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Abstract. In this paper, we study the geometry of the space of moments, relative to
a weak Chebyshev system, of functions holomorphic in the unit disc which are real-
valued on the real axis. We use our conclusion to identify the envelope of all functions
which are real-valued on the real axis, whose k-th derivative is holomorphic in the disc
and bounded by one there.

1. Introduction

We let A :={z:|z| < 1} be the unit disc, T := {z : |z| = 1} its boundary, I :=
[—1,1] and H*°(A) the Banach space of all complex-valued analytic functions f
with norm

1flla = sup{|f(z)| :

The subspace of functions in H*°(A) which are real on the interval I shall be
denoted by H2°(A) . That is, by the reflection principle they satisfy the equation

f(Z) = ﬁv z € A.
For the unit ball in H>°(A), we use
UA):={f: feHZ(A), [Ifla <1}

z € A},

*This work was suppoted in part by NSF Grant ITR - 0312113.
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and by analogy U (I) stands for the corresponding unit ball in the space of real-
valued functions in L>(T).

Let E be a closed subset of I° := (—1,1) and du a Borel measure on E with
u(E) > 0, having no atoms there. We set Z,, := {0,1,...,n — 1} and prescribe
a set of functions {u; : j € Z,} in C(I) which are linearly independent on E.
The object of our study in this paper is the moment space M (A) generated by
these functions which is defined by

M(A) :={((uj, h) : j € Zy)) : heU(A)}

where we set

(u, h) == /E w(®)h(t)dpu(t).

We also use M (I) for the moment space corresponding to L>(I).

When the functions {u; : j € Z,} form a Chebyshev Systemon I, the moment
space M (I) is considered in [8, Chapter VIII]. Here, we provide similar results
for M (A) when these functions form a weak Chebyshev system on I. Specifically,
our goal here is two fold: to provide a version of the Markoff-Krein theorem as
presented in [8, Chapter III], under our circumstances, and to apply this theorem
to the solution of the following extremal problems. To describe them, we let, for
every positive integer k, W2°(I) be the Sobolev class of all real-valued functions
f such that all of its derivatives fU), j € Z; are absolutely continuous on I and
that f(®) € L°°(I). We use Si(A) for the subset of functions defined by

Sk(A) = {f: feW), f®eU)}.

We specify an increasing sequence of points m := {t; : j € Zyyn} in 1%, where
n is a nonnegative integer, data Y := {y; : j € Zpyn} and let D(Y) be the
subspace of all functions f in C(I) such that f(¢;) :=yj, Jj € Zg+n. For any
x € I, we consider the extremal problems

f@)a :=min{f(z): fe DY)NSL(A)} (1.1)
and

f(@)a :==max{f(z): f € DY) N S,(A)}, (1.2)
which determine the envelope of the function class Si(A) defined to be the

boundary of the points in the planar region Sx(A) = {(z,y) : y € [f(x)a, f(z)a],
x € I'}. We shall give a description of this set. Our motivation and guide for this
task comes from our early interest concerning the planar region Sk (I) which was
important in [10] for accelerating the convergence of the binary search algorithm
for finding a root of a function, see [10] and also [11, 12] for further details. The
study of the envelope S(I) was also considered in [4] as well as in [5-6, 13]

where its relevance to optimal interpolation is discussed.

2. The Moment Space M (A)

We begin by reviewing necessary properties of weak Chebyshev systems. To this
end, we adopt the following terminology and notation from [9].
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Definition 2.1. A set of functions {u; : j € Z,} which are continuous on the
interval I is called a weak Chebyshev system provided that for all —1 < t; <
to < --- < t, <1 then xn determinant

to,t1,--- stn—1 L ) ]
(0t ot ) e e e
is nonnegative. When all these determinants are positive, these functions are
called a Chebyshev system.

We use U to denote the subspace spanned by the set of functions {u; :
j € Z,} and K for the convex cone of all functions u,, € C(I) such that the
set of functions {u; : j € Z,41} form a weak Chebyshev system. We say
that an h € L°°(E) has m weak sign changes provide that there are points
ti,t2,... ,t;m € E with =1 =19 <t; <--- <1y, <tpn41 = 1 and an integer r
such that for ¢t € (t;,t;41) N E, j € Z,41 we have that

h(t) = (=1)7*7[h(t)]-

In addition, we say h is positively oriented, if » = m, and negatively oriented, if
r = m — 1. Note that a positively oriented function is nonnegative on the last
interval (t,,tm+1). When h has a finite number of weak sign changes on E we

let S~ (h) denote the maximum number of such sign changes, otherwise we set
S7(h) = cc.

Lemma 2.1. If the set of functions {u; : j € Z,} form a weak Chebyshev
system on the interval I, E is a closed subset of I with u(E) > 0 on which these
functions are linearly independent, h a function in L*°(E) with the property that
u{{t:h(t)=0, t € E}} =0 and

(uj,h)=0, jezZ,
then S™(h) > n.

The proof of this lemma follows from the same line of reasoning used to prove
Lemma 1 in [9], which covers the case when dyu is Lebesgue measure.

The next lemma provides us information about the orientation of the function
h in Lemma 2.1 when it has the least number of sign changes.

Lemma 2.2. Let the functions {u; : j € Z,} form a Chebyshev system on
I and h satisfy the hypotheses of Lemma 2.1. In addition, if h has exactly n
sign changes, is positively oriented, the functions {u; : j € Zp11} form a weak
Chebyshev system and are linearly independent on E then

(tUn, h) > 0.

Proof. By hypothesis there exists points {t; : j € Zp42} C E with —1 = ¢y <
t1 < -+ <ty <tpe1 = 1so that for t € E; := (tj,tj41) N E, j € Zy41, there
holds
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h(t) = (=1)"*"|h(t)].
We consider the function u defined for ¢ € I by the equation

to, t1,... ,th_1,1t
t — b ) b b .
u(t) U<0, 1,... ,nl,n>
This function can be written in the form
u = Z ajuj
J€Zn11

for some constants {a; : j € Z,4+1} where

_ t07 tla"' 7tn—1
“"_U(o, 1,...,n1) > 0.

Therefore, we have that

anlun ) = (wh) = 3 [ u®hdu(t) = [ u(o)] [1Oldu® > 0

1€ Zn+1 E; E
and we conclude that (u,,h) > 0. |

We now introduce an useful norm on R™ induced by M (A). Specifically, for
eachy = (y; : j € Z,) € R" we let

lyll := min{[|hl[a : (uj,h) =y;, J€Zn, heHF(A)} (2.1)

In the definition of this norm we only require that the function {u; : j € Z,}
are in LY(E, du).

The minimum is achieved because, by a normal family argument, every min-
imizing sequence contains a subsequence which converges in H>°(A). The next
lemma use this norm to characterize 9M (A) := boundary of M(A).

Lemma 2.3. If the functions {u; : j € Z,} in L'(E,du) are linearly indepen-
dent on E theny € M(A) if and only if ||ly|| < 1 where equality holds if and only
ify € OM(A).

Proof. This fact is straightforward to prove. Indeed, by definition, y € M(A) if
and only if ||y|| < 1. If [|y|| < 1 there is an h € H2°(A) with ||h||a < 1 such that

(uj,h) =y, J € Zy.
Now, choose any functions {v; : j € Z,} C H°(A) such that
(uj,ve) = Ok, J.k € Zy.
Therefore, for any vector z = (x; : j € Z,,) € R" for which

el =D Jayl < k7ML~ |1R]la)

JE€EZn
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where £ := max{||vj||a : j € Z,}, the function

H:=h+ Z T

J€EZn
is in U(A) and satisfies the moment conditions
(uj, h) =yj + x5, j € Zy.
This implies that y ¢ OM(A). Conversely, if y € MY(A) then for some ¢ > 0
there is an h € U(A) such that
(uj, h) = (1 +€)y;, JE Zn.

Hence, we conclude that [|y|| < (1+¢€)~! < 1. (]

Our next goal is to characterize the boundary of M (A) in terms of Blaschke
products. Recall that a function B € H*(A) is a Blaschke product of degree n
if for some constant A € T and points {z; : j € Z,} C A, we have for all z € A
that

The Blaschke product B has a modulus which is identically one on 7" and B is
in U(A) if and only if A = £1 and its zeros satisfy the condition that {z; : j €
Zn} ={%; : j € Z,}. We denote the set of all Blaschke products of degree n or
less by B™ and a finite Blaschke product is any function in

B:= U B".

neZy

Likewise, we set B := B" N HX(A) and B, :== BN HX(A).

For any y € M(A) we say that the function h represents y provided that
h e U(A) and (u;,h) =y,, j € Z,,. Our first result characterizes the boundary
of M(A) in terms of Blaschke products.

Theorem 2.1. If the set of functions {u; : j € Z,} form a weak Chebyshev
system and E is a closed subset of I° on which these functions are linearly
independent then y € OM(A) if and only if y is represented by a Blaschke
product in BR~1. Moreover, when this is the case this representation is unique.

We prove this result by means of a series of lemmas, the first of which is a
useful fact obtainable from [3].

Lemma 2.4. There exists an odd continuous mapping F : R*"\{0} — Bn—1

where B2~1 is given the topology of uniform convergence on compact subsets of
A.

From this lemma follows the next result.
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Lemma 2.5. If the set of functions {u; : j € Z,,} form a weak Chebyshev system
and E is a closed subset of I on which these functions are linearly independent
then for every y = (y; : j € Z,) € R"\{0} there is a B € B~ which represents

lyllI="y.

Proof. Let us first prove the existence of B € B?~! which represents ||y||~1y.
To this end, we first extend the vector y to a basis {y? : j € Z,} of R™ where
we choose 4”1 := y. Next, we define a map

G:=(Gj:j€Z,): R"\{0} - R"!
by setting for each w € R™\{0} and j € Z,_1
Gj(w) =Y ylur, F(w)),
k€Zn

where the map F : R"\{0} — B! is given in Lemma 2.4. We observe that
G: R"\{0} — R"!is an odd continuous map and so by the Borsuk antipodal
mapping theorem there is a w € R™\{0} for which G(w) = 0. Thus, there is an
s € R and B € B! such that

(ujv‘é) = SYj, .7 S anl- (22)

By Lemma 2.1 we see that s # 0. Therefore, when we set ¢ := [s| and B :=
(sgn s)B so that (2.4) implies that

(ujaB):tyja jEZn;
which provides the conclusion that ||y| < ¢t~'. We shall show that |y| = ¢~!.
Suppose to the contrary that |ly|| < t~!. We choose an f € H°(A) which

represents y such that || f||a = ||y|| (we prove in Lemma 2.6 that any such f is
in B,.), let g = f —t~'B and observe for z € T that

l9(2) +t7'B(2)| < [Iflla < [t B(2)]-

Since B € B!, we conclude, from Rouche’s theorem, that g has at most n — 1
zeros in A. However, we have for j € Z,, that

(U/jvg) = (U’ja f) - til(u’jaB) =0.
Invoking Lemma 2.1, we conclude that either g is identically zero or has at least

n zeros. In either case, we derive a contradiction, thereby proving the result. m

Below we shall prove that the Blaschke product appearing in Lemma 2.5 is
the unique representer of ||y||~'y. We start with Lemma 2.6.

Lemma 2.6. If the functions {u; : j € Z,} C L'(E, du) are linearly indepen-
dent on E, a closed subset of I°, then every y € OM(A) has a unique representer
and this representer must be in B,.

Proof. Let y = (y; : j € Zy,) € OM(A) then there is (z; : j € Z,) € R"\{0}
such that for all f € U(A)
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> wye > Y wk(us, f).

keZn keZn

We choose a function fy € OU(A) which represents y. Therefore, by the Cauchy
integral formula, we have the inequality

o [ ale®)ate a0 = 5 [ re)gte)ao. 2.3

where the function g is defined for z € A by the equation

g(z) = Z/E Mdu(t)

z—1

This function is analytic in C\E and real-valued on I. Let H'(A) consist of all
those analytic functions A on A for which

Sup{%ﬂ/|h(r<)|d_§< 0<r< 1} < 00
T

and H}(A) those functions in H'(A) which vanish at the origin. Since the
function g is in L'(T) and satisfies the condition g(¢) = g(¢) , ¢ € T, it has a
best approximation go € Hg(A) which is real on I. We learn more about this
function from the following result which is a consequence of [14, Proposition 6].

Lemma 2.7. Let u be a function analytic in an annular region containing T .
If v is any best HY(A) approximation to u in L*(T) then v is analytic in a
neighborhood of T .

We apply this lemma to the above circumstance to conclude that gg is an-
alytic in a neighborhood of A. Moreover, by a standard extremal argument cf.
[14] inequality (2.5) implies that

fo(€)(9(€) + 90(¢)) = 0, ae. (€T (2.4)
and

QI =1, aeCeT (2.5)

We wish to prove from equations (2.4) and (2.5) that fj is a Blaschke product.
For the proof of this claim we use the following fact [15, Lemma 4.5].

Lemma 2.8. Let ' be an open arc in T. If f € H®(A), g € H(A), fg can be
continued analytically across T and |f(¢)| =1, a.e. ( € T then f and g can be
continued analytically across T'.

This lemma ensures that fy can be extended analytically across T'. Therefore,
we conclude that fy € B. Also, it follows from (2.4) and (2.5) that fp is unique
and must be in B,.. This proves Lemma 2.6. ]
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Lemma 2.9. If the functions {u; : j € Z,} € L*(E,dp) are linearly independent
on E, a closed subset of I°, then for every y € R™\{0} there ewists a unique
solution to the minimum problem (2.4) and this function must be in ||y|| = B,.

Proof. For every y € R™"\{0} we have by Lemma 2.3 that ||y|~ly € OM(A).
Moreover, a function f € H2°(A) solves the minimum problem (2.4) if and only
if the function |y||~'f represents the vector ||y||~'y. Thus, the result follows
from Lemma 2.6. [

If the functions {u; : j € Z,} satisfy the hypothesis of Lemma 2.5 the only
function f € U(A) which represents ||y||~'y is the Blaschke product constructed
in Lemma 2.5. In particular, it is the unique representation of the vector ||y|| =~y
in B2L.

We are now ready to prove Theorem 2.1.

Proof. (Theorem 2.1). If y € OM(A) then ||y|| = 1 and so the result follows
from Lemma 2.5 and the above remark. Conversely, if B € B?~! we define the
vector y = (y; : j € Z,) € R™ by setting y; = (u;,B), j € Z, then Lemma
2.1 implies that y # 0. Consequently, ||y|| "'y € 9M(A) by Lemma 2.3 and the
function ||y|| =B represents it. But then, by Lemma 2.5, ||ly|| !B € B, and, in
particular, |ly|| = 1. Thus Lemma 2.3 tells us that y € 9M(A). ™

Our next goal is to construct two distinguished representers for any interior
point of M (A).

Theorem 2.2. If the functions {u; : j € Z,} form a weak Chebyshev system and
E is a closed subset of I0 on which these functions are linearly independent then
every y € MC°(A) has evactly two representers in B2, one is positively oriented
By € B! and the other B_ € B} is negatively oriented. Moreover, if u, is in
the convexity cone K of the functions {u; : j € Z,} then for every h € U(A)

which represents y we have that

(tn, B—) < (tn, h) < (un, By). (2.6)

This theorem embodies our version for the moment space M(A) of the
Markoff-Krein theorem for M (I), as presented in [8]. We note that not only
each of the Blaschke products B_ and B, constructed in Theorem 2.2 has n
simple zeros in I° but also their difference B_ — By has n simple zeros in I°.

For the proof of the above theorem we use the following fact about Blaschke
products.

Lemma 2.10 If B; € B™, j = 1,2 are distinct Blaschke products in B™ then
B; — By has at most n := min{ny,na} zeros in A. Moreover, if n1 = ny and
Bi — By has n zeros in A then it is not zero on T .

Proof. First, we suppose n = ns and B; — By has more than n zeros in A.
Consequently, for ¢ > 0 sufficiently small the function ¢g := (1 — €)By — Bs
likewise has more than n zeros in A. But, for z € T, we have that
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l9(2) + B2(2)] = (1 = €)|B1(2)| < |Ba(2)],

and so by Rouche’s theorem ¢g can only have n zeros in A. Hence, we have
established by contradiction that B; — By has at most n zeros in A. Now,
suppose n1 = ng, By — By has exactly n zeros at {z;: j € Z,} in A and there is
a ¢ € T so that B1(¢) = Ba({). We can write each B;, j = 1,2, for z € A in the
form

p;(2)
B; (2) = XC njif_la
2"pi(Z77)
where each p;, j = 1,2, are polynomials of degree at most n with zeros only

in A normalized so that p;({) =1, j = 1,2 and A is a complex constant in 7.
Hence, the polynomial ¢ of degree 2n defined for z € C by

q(z) == Z"{pl(z)fh(%) - pg(z)l@}

z

vanishes in the extended complex plane on the points {z;, z_j_l :j € Zy} as well
as at ¢ € T. This contradiction proves the lemma. n

We now turn to the proof of Theorem 2.2.

Proof of Theorem 2.2. Let us first establish the existence of the functions By and
then we will prove inequality (2.6). In fact, (2.6) is the key to our construction
of the functions B4. To this end, we first transform the functions {u; : j € Z,,}
into a Chebyshev system. The standard way to accomplish this is to choose a
d > 0 and define functions u;(-,9),j € Z,, at t € I, by the formula

ui(t;6) = 1/\/%/exp(—(t —7)2/28%)uj(r)dr, j € Z,. (2.7)
0

The functions {u;(-,0) : j € Z,,} form a Chebyshev system on I and 6lim+ u;(+;0)
—0

= u;, i € Z,, uniformly on compact subsets of I°.

According to a result from [16] there exists a function w,(+,d) continuous on
I such that the functions {u;(-,0) : j € Z,41} likewise from a Chebyshev system
on I. (This result was proved earlier in [8, p. 241-245] under stronger hypotheses
on the initial Chebyshev system {u; : j € Z,}.) We define the quantities

y+(5) = maX{(un('vé)a h) s he U(A)a (Uj(-,é), h) = Yj, J € Zn}’?
and also
y—(0) := min{(un(-,0), h): h e U(A), (u;(-,9), h) =y,, j € Zn}.
Since y € M°(A) it follows that y, (§) > y_(§) for § sufficiently small. Let us

restrict ourselves to these small values of § and also observe that the vectors
(y1,Y25 -, Yn,y+(0)) are both on the boundary of the moment space
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My(A) i= {(us(8) : j € Zus1) : h € U(A)}.

Hence, by Theorem 2.1 there are Blaschke products By(,d) € B* which rep-
resent the vectors (y1,y2,- .. ,Yn, y+(0)), respectively. Therefore, the (nonzero)
function

g = B+(75) - B_(,(S)
has the property that

This implies, by Lemma 2.1, that ¢ has at least n zeros in I°. Consequently, by
Lemma 2.10 we conclude that g has exactly n zeros in I° and that g(1) # 0. We
also know that

(unJrl('a 5)7 g) >0

and so by Lemma 2.2, g must be positively oriented which implies that g(1) > 0.
Consequently, we have established that

Bi(1;6) = +1

for ¢ sufficiently small. Now, we let § — 0% and by a standard compactness
argument we conclude the existence of two Blaschke products By € B}’ which
represent y € M°(A) with the property that By (1) = +£1. According to (2.7)
and Lemma 2.10, they necessarily have exactly n zeros in I°.

Next, we prove the inequality (2.6). First, we use Lemma 2.1 to conclude
for any h which represents y that the functions By — h and B_ — h have at
least n zeros in I°. Now, we invoke Rouche’s theorem to show that each of these
functions has ezactly n zeros, since for any € € (0,1) there is a 6 € (0,1) such
that for all z € §T we have that

[B+(2) = (1 = €)h(2) — B£(2)| = (1 — ¢)|h(2)] < 1 — € <[Bx(2)]-

We shall apply this fact in the following way. Since y € M°(A) there is a function
ho which represents it for which ||hg||a < 1. Therefore, for any p € (0,1) the
function h, := (1 — p)h + phg also represents y and likewise satisfies ||h,||a < 1.
Moreover, By —h, is positively oriented and so, by our above remark, has n zeros
in I° We appeal to Lemma 2.2 to obtain that (un,h,) > 0. Letting p — 0F
proves the upper bound in (2.6). The lower bound is proved in a similar way.

Now, suppose there is another B € B]’ which represents y and is different
from both By and B_. Therefore, for some § > 0, B is different from By (-, )
and B_(-,d) as well. By construction, we have that

(un(,é),B,(,é)) < (Un(,5),B) < (Un(,5),B+(,5))
and
(uiji('a(s)) = (ujaB) =Y, JE Zn.

Thus, we may apply the above argument to the function B, (-,d) — B and con-
clude that it has n zeros in A. Therefore, Lemma 2.10 implies that B(1) = —1.
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Likewise, when we apply this argument to B—B_(+, §) we conclude that B(1) =1
which is a contradiction.

As remarked earlier, not only each By has n zeros in I° but also B, — B_
has n zeros in I° and is positive in some neighborhood of one in I.

Before we apply Theorem 2.2 to the identification of the envelope of the
function class Si(A), we give one additional result for the class U(A) which
parallels a result presented in [9] for the class U(I). The formulation of this
result uses the vector e := ((—1)7 : j € Z,) and for every y = (y; : j € Z,,) we
set

[¥lloo = max{|y;| : j € Zn}.

Theorem 2.3. If for j € Z, the functions {uy : k € Z, \ {j}} form a weak
Chebyshev system on I° and E is a closed subset of I° on which these functions
are linearly independent then for everyy = (y; : j € Z,,) € R™"\{0} we have that

lyll < llellllyll
and equality holds if and only if y = +te.

Proof. We assume that ||y||oc < 1, let d := ||y||*|e|| and choose By, B € Br~!
such that Bj represents ||y|| "'y and B represents |le|~‘e. Also, we choose
a o0 = £1 so that the function h := od||y||B1 — ||e|| Bz vanishes at one. Let
x := ody — e and observe that

(Uj,h):Ij, jGZn.

If d <1 then the vector « weakly alternates, that is, zjz;11 <0, j € Z,. Also,
note that if 2 = 0 then h has n zeros in I which is impossible by Lemma 2.10
and so ¢ # 0. We choose a j € Z,, so that x; # 0 and define the functions
Vg = ug —xkxjfluj, k € Z,\{j}. Hence, we have that (vg,h) =0, k € Z,\ {5}
Since the set of functions {vy, : k € Z,\ {j}} form a weak Chebyshev system, see
[9, Lemma 5], we conclude by Lemma 2.1 that h has n — 1 zeros in I°, and by
Lemma 2.10 k(1) # 0. This is a contradiction and hence d > 1 unless y = *e.
|

3. Envelopes

In this section we identify the envelope of the function class S;(A) as de-
scribed in the introduction. We shall prove the following theorem.

Theorem 3.1. Let k be a positive integer and n a nonnegative integer. Given
any points {t; : j € Zyyn} such that —1 <ty < -+ < tpin—1 < 1 and a data
(Yj 1 J € Zpyn) in the interior of the moment space

{(f(tj) 15 € Znyr) : f € Sk(A)},
there are two (unique) functions fx € D(Y') such that fj([k) € B} where fik) is

positively oriented, fﬁk) is negatively oriented and for all x € I,
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T ale) = max(fi(z), f-(x)) (3.1)
and

f (@) = min(fs (@), - (). (3.2)

Proof. The first step in the proof is to reduce the requirement that a function
f € D(Y)NSi(A) to moment conditions on f*). Here we use divided differences.
We let [y;,...,Yj+k],J € Z, denote the k-th divided difference of the data
Yjs--- > Yj+k at tj,... ,tjyx, and M; denote the B-spline of degree k — 1 with
knots at t;,... ,t;4k so that f € D(Y) implies that

M@0t = e 0

where ¢ := f*) and E := [to,tk+n—1]. Conversely, when a function g satisfies
(3.1) there is an f € D(Y) with g = f®*). Thus, we are led to consider the
moment space M (A) generated by the functions {M, : j € Z,,}. Here we must
pause a moment and contemplate that the B-splines in (3.1) are continuous only
when k& > 1. So, let us first impose this restriction and deal with the exceptional
case later. It is known that these functions form a weak Chebyshev system on
R and are linearly independent on any subinterval of the real line, [7]. Our
hypothesis on the data Y implies that the vector d := ([y;,... ,yj+k] 1 § € Zy)
is in the interior of M(A) and so we can apply Theorem 2.2 and obtain two
functions fy € D(Y') with the property that fJ(rk) € B! is positively oriented and
fﬁk) € B} is negatively oriented.

Let us now prove these functions envelope our class Si(A). To this end, let
f be any other function in Si(A)ND(Y). The function h := f — f has at least
n + k zeros on the set of points {¢; : j € Z,4+}. If it vanishes at another point

not in this set then Rolle’s theorem implies that fik) — f) has at least n + 1

zeros. But then for €, a small positive number, the function g := (1 fe)f(k) ff_(kk)
has at least n + 1 zeros. However, there is a § € (0, 1) such that for any z € §T
we have that

9(2) + £ ) = 11— fP ()] < |1 (2)].

Thus, by Rolle theorem, fi crosses f only on the set {t; : j € Zxtn} and fy
exceeds f beyond t,ir—1. Analogous facts hold for f_. This proves (3.1) and
(3.2).

There remains the case k = 1. A cursory glance at the proof of Theorem 2.1
reveals that the need for continuity of the functions {u; : j € Z,} disappears
as soon as they were “heated up” by (2.7). We only needed that the functions
(2.7) were a Chebyshev system and that they converge in L!(I). This all works
for the B-spline in (3.1) even for k = 1. ™

Theorem 3.1 is also true for the case k = 0. The proof of this fact relies
on the Pick-Nevanlinna interpolation theorem. Thus we do not require Lemmas
2.1, 2.2 and 2.5, but only need to use Rolle’s theorem on I and Rouche’s theorem
on A to prove the result.
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We remark in the special case that y = 0 we have that f, = —f_ and
Theorem 3.1 was proved in [2].
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