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Abstract. Let p be a prime number. The purpose of this paper is to investigate kernels
of restriction maps in the mod-p cohomology of p-groups. This result is applied to
prove that, if K is a 2-group which is not elementary abelian, and if £,&1,... ,&:, ...
is a sequence of mod-2 cohomology classes of K which restrict trivially to all proper
subgroups, then Sq" " (&) - & &1+ ... & = 0 where n = deg(§) and & = 1.

1. Statement of Results

Let p be a prime number and let G be a p-group. Denote by H*(G) = H*(G, Z,)
the cohomology ring of G. Suppose that H is a maximal subgroup of G. We can
consider a decomposition G = H [[Ht[]...[[ Ht?~! into disjoint right cosets
of Hwitht € G. Let o =(1pp—1 ... 2) be the p-cycle of the symmetric group
Sp. The elementary abelian group Z5 becomes a G-module under the action
defined by

tk(al,... ,Cbp):(aak(l),... ,Cbgk,(p)), 1§k‘§p—17
and H acts trivially on Z5. Consider the (non-split) short exact sequence of
G-modules

0—2Z, 728270t —0 (1)
with diagonal homomorphism

i(a) =(a,...,a), a€Z,
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and

jlat, ... ap) = (a1 —ap,... ,ap_1 —ap), ax €Zy,, 1<k<np.

The cohomology long exact sequence associated to (1) is the following (see
e.g. [1])

es$ i =
RN H”(G) R_If H”(H) J, H"(G,Zg_l) i) Hn-‘rl(G) . (2)

with @ the connecting homomorphism.
We have the following result.

Theorem A. There exist a G-pairing 0 : Zb~" @ Zb=' — Z, and an element
lupr) € HY (G, Z5~") such that, for every & € Ker Res%,

§ = 0u([un] x [n]),
where [n] € H*(G,Z571).

For p = 2, we obtain the following exact sequence (which is known to be the
Gysin sequence of the O-sphere bundle BH — BG)

H

e HYG) Y () S ) M ) — L (@3)
We now assume that K is a 2-group which is not elementary abelian. An
approach to study H*(K) is to investigate the restrictions of its elements to
cohomology of all proper subgroups of K. Let Ess(K) be the essential coho-
mology of K consisting of all mod-p cohomology classes of K which restrict
trivially to all proper subgroups of K. The following conjecture, stated by Mui,
claims that E'ss(K) is small in some sence. In other words, it predicts that the
discussed approach is somehow essential.

Conjecture. (Mui [3]) Ess(K) is of nilpotency degree < 2, that is,
Ess(K)* = {0}.
Our work is also an attempt to contribute to a solution of Mui’s conjecture.
For convenience, from now on we denote & = 1 € H°(K). It was shown by

Minh in [2] that £2 = 0 for every & € Ess(K). In order to generalize the result
of Minh, we prove the following

Theorem B. Let £,&1,...,&,... be a sequence of elements of Ess(K) with
deg(&) =n then

Sq"7"(&) & -6 =0.

Especially, for r = 0, as Sq"~"(£)-£o = Sq" (&) = £2, we obtain the mentioned
result of Minh. The proof of Theorem B, which is given in Sec. 3, is based on
the Gysin exact sequence in mod-2 cohomology of 2-groups.
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2. Proof of Theorem A

Let 6 : Zb~!' ® Zb~' — Z, be the G-pairing represented by the following
(p—1) x (p—1) matrix

0 1 s (=1)p3
-1 0 N ) L
. . for p odd
—(=1)P=3 (=1 .. 0

and f(a®b)=a-b, a,b€ Zy, for p=2.
Let X — Z, be the Bar resolution of G. We define uy € Homeg (X7, Zg_l)
by

(0,...,0) if g € H,
——
p—1times
ug(g)=1< (0,1,...,1) if g € Ht, for p odd
p—1times

tug (t*Y) +up(t) if ge Ht*, 2<k<p-1,

and .
0 if g€ H,

U = for p =2,
1(9) {1 otherwise, b

and extend uy linearly to Xj.

Lemma A. ug is a 1-cocycle.

Proof. For p =2, as t2 € H, so we have
0 if g1,92 € H or 91,92 € Hta

1 otherwise.

up(9192) = {

Furthermore, we have

0 if g1,92 € H or ¢1,92 € Ht,

ur (1) + un(g2) = { 1 otherwise

So,
dur (91, 92) = grun(92) — um(9192) +um(g1)
=un(g92) +un(g1) —un(gig2) =0,
for every g1,g2 € G. Hence, ug is a 1-cocycle.
We will prove the lemma for the case p > 2. For every element g € G, we
write g = ht?, with h = gt P € H if g € H and g = ht*, k > 0 in otherwise. By
the definition above, it may be concluded that

up(g) = tug (t* 1) Fug(t) = ¢V 4+ 4t + Dug(t)
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by noting that ug(h) = (tP~" + ...+t + Dug(t) = (0,...,0) € Zb~'. So, for
every g1,92 € G,g1 € Ht", go € Ht', 1 < k, £ < p,

Oum(g1,92) = grur(g2) — un(g1g2) +um(g1) = (tkMA et tk)uH(t)
— (Tt Dug () 4+ (Tt Dus(t)
=(0,...,0) ez ",

Hence, uyr is a 1-cocycle. n

The case p = 2 in the following proposition was due to Rusin [4, Theorem 5]
(see also Serre [5, p.12, Ex.2]).

Proposition A. 0[n] = 0.([ux] x [1]) for every [n] € H*(G, Z5t).

Proof. We are now interested in the case p > 2. Recall that X — Z,, is the Bar
resolution of G, so the components X,, of degree n (n > 0) are free G-modules.
Therefore, the sequence

0 — Homg (X, Z,) ~— Homg (X, Z2) 2= Homg (X, Z5") — 0

is exact. The exact sequence (2) is nothing but the cohomology long exact
sequence associated to the above short exact sequence.

We define a map Q : Homg(X, Zg_l) — Homg (X, Zb) as follows. For each
n € Homg(X,,Z5~1), write n(z) = (m(z),... ,mp-1(x)), z € X,, with ; a
map from X, to Z,. Define a homomorphism Q(n) € Homg (X, Zb) by

9(77)(30) = (771(30)7 e anp—l(x)ao)vvx = (gla cee agn) € Xn,9i €G,

and extend (n) linearly to X,,. Then
77 () (z) = j(Qn)(2)) = n(x), Yz € Xy,
So
7 (Qn) = n.
For each [n] € H™(G,Z5~") with n(z) = (m(z),... ,np-1(x)), € X,,, we have
0=0(n)(g1; -+ gn+1)

n
= 1092, - gn 1)+ Y1) 0G1, -3 Gi-Git1s s gnr) (1) (g1, o gn)
=1
= 91(M1(92, -+ Gn+1), s Mp—1(g2---, gnt1))
n
A D OG5 Gi-Git 1 oo Gt 1) s oo M1 (G0 Gi-Git 15 s Gg1))

+ (=)™ 011, oo Gn)s s Mp—1 (15 s Gn))-



Kernels of Restriction Maps in the mod-p Cohomology of p-Groups 123

Besides, A[n] can be represented by the (n-+1)-cocycle 7 given by

@) (g1, - s gnr1) =i (OQM) (91, s gnt1))

where
QM) (g1 - -5 gnt1) = 91-2(n) (g2, - - -, Gn+1)
+Z(—1)iﬂ(n)(91, e GiGit1s - gnr1) + (=D TIQM) (g1, - -5 gn)

= 91(771(927 v 7gn+1)7 cee 7771)—1(927 v 7gn+1)7 0)

n

+Z(*l)i(m(gh-~~,gi~9i+1,--~,gn+1)a-~~,77p71(917~~~agi-gz‘+1,-~,gn+1),0)

=1
+ (_1)71-'1-1 (771(91)"'7gn)a"'777p—1(gl7"'79”)70)
(0,,0) if g1 € H,
——
_ p times
(np*k(g% "'7gn+1)a "'77’p*k(g2a "'7gn+1)) if g1 € Htka 1<k< p—= 1.
p times
So
i 0 if g1 € H,
On 91,---,g+1)={ .
o)t ! Np—k(92, - gnt1) if g1 € HI*, 1<k <p-—1.

Furthermore, we also have
O-(urr X n)(g15- -+ s gns1) = O(un(91) ® g1n(g2; - - -, gn+1))
= 0(un(g1) ® g1(m(g2: - s Gnt1)s- -+ s Mp—1(925- -+ s Gn+1)))
o it g€,
N { Np—k (g2, -+ gns1) if g1 € Ht*, 1<k <p-—1.

So 0n = 0. (ug x n). Therefore, O[n] = 0.([ug] x [n]). The proposition follows.m

Lemma B. 0 # [uy] € H'(G,Z571).

Proof. Consider the connecting homomorphism 6 : H(G,Z5~') — H'(G).
Proposition A shows that 6(a) = 0. ([uy] x a) for every a € H(G,Z5~"). Choose
0#£a=(1,2,...,p—1)€(Zs"1)% = H(G,Z8'). As in the proof of Proposi-
tion A, we have

_ 0 if g H,
0(a)(g) = . .
p—k ifgeHt" 1<k<p-1.
So 0.([ur] x a) = 6(a) # 0. Therefore, [ug] # 0. The lemma follows. n

Proof of Theorem A. The theorem is proved by combining Proposition A, Lemma
A, Lemma B and the exactness of the sequence (2). ]
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3. Proof of Theorem B

We need some lemmas. For ¢ > 0, set S; = Zo;éueHl(K) u’. The following was
given in [2].

Lemma C. S; =0. ]

Remark that Lemma C is not true if K is an elementary abelian group.

The following lemma was proved in [2] by using the Evens norm map. We
will provide here a simple proof of the first part of it by means of the Gysin
sequence.

Lemma D. (Minh [2]) If0 # u € HY(K) and Resf,_ (&) = 0 with deg(¢) = n,
then

&€= 50" . (4)
Jj>0
Hence, if € € Ess(K), then €2 = 0.
Proof. From the exactness of Gysin sequence (3), we have & = z - u where

x € H"1(K). For all j,1 < j < n, we have
Sqn—j(g) ud = (ZSq("_j)_i(x) . Sqi(u)) cud

i>0
=S¢" I (z) - W+ Sqg" I (z) -T2
So

n—1

D Sq () Wl = Y (S¢" (@) w4 Sg T (@) - wITP) + S¢0(¢)

>0 Jj=1
= Sq" Nx) -u? = &2

Finally, if £ € Ess(K), it follows from what we just proved that

€= €=> 5"

0£ucH! (K) §>0

So, by Lemma C, ¢2 = 0. The lemma follows. ™

Let 7 be the ideal of H*(K) generated by the images of corestrictions from
proper subgroups of K. We have the following (recall that & =1 € H(K))

Proposition B. Let £,&1,...,&,... be a sequence of elements of Ess(K) with
deg(§) =n. Forr > 1, we have

Sq"_7(§) . f() . 51 et frfl eT.
Proof. By induction on r. For any element 0 # u € H!(K), set
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€0 =D"8¢" () Co & G

For r = 1, by Lemma D, we have E&l) -u = &2 = 0. Following the exactness of

the Gysin sequence (3), we have &(}) € 7. Hence, we have

> &= X SO SO Y W

0£ucH (K) 0£ucH! (K) 0£ucH! (K)
=8¢" (&) eT.

Suppose that » > 1 and the result holds for all £,1 <k <r — 1, that is
Sq"RE) & & b1 €T,

By the Gysin exact sequence (3), we can decompose & = u -z with z) €
HeE&)=1(K) 1 < k < r —1. Note that, if « € 7 and B € Ess(K) then
a - =0 by the Frobenius formula (see [3, Remark]). Therefore, by multiplying
(4) with @1 - ... z,_1, we have 7(]') -u = 0. It follows from the Gysin exact

sequence that there exist 1, € H*(Keru), " = corer u(n,). Hence,

Sq"(€) ok G = Z ¢0 (by Lemma C)

0AucH(K)
_ Ker u (5)
= Z corg” U(n,) € 7.
0#£ucH! (K)
The proposition follows. n

Proof of Theorem B. By Lemma D, the theorem holds for » = 0. For r > 1,
from (5), we have

SgTE) &b GG = Y corg™ V() &

0£ueH (K)

= > corfi(n, - Resf,, (&)
0#ueH (K)

=0 since Resk,, ,(&)=0.

This completes the proof of the theorem. n
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