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Abstract. It is known that a Leontief production function defines a dual preference
in the space of prices of input factors which can be measured via the income by selling
out a unit prototype vector of inputs. This primal-dual preference relation will be
extended to production problems in which the input factors are used for production in
a nonlinear proportion. The obtained result enables us to define a dual problem for a
general production problem.

1. Introduction

In a Leontief production process we are given a set X of feasible vectors of inputs
which can be used to produce a single commodity, called output

X C {x=(z1,22,...,Zpn) :x; 20, i=1,2,... ,n},

where x; denotes the quantity of the i-th input factor. The feasible set X is
assumed full-dimensional, bounded, closed, convex and satisfying a free disposal
condition:

reX = yeX, Vy:0<y< .

The problem we are dealing with is to maximize the output produced by Leon-
tief technology subject to the feasible set X of inputs. It is well-known that
Leontief production process has important applications in production analysis,
and it plays a profound role in input-output models of mathematical economics
(cf. [1- 3]). In particular, Leontief production functions have been used exten-
sively in studying such problems as analysing behaviors of the firms, finding
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efficient frontiers in microeconomics, establishing general competitive equilib-
rium, etc. (cf. [3 - 4]). Along with the concept of Leontief production, other
related concepts such as Leontief preference, Leontief utility have a great impact
on the theory of consumer and individual preferences (cf. [3]). In this article
we are confined in duality studying for Leontief production problems. Namely,
we present an alternative duality scheme which derives from a given Leontief
production problem a dual problem defined in the space of prices, yielding the
duality 0-maximum principle. Furthermore, the alternative duality scheme can
be extended to a class of nonconvex Leontief production problems in which the
inputs are consumed in a nonlinear proportion.

This article is organized as follows. After the introduction, Sec. 2 recalls a
dual for the Leontief production problem with a feasible set X of inputs given
by linear constraints. Sec. 3 generalizes the primal-dual preference relation and
define a dual for a production problem in which the inputs are used in a nonlinear
proportion. Finally, Sec. 4 closes the article by several concluding remarks and
discussions.

2. Dual Preference of Leontief Production

Suppose that we are given a vector ¢ = (¢1,c¢a,...,c,) of Leontief technology
coefficients (¢; > 0,4 =1,2,...,n) and the feasible set X of inputs defined by
the following linear constraints

X={z>0: o <A, Y u; <1, u; >0, i=12,...,m}, (1)

=1

where A is a m X n-matrix of nonnegative elements such that in any column of
A there is a positive element, and A? denotes the transpose of A. The represen-
tation (1) of X could arise, for example, from the following practical problem.
The output is the quantity of steel to be produced. The inputs are the quantities
of ores necessary for the steel production, and to be extracted from m different
cites of mine with a given one budgetary unit. u;, ¢ = 1,2,... ,m, are budgetary
proportions allocated to m cites of mine, respectively. For given u; budgetary
proportion, the i-th cite of mine can extract an amount of u;a,; units of the j-th
ore (j=1,2,...,n).

Based on the free disposal condition a linear program which maximizes the
output over X can be formulated as follows

max 6, (2)
s.t. fc—x <0, (3)
—Alutz <0, 4)

m
> ui <1, (5)
i=1

x>0, u>0, 0 >0. (6)
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Since X is bounded, closed and full-dimensional, program (2) - (6) is solvable
and it has a positive optimal value. Denote by r, s and a the simplex multipliers
of the constraints (3), (4) and (5), respectively. Then the dual of (2)-(6) is

min o,
s.t. cr > 1,

ae > As, (7)

s>,

r>0, >0, a>0,
where e = (1,1,...,1) € R" and ¢'r denotes the inner product of vectors ¢ and
r. In order to reduce the number of variables of this dual program we use the
following transformation. Since the optimal value of the dual is equal to the

optimal value of the primal (2)-(6) which is positive, the value of feasible « in
the dual must be positive. Let

This program is equivalent to

max c'p,
s.t. e > Ap, (8)
p=>0.

Denote by P the feasible set of the dual (8):
P={p>0:e> Ap}. (9)

A relation between the feasible set X in the primal and the feasible set P in the
dual is given in the following proposition.

Proposition 2.1. P={p>0:p'z <1Vz € X}.
Proof. Suppose that p > 0 and p’z < 1, for all € X. Denote by e’ the i-th

unit vector in R™ : e' = (ef,eb, ... el ) where eé =0 Vj #iand el = 1.

rm
Set 2t = Ate?, then 2* = A* where A’ is the i-th row of the matrix A. Since
2*€ X,i=1,2,...,n, one has

plat = ptA* < 1, i=1,2,...,m,

proving Ap < e. So, p € P.Conversely, suppose that p € P. For any = € X one
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has
m
ple < ptAtu for some ;v >0: ZuZ <1.
i=1
Further,
ptAtu = w'dp < wle < 1.
Therefore, p'z < 1, proving the proposition. ]

From Proposition 2.1 it follows that a vector p of prices is feasible to the
dual (8) if it is nonnegative and satisfies the normalized budget constraint

ple < 1

for all feasible vectors of inputs * € X. The dual (8) can be interpreted as
finding a feasible vector of prices which maximizes the income by selling out
vector ¢ = (¢1, ¢, ... ,¢y,) of inputs. The objective in (8) defines a preference in
the set of prices {p € R™ : p > 0} which says that a price vector p is preferred
to a price vector g if

ple > qle, (10)

i.e., by selling vector ¢ of inputs the income according to the price p is greater
than the income according to the price q.

In order to see more clearly the relation between the primal preference and
the dual one let us define a set of prototype vectors of inputs. The set {fc: § > 0}
is called the set of prototype vectors of inputs. A vector in this set is called
a prototype vector of inputs. Any prototype vector of inputs can be used for
production without waste of inputs. By the primal preference a prototype vector
y of inputs is preferred to a prototype vector = of inputs if y; > x; for any
i=1,2,...,n or equivalently by vector notation

y > . (11)

This primal preference can be used to define a dual preference.
Suppose that for one unit of monetary income we need to sell a prototype
vector x of inputs according to a given price vector p (p # 0):

plz = 1, where z = fe.

Then this prototype vector & can be calculated by
1 1
v = —c (0=—-)
pbc pbc
Similarly, for one unit of income we need to sell, according to a given price vector
1
g, the prototype vector y = ——c of inputs. The price vector p is preferred to
qtc

the price vector ¢ if x < y, i.e., for one unit of income the prototype vector of
inputs we need to sell according to the price p is less than that according to the
price g. Since
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1 1
$<y<:>TC<TC
pbc qc

sple > qle,

this dual preference is the same as the preference defined by (10). In the next
section the above dual preference will be generalized to a production problem in
which the inputs are used in a nonlinear proportion.

3. Extension to Nonlinear Problems

In this section first we relax the linearity assumption of the feasible set X of input
vectors: X can be defined by nonlinear constraints. Second, the inputs can be
used for production in a nonlinear proportion. Namely, in order to produce
 units of output the production process requires f;(#) units of the i-th input

factor, i = 1,2,...,n, where f;(-) is an increasing continuous function defined
on Ry = {6 > 0} such that for any i =1,2,... ,n

fi(0) — occasf — oo.

The functions f;(-), ¢ =1,2,... ,n can be nonlinear in general.
The production problem can be formulated as follows

max 6,
st. z; > fl(e), 1= 1,2,... , Ny
e X.
Denote by f; '(-) the inverse of f;(-) and set
F(z) = min{fi_l(aci)7 i=1,2,...,n}

Then this program can be rewritten by

maxF'(x
s.t. x e X.
Since f;(+) is increasing, so fi_l(-) is, hence fi_l(-) is quasiconcave (1 = 1,2,... ,n).

The objective function F(-) is a minimum of quasiconcave functions, therefore
it is also quasiconcave. So, program (12) is a maximization of a quasiconcave
function over a convex set.

Similar as in the last section, we call a vector x of inputs a prototype vector
of inputs if there is § > 0 such that x; = f;(0), i =1,2,... ,n.

Proposition 3.1. For any price vector p (p > 0, p # 0), there is a unique
prototype vector x(p) of inputs such that
p'z(p) =1, (13)

or equivalently, there is a unique value 0(p) such that 6(p) > 0 and
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Zpifi(e(p)) =L (14)
i=1
Proof. Since p > 0, p # 0, the function
g(0) = > pifi(0)
i=1

is continuous, increasing and satisfying
g(0) =0, g(f) - 00 as 0§ — oco.

So there is a unique value 6(p) > 0 such that g(6(p)) = 1, proving (14). By
setting

z(p) = (f1(0(p), f2(0(p)),- - -, fn(6(P)))
one has (13). ]

Similar to the linear case, we define a dual preference in the set of prices
as follows. A price vector p (p > 0, p # 0) is preferred to a price vector ¢

(>0, ¢#0)if
z(p) < z(q). (15)

In other words, p is preferred to ¢ if for one unit of income the prototype vector
of inputs we need to sell according to the price p is less than that according to
the price gq.

Set H(0) = —oo and for p > 0, p # 0, set

H(p) = —0(p),
where 0(p) is defined as in Proposition 3.1. Then (15) is equivalent to
H(p) > H(q).

Thus, the problem of finding the most preferred feasible price vector is equivalent
to the problem of maximizing the function H(-) over the set of feasible prices:

maxH (p),

16
s.t. pe P, (16)
where the set P of feasible prices is defined by
P={p>0:p'x<1 Vore X}

The program (17) is called a dual of the program (12).

Proposition 3.2. The function H(-) is quasiconcave in p > 0.

Proof. Let p>0,q>0and 0 < X\ < 1. If either p =0 or ¢ = 0 then obviously
H(Ap+ (1= X)q) > —oo =min{H(p),H(q)}.

Now suppose that p # 0 and g # 0. Setting 0 = max{6(p),0(¢q)} one has 8 > 6(p)
and 6 > 6(q), hence
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n n
Zpifi(e) 2 Zpifi(e(p)) =1,
i=1 i=1

Z%’fi(g) > sz‘fi(e(Q)) =1

Therefore

D Owi+ (1= Na)fi(®) = 1.

i=1
So B

max{0(p),0(¢)} =0 > 0(\p + (1 — N)q).
Thus
H(p + (1= X)g) > min{H (p), H(q)},

proving the proposition. ]

By Proposition 3.2 the dual program (16) is a quasiconcave maximization
over a convex set. Now the duality theorem can be stated as follows.

Theorem 3.1. Both the primal program (12) and the dual program (17) are
solvable and one has the following 0-mazimum principle

max{F(z): 2z € X} +max{H(p) : p € P} =0. (17)

Furthermore, for any optimal solution T to the primal and any optimal solution
P to the dual one has
P'T=1.

Proof. For any x € X and p € P one has

n
Z pir; <1
i=1

= Zpifi(F(:c)) < 1 (because F(z) < f; Y(z;) Vi=1,2,...,n)
i=1

=0(p) > F(x)
S Hp) < —F(2),

Therefore
F(z)+H(p) <0, YereX, VpeP. (18)

Since F'(-) is continuous and X is bounded, closed, the primal program (12)
is solvable, i.e., F(-) attains its maximum value at some T € X. Then the
intersection between X and the upper level set {z : F(x) > F(Z)} must be
empty. Since

{v:F(x)>F@}={a:a;> fi(F(®), i=1,2,... ,n},
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by the separation theorem there is a vector p such that

plx <1, VzeX, (19)
> pwi>1, Voim> fi(F@), i=12...,n (20)
=1

From (20) it follows that p > 0. This together with (19) implies p € P. Again
from (20) it follows that

S Bfi(F@) > 1.
i=1
Since T; > f;(F(Z)) and T € X, from (19) it follows that
> pifi(F@) < 1.
i=1

Thus n
Zﬁzfz(F(f)) =1,
i=1

which says that 6(p) = F(Z), or equivalently F(Z) + H(p) = 0. This together
with (18) implies that p is optimal to (16). Now suppose that T solves the
primal program (12) and P solves the dual program (16). By the above argu-
ments we have shown H(p) = —F(T), or equivalently, §(p) = F(T). There-
fore, Y1 ;fi(F(T)) = 1. Since > p;Ti > i i fi(F(T)), one has p'z =
> P:Ti > 1. On the other hand, since T € X and p € P, one has p'z < 1.
Thus, p'z = 1. ™

One of basic properties of Leontief preference concerns a phenomenon of
superfluity. The i-th input factor is called superfluous at a vector z of inputs if
the decrement of x; does not lead to the decrement of F(z), or in other words

It is obvious that there is no superfluous input factors at a vector x if and only
if z is a prototype vector, i.e.

Ii:fi(F(.ﬁ)), Vi=1,2,... , n.
The following corollary presents a relation between superfluous properties of

optimal input vectors and optimal price vectors.

Corollary 3.1. If the i-th input factor is superfluous at an optimal vector T
of inputs then the optimal price of the i-th input factor must be 0, or in other
words p; = 0 for any optimal solution p to the dual program.

Proof. Suppose that T is optimal to the primal program (12) and the i-th input
factor is superfluous at 7:
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T, > fz(F(f))
We define an input vector & as follows
;=75 VYi#i, j=1,2,...,n

Since T > &, & is feasible to (12). Since T is optimal to (12) and

F(&) = min{f; (&), j=1,2,...,n}

= min{F(Z), f; (%), j#i, j=1,2,... ,n}
= F(z),

% is also optimal to the program (12). By Theorem 3.1, for any price vector p
which is optimal to the dual program (16) one has

pET=1=7p4.
So,
n
0=Dp'T—p'2 = ;@ — &) =T — [i(F(T)).
i=1
This implies p; = 0. [ |

4. Discussions

As we have presented, a price vector p is preferred to a price vector ¢ if by
selling vector ¢ of inputs the income according to the price p is greater than the
income according to the price g, or equivalently if for the same level of income
the prototype vector of inputs we need to sell according to the price p is less
than that according to the price ¢q. Using this dual preference we can generalize
the duality of Leontief production problem to a nonlinear production problem.
The dual preference can be defined via the function H(-).
For any p > 0, p # 0 one has

Zpifi(e(p)) =1

Then

>
—~
=
~

Il

max{0 : Zpifi(e) <1} (because f;(-) is increasing)
i=1

= maX{H:Zpixi <1, fi(0) <z, i=1,2,...,n}

i=1

max{0 : Zpi:ci <1, 6< f;l(:ci), x;>0,1=1,2,...,n}

i=1
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= max{izlrr%in n{fifl(:ni)} : Zpi:ci <1, 2>0,i=1,2,...,n}
e i=1

n
= max{F(x): Zpi:ci <1l,2;>20,i=1,2,... ,n}.
i=1

Since H(p) = —6(p), one has
H(p) = —max{F(z):p'z <1, z>0}.

This relation between F(-) and H(-) has been known as a quasiconcave con-
jugation (Refs. [4-7]). More relations between F(-) and H(-), for instance the
involutory relation

F(z) = —max{H(p):p'z < 1,p >0},

can be found in [4-7]. Since the dual preference is consistent with that defined
via the quasiconcave conjugation, the duality result presented in this article
can be regarded as a unified duality scheme applied to a class of quasiconcave
maximization problems (cf. [8]).
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