Vietnam Journal of Mathematics 32:2 (2004) 161-169

Vietnam Jourmnal
of
MATHEMATICS

© VAST 2004

The Ext-Groups of Generalized
Macaulay—Northcott Modules*

Liu Zhongkui

Department of Mathematics, Northwest Normal University
Lanzhou, 730070, China

Received February 23, 2003
Revised October 15, 2003

Abstract. Let (S, <) be a strictly totally ordered monoid which is finitely generated
and artinian, R a left noetherian ring and M and N left R-modules. Then there exists
an isomorphism of abelian groups:

E:ctf[RS,S]]([MS’S]a [NS’S]) = ]._.[ Extlé(M, ).

seS

1. Rings of Generalized Power Series

All rings considered here are associative with identity. Any concept and notation
not defined here can be found in [1 - 3].

Let (S, <) be an ordered set. Recall that (S, <) is artinian if every strictly
decreasing sequence of elements of S is finite, and that (S, <) is narrow if every
subset of pairwise order-incomparable elements of S is finite. Let .S be a com-
mutative monoid. Unless stated otherwise, the operation of S will be denoted
additively, and the neutral element by 0. The following definition is due to [4].

Let (S, <) be a strictly ordered monoid (that is, (S, <) is an ordered monoid
satisfying the condition that, if s,s',¢t € S and s < &', then s+t < s’ +¢), and
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R a ring. Let [[RS<]] be the set of all maps f : S — R such that supp (f) =
{s € S| f(s) # 0} is artinian and narrow. With pointwise addition, and the
operation of convolution

(fo)s)= > flwg(v),

(w,v)eXs(f.9)

where X(f,9) = {(u,v) € S x S|s = u+wv, f(u) # 0,g9(v) # 0} is a finite
set by [4,4.1] for every s € S and f,g € [[R®F]], [[R®<]] becomes a ring,
which is called the ring of generalized power series. The elements of [[R*<]] are
called generalized power series with coefficients in R and exponents in S. Many
examples and results of rings of generalized power series are given in [1-7].

2. Modules of Generalized Power Series

Let M be a left R-module over a ring R and (.S, <) a strictly ordered monoid. Let
[[M*=]] be the set of all maps ¢ : S — M such that supp (¢) = {s € S| #(s) # 0}
is artinian and narrow. With pointwise addition, [[M®<]] is an abelian additive
group. For each f € [[R%<]], each ¢ € [[M*=]], and s € S, denote

Xs(f,0) ={(u,0) € S x S[s =u+tw, f(u) #0,9(v) # 0}.

Then, by [8, Lemma 1], X(f, ¢) is finite. Now [[M*<]] is a left [[R*<]]-module
with respect to the scalar multiplication defined by

(fo)s)= > flwe(v)

(u,0)EXs (f:¢)

for each f € [[R¥=]] and each ¢ € [[M*=]]. [[MS=]] is called the module
of generalized power series over a left R-module M. The elements of [[M%<]]
are called generalized power series with coefficients in M and exponents in S.
Examples and results of modules of generalized power series are given in [8].

Let M, N be left R-modules and o« : M — N be an R-homomorphism.
Define a mapping [ <]] : [[M%S]] — [[N®=]] via

[@¥=]](g) : § — N,
s — a(g(s)),
for any g € [[M*=]]. Clearly supp ([[@®=]](g)) C supp (g). Thus it follows that

supp ([[@®=]](g ) is artinian and narrow. Hence [[a®=]](g) € [[N®=]]. This
means that [[a=]] is well-defined.

Lemma 2.1 [[@®<]] is an [R5 <]]-homomorphism.

Proof. For any f € [[R¥<]], g € [M®=]] and s € S,
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([25=11(9)(s) = al(£)(5))
a3 )

(u,v)eXs(f,9)
= Y fwalg)
(u,0)EX(f,9)
= Y f@(S=])9)w).

(w,v)eXs(f.9)

Clearly

Xs(f.9) = {(w0)lutv=s,f(u) #0,([@¥=]](9))(v) # 0}
U{(u,0)lutv=s,f(u) #0,([[a¥=]](9))(v) = 0, g(v) # 0}.

Denote X1 = {(u,v)|u+v = s, f(u) # 0, ([[«®=]](g))(v) # 0}. Then

[™=NfoNs) = > F)([[a®=](9)w) = (fa™=]](9))(s).

(u,v)eX1

Thus [[@®=]](fg) = f[[a®=]](g). Now it is easy to see that [[a*=]] is an [[R%<]]
-homomorphism. [ ]

Lemma 2.2. [f M 5 N LA L is a complex, then so is
M= ([ =]] NS< [[8%=]] 15<
([M>=]] —— [[N7=] — [[L™=]).
Proof. For any g € [[M%<]] and any s € S,

(([B>=1le>=M(@))(s) = B[[*=]](9))(5))
= Blalg(s))) = (Ba)(g(s)) = 0.

Lemma 2.3. The functor [[(—)%<]] : R-Mod — [[R%<]]-Mod is ezact.

Proof. Let M = N L, L be an exact sequence of left R-modules. Suppose
that g € [[N¥=]] is such that [[8%=]](g9) = 0. Then for any s € S, 8(g(s)) =
[[8%=]](g)(s) = 0. Thus g(s) € Ker () and, so there exists m, € M such that
g(s) = a(ms). Define a mapping h: S — N via
h(s) = { ms, s € supp (g),
0, s¢&supp(g).
Clearly h € [[M*®<]]. Now
a(ms) = g(s), s €supp(g),
([[a™=])(h))(s) = a(h(s)) = {
0=g(s), s & supp (9).0

Thus g € Im ([[@®=]]). Now the result follows from Lemma 2.2. ]
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Lemma 2.4. Let N < M be left R-modules. Then [M%=]]/[[N®<]] =
[[M/N<]] as left [[R%=]]-modules.

Proof. Tt follows from Lemma 2.3. n

3. Generalized Macaulay—Northcott Modules

If M is a left R-module, we let [MS=] be the set of all maps ¢ : S — M such
that the set supp (¢) = {s € S| ¢(s) # 0} is finite. Now [M*=] can be turned
into a left [[R%<]]-module under some additional conditions. The addition in
[M*=] is componentwise and the scalar multiplication is defined as follows

(fo)(s) =D f(t)p(s +1), forevery s €S,

tesS

where f € [[R%<]], and ¢ € [M*=]. Since the set supp (¢) is finite, this mul-
tiplication is well-defined. If (S, <) is a strictly totally ordered monoid which
is also artinian, then, by [6], [M*'<] becomes a left [[R%<]]-module, which we
called the generalized Macaulay—Northcott module.

For example, if § = N and < is the usual order, then [M™<] = M[z~1], the
usual left R[[z]]-module introduced in [10, 11], which is called the Macaulay—
Northcott module in [12,13].

We shall henceforth assume that (S, <) is a strictly totally ordered monoid
which is also artinian. Then it is easy to see that (5, <) satisfies the condition
that 0 < s for every s € S [9].

For any abelian additive group G, we denote by [[G>'<]] the set of all maps
h:S — G. With pointwise addition, [[G<]] is an abelian additive group.

Let M be a left R-module. For any ¢ € S and m € M, define ¢y, € [M<]
as follows

m, x=t

P (@) = { 0, z#t

Denote Gy = {¢tm |m € M}. Clearly there exists an isomorphism of left R-
modules Ay : M — Gy via Ay(m) = dpm.

Let E be a left R-module. Define a mapping 6 : [E%<] — E by d(¢) = ¢(0).
It is easy to see that ¢ is an R-homomorphism. Now we define

Fuy : Homygps. <)) ([M*=], [B*=]) — [[Homp (M, E)*=]]
via Fir(h) : S — Hompg(M, E) as
Far(h)(s) = 6hAs,

for any h € Homps.<([M*=],[E®=]). The following result appeared in
[6, Lemma 2.3].

Lemma 3.1. Let M, E be left R-modules. Then

Fay : Homygps. <)) ([M*=], [B*=]) — [[Homp (M, E)*=]]
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defined as above is an isomorphism of abelian groups.

For any R-homomorphism o : M — N, define f € [[Homp(M, N)*<]] via
f(0) = and f(z) =0 for all 0 # z € S. By Lemma 3.1 and its proof, there
exists [a®=] € Homyps.<j([M5 =], [N®=]) such that for any ¢ € [M*=] and
any s € 5,

= 57 F)(é(s + ) = al@(s)).

ues

Lemma 3.2. The functor [( )%=] : R-Mod — [[R%<]]-Mod defined as
[(—)F=)(M) = [M5=], [(-)%S](a) = [a®=], is evact.

Proof. Tt follows from [13, Lemma 5]. ]

Let n: N — M be an R-homomorphism. Denote

[75=](x) = Homygs.< ([n> =], [E5=]).

For any h € Hom[[Rs,g]]([MS’S], [E%<]), and any s € S, we have

(Fnlr™=]()(h)(s) = (FN[ S]( *)(h))(s)

and

(G5 =NEar)(R)(s) = ([In(+)>=]](Fnr (7)) (s)
(Far (h)(5))
(

()
ShAs) = ShAsn,

7
n(*)

where (%) = Hompg(n, E). Thus for any n € N, we have

(En[r¥=](0))(R)(s)(n) = (GR)[15=1s) () = ((6) ™ =])(dsn),

and
() =11Far) (B)(5)(n) = ShAs(n(n)) = 6h(¢smem))-

Since

[nsé] (¢sn)(t) = n(Psn (1))

[ n(n), t=s,
B { 77(0) =0, t 7£ S
= ¢s,n(n) (t),

thus [7%°=](¢sn) = sym). Hence Fx[n®<](x) = [[n(x)®=]]Fa;. This means
that the diagram
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Homy(ps.<)) (M=), [BS=]) — [[Homp(M, E)><]]

[ns’ﬁ](*)l [[n(*)sé]]l

Hom(s <)) (INS=<], [E5=]) —— [[Homp(N, E)><]

commutes.

If E — E’ is an R-homomorphism, then by analogy with above proof, we can
get a corresponding commutative diagram. Thus we have showed the following
result:

Lemma 3.3. Let M, E be left R-modules. Then there exists a natural isomor-
phism of abelian groups:

Hom[[Rs,ﬁ]]([MSé], [ES,S]) o [[HOIHR(M, E)S,g]]'

The following result appeared in [9, Theorem 6].

Lemma 3.4. Let S be a finitely generated monoid, R a left noetherian ring and
M a left R-module. Then [M*'=] is an injective left [[R%<]]-module if and only
if M is an injective left R-module.

4. Ext-Groups

Theorem 4.1. Let S be a finitely generated monoid, R a left noetherian ring
and M and N be left R-modules. Then there exists an isomorphism of abelian
groups:

Exct s, < ((M5=], [N55]) = [ [ Bxti (M, N).
S

Proof. Let 0 — N — Ey o, E; LN Es %2, .. bean injective resolution of

left R-module N. Then

0 — [N%5) — [ESS] — [B5S] — [BSS] — -
is an injective resolution of left [[R%<]]-module [N*'<] by Lemmas 3.4 and 3.2.
Consider the deleted injective resolution

s, < s, < s, <
0 — (5= L gy Bl gy B0,

We have the complex

S<r S <y 165 S1()
00— Hom[[Rs,g]]([M ’7]a [Eo ]) -

Homyps. <) ([M =], [E7=))

555100 16751)
-1 -4 Hom[[Rs,g]]([MS’S]a [Eég’g]) -

where [07=](x) = Homyps <) ([M5 <], [67°=]) for every i = 0,1,.... On the

K3
other hand, we have the complex
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0 — Homp(M, Ey) ~ Homp(M, Er) 2% Homp(M, By) 225 .

where 0;(x) = Homp(M, 6;) for every i = 0,1, --. Thus, by Lemma 2.2, we have
the complex

(180 ()5 =1] s,<
——— [[Homp(M, E1)>=]]

[[82()=]]

0— [[HOIHR(M, Eo)s’g]]

[[81 (%)% =]] 5,<
— [[Homp(M, E5)>=]]
By Lemma 3.3, there exists a natural isomorphism
Hom s,y (M=), [ES<]) 2 [[Hom (M, B)*<]]
Thus, by Lemmas 2.4, 2.3 and 3.3, we have

Bt o<y (M), [N9<]) = Ker ([55°%])) /T (5575
2 Ker ([[8:(+)*=]1) /T ([[8i-1() >=]])
= [[Ker (8 (+))*=]]/[[Im (di-1 () *=]]
= [[(er (3()/1m (5,1 ()]
= [[ExtR(M, N) S]]
= H Ext'y(M

i€S

Corollary 4.2. If R is a left noetherian ring and M and N are left R-modules,
then there exists an isomorphism of abelian groups

p(M[z~Y), N[z™1]) = H Ext’ (M, N) = Exts (M, N)[[]].

Corollary 4.3. Let S be a finitely generated torsion-free and cancellative monoid,

and (S, <) be artinian and narrow. If R is a left noetherian ring and M and N
are left R-modules, then
Exct s, < ((M5=], [N5=]) = [ [ Bxti (M, N).
s

Proof. If (S,<) is torsion-free and cancellative, then by [1,3.3], there exists
a compatible strict total order <’ on S, which is finer than <, that is, for
any s,t € S, s < t implies s <’ ¢t. Since (5, <) is artinian and narrow, by
[1, 2.5] it follows that (S, <’) is artinian and narrow. Thus, by Theorem 4.1,

Ext] e ooy (M55], [V9.<') 2[4 Exti(M, N).
On the other hand, since (S, <) is narrow, by [1, 4.4], [R®<]] = [[RS<]).
Clearly [MS=] = [M%<"] and [N9=] = [N®<']. Now the result follows. (]

Any submonoid of the additive monoid NU{0} is called a numerical monoid.
It is well-known that any numerical monoid is finitely generated (see [1, 1.3]).
Thus we have



168 Liu Zhongkui

Corollary 4.4. Let S be a numerical monoid and < the usual natural order of
NU{0}. If R is a left noetherian ring and, M and N are left R-modules, then

Ext{ips < ((M5=], [N5=]) = [ [ Bxti(M, N).
S

Corollary 4.5. Suppose that (S1,<1),...,(Sn, <n) are strictly totally ordered
monoids which are finitely generated and artinian. Denote by (lex <) and
(revlex <) the lexicographic order, the reverse lexicographic order, respectively,
on the monoid S1 X --- x Sy,. If R is a noetherian ring and M, N are left R-
modules, then there exist isomorphisms of abelian groups
Eth[Rslx---xsw,,(Zemg)”([MSlX.”XS"’(lezS)], [Nslx---xSn,(lezg)])

~

i
- EXt[[Rsl X oo xsn,(revlemg)”

= J] Exti(M,N).
S1X-XSp

([M81 X"'XSW,,(T'CUZCQJS)jL [Nsl ><~~~><Sn,(revle:c§)])

Proof. It is easy to see that (S1X---x Sy, (lex <)) and (S1 %X - - - X Sy, (reviex <))
are strictly totally ordered monoids which are finitely generated and artinian.
Thus the result follows from Theorem 4.1. ]

Let p1,...,p, be prime numbers. Set

Mn

N(pla s 7pn) - {prlnlpgnz R 2%
Then N(p1,...,pn) is a submonoid of (N,-). Let < be the usual natural order.

mi,me,...,m, € NU{0}}.

Corollary 4.6. Let R be a left noetherian ring and M and N be left R-modules.
Then

Ext?

on <y (N @1 S] NN @) 5]) o T Extly (M, V).

=0
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