a’wf) + So(ra f)a

where Sulr f)
(o] T, .
TL’IEO To(rvf) - (1)

through all values of r.

Lemma 4. [8] If f is transcendental meromorphic then

TO(T.7 f)

r—00 (10g 7“)2
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Lemma 5. (cf. [8]) Fora € CU{oo} we get §(a; f) < do(a; f), di(a; f) < 67(a; f)
and ©(a; f) < BO,(a; f).

Lemma 6. If f is a transcendental meromorphic function then

. No(r,0; f)
limsup ————= <2 —0O(o0; f) — o(b; f).
e oeif) = 2 00
Proof. Let by, b, ... , by, be distinct finite complex numbers. Then on integration

we get from Littlewood’s inequality and the first fundamental theorem
P

Zmo(ra by; f) < mo(r,O;f’) + SO(va)

v=1
= TO(T, fl) - No(r; 0; fl) + O(logr) + SO(T, f)

and so by Lemma 4 we obtain

p
D mo(r,bu; ) < Tolr, f1) = No(r, 05 ) + So(r, f).

v=1
Since T,(r, f') < To(r, f) + No(r, f) + So(r, f), it follows from above that
P
Zmo(r7 by; f) + NO(’I“, 0; f) < T0(7“7 f) +N0(7ﬂv f) + SO(’I“, f)
v=1

and so by (1) we get

P .y
> 0o(bus f) + lim sup % <2—0,(00; f).

v=1
Since p is arbitrary, it follows in view of Lemma 5 that
No(r, 05 f')

limsup ————= < 2 —0O(o0; f) — o(b; f).
PP ) )2 o
This proves the lemma. [ |

3. Main Results
In this section we discuss the main results of the paper.

Theorem 1. Let f be a meromorphic function of order p, 0 < p < oco. If

there exist distinct elements a1, aa, ... ,ap,b1,b2,... ,bg,c1,¢2,... ,cs in CU{o0}
such that ay,az,...,ap are evB for f for distinct zeros of multiplicity < k,
b1,b2,...,bq are evB for f for distinct zeros of multiplicity <1 and c1,ca,... ,cs

are evB for f for distinct zeros of multiplicity < m, where k,l,m are positive
integers or infinity, then
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pk ql sm 1 &
O (ai;
1—|—kz+1+l+1+m+1+kz vlai f)

q
Z ijf 25 ct; f

Proof. From Lemmas 2 and 3 we get

p
(ras; 1< k) +—= > Ni(r,as; f)

i i=1
>

1 q
orbjaf|<l) —ZNlO(T7bj;f)

(p+q+s—2)Ts(r, f) <

‘

1—|—lj1 1—1—1],:1

m 1§
4+ — No(ryee; fI<Km)+ —— N2 (r, ¢y
T o Ml 1S m) + s 3N (e )
+ So(r, f)- (2)

Since a;, bj;, c; are evB for f for distinct zeros of multiplicities not exceeding
k, I and m respectively, by Lemma 1 there exists a number (0 < a < p) such
that

No(raai;f |§ k) <7,a’ NO(Tabj;f|§ l)<7,,a and NO(Tact;f|§ m)<7,,a

for all large values of r.
So from (2) we obtain for all large values of r

p
(a5 = 2To(r ) £ O0°) + 1 S NRrais )+ 17 30 N7 (b )

Now for e(> 0) arbitrary we get from (3) for all large values of r

(p+a+s—2)T,(r, f) <O*) + 1+k{p Z%az, ) + e} To(r, f)

1+z{‘1 Zal (bj; f) + eYTo(r, f)

{sfz(s ce; ) + e}To(r, f) + Solr, f).
(4)

Now we choose a number (3 such that o < 8 < p. Then in view of Lemma 1
there exists a sequence of values of r tending to infinity such that
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T,(r, f) > rP. (5)

Since £(> 0) is arbitrary, it follows from (4) in view of (1) and (5) that

pk ql sm 1 & or
1+kz+1+l+1+m+1+kzék(a”f)

q
Z ijf 25 s f

from which the theorem follows by Lemma 5. This proves the theorem. ]

We now discuss some consequences of Theorem 1.

Consequence 1.1. For k=1 we get

P
P+ di(ai f) <4
i=1

This shows that there exist at most four elements of C U {oo} which are evB for
f simple zeros. If there exist four evB for f for simple zeros then all these values
are nvN for f.

If f has an evB for simple zeros which is also an evN for f then f has at
most three evB for simple zeros.

If a1,as are two evP for f then no element of C U {oco}\{a1,az} is an evB
for f for simple zeros.

Consequence 1.2. Fork=1,p=1,1= 3 we get

3q

- (6)

l\DICO

+&m, Z%%fé

This shows that if f has one evB for simple zeros, say aj, then there exist at
most two elements in C U {oco}\{a1} which are evB for f for distinct zeros of
multiplicity < 3.

Further it follows from (6) that if f has an evB for simple zeros and two
other evB for distinct zeros of multiplicity < 3 then all these values are nvN
for f.

Consequence 1.3. For k=1,p=1,1=2 we get

2q

§+&m, Z%%fé

l\DIOO

(7)

This shows that if f has one evB for simple zeros, say a1, then there exist at
most two elements in CU {oco}\{a;} which are evB for f for distinct simple and
double zeros.

If a1 is an evB for f for simple zeros and by, by are evB for f for distinct
simple and double zeros, it follows from (7) that
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301(ar; f) 4 262(b1; f) + 202(bg; f) < 1.
Hence 61(a1; f) < 1/3, 82(b1; f) < 1/2, da(ba; f) < 1/2 and if the equality

holds for any one then the other two are nvN for f. In particular none of these
exceptional values is an evP for f.

Consequence 1.4. Fork=2,p=1,1=3,q=1, m=1 we get
2
5+§52(a1;f)+ 53 (b1 f +Z51 e f S (8)

This shows that if f has one evB, say a;, for distinct simple and double zeros
and has one evB, say by, for distinct zeros of multiplicity < 3 then f has at most
one evB for simple zeros.

If f has one evB, say ¢, for simple zeros then we see from (8) that

403 (a1; f) + 303(b1; f) +601(c1; f) < 1.

Hence d2(a1; f) < 1/4, 83(b1; f) < 1/3, d1(c1;f) < 1/6 and if the equality
holds for any one then the other two are nvN for f. In particular none of these
exceptional values is an evP for f.

Consequence 1.5. For k = 2 we get

2 g 1< -
_+—+_252(a17 TZ (b3 f) < (9)

This shows that
12
p+ 5;52(ai;f) <3

So f has at most three evB for distinct simple and double zeros. Also if there
exist three evB for f for distinct simple and double zeros then all the three
exceptional values are nvN for f. Further in this case (9) shows that there exists
no other element of C U {oco} which is an evB for f for simple zeros.

If there exists an evB for f for distinct simple and double zeros which is also
an evN then f has at most two evB for distinct simple and double zeros.

Consequence 1.6. Fork=2,p=1,1=1 we get

OOIOO

q
4+ S8 ) + LN (10)

From (10) it follows that if there exists an element of C U {oo} which is an evB
for f for distinct simple and double zeros then there exist at most two other
elements of C U {oco} which are evB for f for simple zeros.

If a; is an evB for f for distinct simple and double zeros, b1, bs are evB for
f for simple zeros then we get from (10)

202(a1; f) + 301 (b1; f) 4 301(ba; f) < 2.
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This shows that no one of by, bs can be an evP for f. Further it follows that if
a1 is an evP for f then by, by are nvN for f.

Consequence 1.7. Fork=5,p=1,1=2,q=1, m =1 we get
1 2 >
s+ gs(ars f) + S02(01: ) + gél(ct;f) <1

This shows that if a; is an evB for f for distinct zeros of multiplicity < 5 and
b1(# a1) is an evB for f for distinct simple and double zeros then there exists at
most one element ¢, say, of CU {oco}\{a1,b1} which is an evB for f for simple
zeros. If f actually has an evB simple zeros then all the exceptional values
a1,by,c1 are nvN for f. Consequently if any one of a; and b; is an evN then
there exist no element of CU{oo}\{a1, b1} which is an evB for f for simple zeros.

Theorem 2. If there exist a € CU{oo} and positive integers k and q such that

(1+k)O(a; )+ 6(b: ) >2—k(g—1)
b#a
then there exist at most q elements of CU{oo}\{a}which are evB for f for distinct
zeros of multiplicity not exceeding k.

Proof. We assume, without loss of generality, that a = co. If possible suppose
that there exist ¢ + 1 elements aj,aq,...,aq+1 in C which are evB for f for
distinct zeros of multiplicity < k. Then by Lemma 1 there exists a(a < p) such
that for all large values of r

No(r,ai f|< k) <r®
fori=1,2,... ,¢q+ 1.

Since for b € C, a zero of f — b of multiplicity m(> 1) is a zero of f’ of
multiplicity m — 1, we clearly have

q+1 q+1

_ — 1
N(r,a; f) < N(r,a;; f |<k)+ =N(r,0; f/
;(f);(fl)k(f)
which on integration gives
q+1 q+1
_ _ 1 ,
D No(r,ais f) < D No(rais f[< k) + £ No(r,0; ).
i=1 i=1

Hence by Lemma 3 we get for all large values of r

qTo(r, f) < > No(r,ai; f) + No(r, 00; f) + So(r, f)

No(r, s £ 1K) + 2N, 05 )+ Wolr, 003 1) + S, (r, )

IN
. Qe
Mz

< (q + 1)Ta + %No(raoéfl) +No(ra 003 f) + So(ra f)
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and so by (1)

: 1 No Y5 ' NO y O0;
q= (Q‘Fl)liminfri-l-—limsup (r, 0; /') —l—limsupM

minf oy TR s T Gy T limsup e (1)

By Lemma 1 there exists 3, a < 8 < p, such that for a sequence of values of

r tending to infinity we get T,(r, f) > r®. So it follows that lim inf #:f) =0.
r—oo ‘ol
Hence we get from (11) by Lemma 6 and Lemma 5
1
< 7{2=0(c0i f) = D 0k )} +1 - 6,(c0: f)
b#oo
1
< {2600 f) = Y 0 )} +1-6(0i f),
b#oo
ie.,
(1+k)6(00; f)+ D> 0(b: f) <2 = k(g — 1),
b#oo
which is a contradiction. This proves the theorem. n

Remark 1. Gopalakrishna and Bhoosnurmath [2] proved Theorem 2 for functions
of finite order by a different method using the notion of proximate order.

Now we discuss some consequences of Theorem 2.

Consequence 2.1. For k = 1,q = 3 we see that if O(a; f) > 0 for some
a € CU{oo} then there exist at most three elements of CU {oo}\{a} which are
evB for f for simple zeros.

Hence it follows that if there exist distinct elements ay,as,as,aq4 tn CU
{oo} which are evB for f for simple zeros then O(a; f) = 0 for alla € CU

{oo}\{a1, a2, a3, a4}.

So in view of the consequence 1.1 it follows that if f has four distinct evB
for simple zeros then f has no evN.

Consequence 2.2. For k=1, ¢ = 2 we see that if

20(a; f) + > _0(bi f) > 1
b#a

for some a € CU {oo} then there exist at most two elements of C U {oco}\{a}
which are evB for f for simple zeros. In particular, this holds if there exists an
a € CU{oo} such that O(a; f) > 1/2.

It, therefore, follows that if there exist distinct elements ay, as, a3, a4 in CU
{oo0} which are evB for f for simple zeros then O(a;; f) < 1/2 for i =1,2,3,4.

Hence in view of Consequence 2.1 we see that if a;, a2, as, as are evB for f
for simple zeros then O(a; f) =0 if a # a;(i = 1,2,3,4) and O(a;; f) < 1/2 for
i=1,2,3,4.



Borel Ezceptional Values of Meromorphic Functions 181

We know that oo, ay,as,as are four distinct evB for the Weierstrass elliptic
function P(z) for simple zeros where aq, as, as are given by

{P'(2)}? = (P(2) = a1)(P(2) - a2)(P(2) — aa).

In view of Lemma 5 [6] we see that ©(oco; P) = O(a1;P) = O(az; P) = O(az; P) =
1/2. So the above estimation is sharp.

Consequence 2.3. For k = 2,q = 2 we see that if O(a; f) > 0 for some
a € CU {oco} then f has at most two evB for distinct simple and double zeros.
So if ay1,a2,a3 are three evB for [ for distinct simple and double zeros then

O(a; f) =0 for all a € CU {oo}\{a1, az, as}.

Hence in view of Consequence 1.5 it follows that if f has three evB for distinct
simple and double zeros then f has no evNN.

Consequence 2.4. For k=2, q =1 we see that if

30(a; f)+ ) 6(b; f) >2
b#a

for some a € CU{oo} then there exists at most one element of a € CU{oo}\{a}
which is an evB for f for distinct simple and double zeros. In particular, this
holds if there exists an a € CU {oo} such that ©(a; f) > 2/3.

It, therefore , follows that if there exist distinct elements a1, az, a3 in CU{co}
which are evB for f for distinct simple and double zeros then O(a;; f) < 2/3 for
i1=1,2,3.

Hence in view of Consequence 2.3 we see that if a1, a2, a3 are evB for f for
distinct simple and double zeros then O(a; f) = 0 if a # a;(i = 1,2,3) and
O(as; f) <2/3 fori=1,2,3.

The following example shows that the above estimation is sharp.

Ezample 1. (cf. [4, p.45]) We set

w

2=0(z) = [ (t—a) 3t —a2) Pt —ay) "t
/

where a1, a9, as are distinct finite complex numbers. The inverse function can
be analytically continued over the whole plane as a single valued meromorphic
function by Schwarz’s reflection principle and the resulting function w = f(z)
is doubly periodic. Also we can verify that a1, as, a3 are evB for f for distinct
simple and double zeros and O(a;; f) = 2/3 for ¢ = 1,2, 3. Further we note that
f has no evN.

Singh and Gopalakrishna [7] proved the following theorem.

Theorem B. Let f be a meromorphic function of finite order. If a and co are
evB for f for distinct zeros for some a € C then for each integer k(> 1) f*)
has no evB for simple zeros in C\{a}.
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Improving Theorem B Gopalakrishna and Bhoosnurmath [3] proved the fol-
lowing result.

Theorem C. Let f be a meromorphic function of finite hyperorder, i.e.,

log 1
lim sup 128108 T 1)
r—00 logr
If 0 and oo are evB for f for distinct zeros then any homogeneous differential
polynomial P generated by f has no evB for simple zeros in CU {co}\{0,00}.

If P is generated by f' then the result holds if a and oo are evB for f for
distinct zeros for some a € C.

We improve Theorem C by completely withdrawing the order restriction
on f.

Theorem 3. If 0 and co are evB for f for distinct zeros then any homogeneous
differential polynomial P generated by f has no evB for simple zeros in C\{0}.

If P is generated by f' then the result holds if a and oo are evB for f for
distinct zeros for some a € C.

Proof. First we note that under the hypothesis of the theorem the order of P
is equal to the order of f (cf. [3 Theorem 1]). Let n be the degree of P.

Since 0 and oo are evB for distinct zeros for f, by Lemma 1 we get for all
large values of r

No(r,0; f) <r® and N,(r,00;f) <r

where a < p.
Also for all large values of r we get

JZ) + 50(r f)

=To(r, P) + O(No(r,0; f) + No(r, 005 f)) + So(r, f)
O( )—I—TO(?‘,P)-‘,-SO(va),

To(r, f) < To(r, P) + No(r,

ie.,

{n+o(1)}To(r, ) < To(r, P) + O(r). (12)
We see that

N(r,0;P) < N(r, 20) 4+ W(r,0: )
_) +N(’I‘,O;f) -‘rS(’I“,f)

T, En) + N(r,0; f) + S(r, f)

and so
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— P

No(r,0; P) < No(r, 2) + No(r,0; f) + So(r, f)

"
(No(r,05 £) + No(r,00: f)) + So(r f)
(r*) + So(r, f)-

Now for b € C\{0} we get from Lemmas 2 and 3

=0
=0

To(r, P) < No(r,0; P) + No(r,00; P) + No(r,b; P) + S, (r, P)

+
SN0(7670§P)+N0(7“700§JC)+ NO(T,();P|§ 1)
1
S,

+ 5 f(r,b;P) —i—SO(’I‘,P) + o(raf)

1—
< O(Ta) + §N0(Tvb;P |S 1)+ TO(T, P) + SO(T, P) + SO(T, f)7

ie.,

%To(r, P) < 0(™) + %No(r,b;P 1< 1)+ Solr, P) + So(r, ). (13)

If possible, suppose that b is an evB for P for simple zeros. Then from (13)
we get for all large values of r

%To(r, P) < O0) + So(r, P) + So(r, f). (14)

Since p is the order of P, by Lemma 1 it follows that for a < 8 < p there
exists a sequence {r,} of values of r tending to infinity such that

T,(rn, P) > 7P for n=1,2,3,....
Hence for r = r, we get from (12) and (14)
1
STolra P) < ofT(ra; P)),

which is a contradiction. So no element of C\{0} is an evB for P for simple
ZEros.

The second part of the theorem is obvious because if P is generated by f’
then P is also generated by ¢’ where g = f — a for any a € C. This proves the
theorem. n

Remark 2. Theorem 3 does not hold for a non-homogeneous differential poly-
nomial. For, let f = exp(z) and P = f' + 1. Then 0 and oo are evB for f for
distinct zeros but 1 is an evB for P simple zeros.
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