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Abstract. In this paper, we study the geometry of the space of moments, relative to

a weak Chebyshev system, of functions holomorphic in the unit disc which are real-

valued on the real axis. We use our conclusion to identify the envelope of all functions

which are real-valued on the real axis, whose k-th derivative is holomorphic in the disc

and bounded by one there.

1. Introduction

We let Δ := {z : |z| < 1} be the unit disc, T := {z : |z| = 1} its boundary, I :=
[−1, 1] and H∞(Δ) the Banach space of all complex-valued analytic functions f
with norm

‖f‖Δ := sup{|f(z)| : z ∈ Δ}.
The subspace of functions in H∞(Δ) which are real on the interval I shall be
denoted by H∞

r (Δ) . That is, by the reflection principle they satisfy the equation

f(z) = f(z), z ∈ Δ.

For the unit ball in H∞
r (Δ), we use

U(Δ) := {f : f ∈ H∞
r (Δ), ‖f‖Δ ≤ 1}
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and by analogy U(I) stands for the corresponding unit ball in the space of real-
valued functions in L∞(I).

Let E be a closed subset of I0 := (−1, 1) and dμ a Borel measure on E with
μ(E) > 0, having no atoms there. We set Zn := {0, 1, . . . , n − 1} and prescribe
a set of functions {uj : j ∈ Zn} in C(I) which are linearly independent on E.
The object of our study in this paper is the moment space M(Δ) generated by
these functions which is defined by

M(Δ) := {((uj , h) : j ∈ Zn)) : h ∈ U(Δ)}
where we set

(u, h) :=
∫

E

u(t)h(t)dμ(t).

We also use M(I) for the moment space corresponding to L∞(I).
When the functions {uj : j ∈ Zn} form a Chebyshev System on I, the moment

space M(I) is considered in [8, Chapter VIII]. Here, we provide similar results
for M(Δ) when these functions form a weak Chebyshev system on I. Specifically,
our goal here is two fold: to provide a version of the Markoff-Krein theorem as
presented in [8, Chapter III], under our circumstances, and to apply this theorem
to the solution of the following extremal problems. To describe them, we let, for
every positive integer k, W∞

k (I) be the Sobolev class of all real-valued functions
f such that all of its derivatives f (j), j ∈ Zk are absolutely continuous on I and
that f (k) ∈ L∞(I). We use Sk(Δ) for the subset of functions defined by

Sk(Δ) := {f : f ∈ W∞
k (I), f (k) ∈ U(Δ)}.

We specify an increasing sequence of points π := {tj : j ∈ Zk+n} in I0, where
n is a nonnegative integer, data Y := {yj : j ∈ Zk+n} and let D(Y ) be the
subspace of all functions f in C(I) such that f(tj) := yj , j ∈ Zk+n. For any
x ∈ I, we consider the extremal problems

f(x)Δ := min{f(x) : f ∈ D(Y ) ∩ Sk(Δ)} (1.1)

and
f(x)Δ := max{f(x) : f ∈ D(Y ) ∩ Sk(Δ)}, (1.2)

which determine the envelope of the function class Sk(Δ) defined to be the
boundary of the points in the planar region Sk(Δ) := {(x, y) : y ∈ [f(x)Δ, f(x)Δ],
x ∈ I}. We shall give a description of this set. Our motivation and guide for this
task comes from our early interest concerning the planar region Sk(I) which was
important in [10] for accelerating the convergence of the binary search algorithm
for finding a root of a function, see [10] and also [11, 12] for further details. The
study of the envelope Sk(I) was also considered in [4] as well as in [5 - 6, 13]
where its relevance to optimal interpolation is discussed.

2. The Moment Space M(Δ)

We begin by reviewing necessary properties of weak Chebyshev systems. To this
end, we adopt the following terminology and notation from [9].
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Definition 2.1. A set of functions {uj : j ∈ Zn} which are continuous on the
interval I is called a weak Chebyshev system provided that for all −1 ≤ t1 <
t2 < · · · < tn ≤ 1 the n × n determinant

U

(
t0, t1, . . . , tn−1

u0, u1, . . . , un−1

)
:= det (uj(tl))j,l∈Zn

is nonnegative. When all these determinants are positive, these functions are
called a Chebyshev system.

We use U to denote the subspace spanned by the set of functions {uj :
j ∈ Zn} and K for the convex cone of all functions un ∈ C(I) such that the
set of functions {uj : j ∈ Zn+1} form a weak Chebyshev system. We say
that an h ∈ L∞(E) has m weak sign changes provide that there are points
t1, t2, . . . , tm ∈ E with −1 = t0 < t1 < · · · < tm < tm+1 = 1 and an integer r
such that for t ∈ (tj , tj+1) ∩ E, j ∈ Zm+1 we have that

h(t) = (−1)j+r |h(t)|.
In addition, we say h is positively oriented, if r = m, and negatively oriented, if
r = m − 1. Note that a positively oriented function is nonnegative on the last
interval (tm, tm+1). When h has a finite number of weak sign changes on E we
let S−(h) denote the maximum number of such sign changes, otherwise we set
S−(h) = ∞.

Lemma 2.1. If the set of functions {uj : j ∈ Zn} form a weak Chebyshev
system on the interval I, E is a closed subset of I with μ(E) > 0 on which these
functions are linearly independent, h a function in L∞(E) with the property that
μ{{t : h(t) = 0, t ∈ E}} = 0 and

(uj , h) = 0, j ∈ Zn

then S−(h) ≥ n.

The proof of this lemma follows from the same line of reasoning used to prove
Lemma 1 in [9], which covers the case when dμ is Lebesgue measure.

The next lemma provides us information about the orientation of the function
h in Lemma 2.1 when it has the least number of sign changes.

Lemma 2.2. Let the functions {uj : j ∈ Zn} form a Chebyshev system on
I and h satisfy the hypotheses of Lemma 2.1. In addition, if h has exactly n
sign changes, is positively oriented, the functions {uj : j ∈ Zn+1} form a weak
Chebyshev system and are linearly independent on E then

(un, h) > 0.

Proof. By hypothesis there exists points {tj : j ∈ Zn+2} ⊆ E with −1 = t0 <
t1 < · · · < tn < tn+1 = 1 so that for t ∈ Ej := (tj , tj+1) ∩ E, j ∈ Zn+1, there
holds
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h(t) = (−1)i+n|h(t)|.
We consider the function u defined for t ∈ I by the equation

u(t) = U

(
t0, t1, . . . , tn−1, t
0, 1, . . . , n − 1, n

)
.

This function can be written in the form

u =
∑

j∈Zn+1

ajuj

for some constants {aj : j ∈ Zn+1} where

an = U

(
t0, t1, . . . , tn−1

0, 1, . . . , n − 1

)
> 0.

Therefore, we have that

an(un, h) = (u, h) =
∑

i∈Zn+1

∫
Ei

u(t)h(t)dμ(t) =
∫
E

|u(t)| |h(t)|dμ(t) > 0

and we conclude that (un, h) > 0. �

We now introduce an useful norm on Rn induced by M(Δ). Specifically, for
each y = (yj : j ∈ Zn) ∈ Rn we let

‖y‖ := min{‖h‖Δ : (uj, h) = yj , j ∈ Zn, h ∈ H∞
r (Δ)}. (2.1)

In the definition of this norm we only require that the function {uj : j ∈ Zn}
are in L1(E, dμ).

The minimum is achieved because, by a normal family argument, every min-
imizing sequence contains a subsequence which converges in H∞

r (Δ). The next
lemma use this norm to characterize ∂M(Δ) := boundary of M(Δ).

Lemma 2.3. If the functions {uj : j ∈ Zn} in L1(E, dμ) are linearly indepen-
dent on E then y ∈ M(Δ) if and only if ‖y‖ ≤ 1 where equality holds if and only
if y ∈ ∂M(Δ).

Proof. This fact is straightforward to prove. Indeed, by definition, y ∈ M(Δ) if
and only if ‖y‖ ≤ 1. If ‖y‖ < 1 there is an h ∈ H∞

r (Δ) with ‖h‖Δ < 1 such that

(uj , h) = yj , j ∈ Zn.

Now, choose any functions {vj : j ∈ Zn} ⊂ H∞
r (Δ) such that

(uj , vk) = δjk, j, k ∈ Zn.

Therefore, for any vector x = (xj : j ∈ Zn) ∈ Rn for which

‖x‖1 :=
∑

j∈Zn

|xj | ≤ κ−1(1 − ‖h‖Δ)
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where κ := max{‖vj‖Δ : j ∈ Zn}, the function

H := h +
∑

j∈Zn

xjvj

is in U(Δ) and satisfies the moment conditions

(uj , h) = yj + xj , j ∈ Zn.

This implies that y /∈ ∂M(Δ). Conversely, if y ∈ M0(Δ) then for some ε > 0
there is an h ∈ U(Δ) such that

(uj , h) = (1 + ε)yj, j ∈ Zn.

Hence, we conclude that ‖y‖ ≤ (1 + ε)−1 < 1. �

Our next goal is to characterize the boundary of M(Δ) in terms of Blaschke
products. Recall that a function B ∈ H∞(Δ) is a Blaschke product of degree n
if for some constant λ ∈ T and points {zj : j ∈ Zn} ⊆ Δ, we have for all z ∈ Δ
that

B(z) = λ
∏

j∈Zn

z − zj

1 − zzj
.

The Blaschke product B has a modulus which is identically one on T and B is
in U(Δ) if and only if λ = ±1 and its zeros satisfy the condition that {zj : j ∈
Zn} = {z̄j : j ∈ Zn}. We denote the set of all Blaschke products of degree n or
less by Bn and a finite Blaschke product is any function in

B :=
⋃

n∈Z+

Bn.

Likewise, we set Bn
r := Bn ∩ H∞

r (Δ) and Br := B ∩ H∞
r (Δ).

For any y ∈ M(Δ) we say that the function h represents y provided that
h ∈ U(Δ) and (uj, h) = yj , j ∈ Zn. Our first result characterizes the boundary
of M(Δ) in terms of Blaschke products.

Theorem 2.1. If the set of functions {uj : j ∈ Zn} form a weak Chebyshev
system and E is a closed subset of I0 on which these functions are linearly
independent then y ∈ ∂M(Δ) if and only if y is represented by a Blaschke
product in Bn−1

r . Moreover, when this is the case this representation is unique.

We prove this result by means of a series of lemmas, the first of which is a
useful fact obtainable from [3].

Lemma 2.4. There exists an odd continuous mapping F : Rn\{0} → Bn−1
r

where Bn−1
r is given the topology of uniform convergence on compact subsets of

Δ.

From this lemma follows the next result.
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Lemma 2.5. If the set of functions {uj : j ∈ Zn} form a weak Chebyshev system
and E is a closed subset of I on which these functions are linearly independent
then for every y = (yj : j ∈ Zn) ∈ Rn\{0} there is a B ∈ Bn−1

r which represents
‖y‖−1y.

Proof. Let us first prove the existence of B ∈ Bn−1
r which represents ‖y‖−1y.

To this end, we first extend the vector y to a basis {yj : j ∈ Zn} of Rn where
we choose yn−1 := y. Next, we define a map

G := (Gj : j ∈ Zn) : Rn\{0} → Rn−1

by setting for each w ∈ Rn\{0} and j ∈ Zn−1

Gj(w) :=
∑

k∈Zn

yj
k(uk, F (w)),

where the map F : Rn\{0} → Bn−1
r is given in Lemma 2.4. We observe that

G : Rn\{0} → Rn−1 is an odd continuous map and so by the Borsuk antipodal
mapping theorem there is a w ∈ Rn\{0} for which G(w) = 0. Thus, there is an
s ∈ Rn and B̂ ∈ Bn−1

r such that

(uj , B̂) = syj, j ∈ Zn−1. (2.2)

By Lemma 2.1 we see that s �= 0. Therefore, when we set t := |s| and B :=
(sgn s)B̂ so that (2.4) implies that

(uj , B) = tyj, j ∈ Zn,

which provides the conclusion that ‖y‖ ≤ t−1. We shall show that ‖y‖ = t−1.
Suppose to the contrary that ‖y‖ < t−1. We choose an f ∈ H∞

r (Δ) which
represents y such that ‖f‖Δ = ‖y‖ (we prove in Lemma 2.6 that any such f is
in Br), let g = f − t−1B and observe for z ∈ T that

|g(z) + t−1B(z)| ≤ ‖f‖Δ < |t−1B(z)|.
Since B ∈ Bn−1

r , we conclude, from Rouche’s theorem, that g has at most n− 1
zeros in Δ. However, we have for j ∈ Zn that

(uj , g) = (uj, f) − t−1(uj, B) = 0.

Invoking Lemma 2.1, we conclude that either g is identically zero or has at least
n zeros. In either case, we derive a contradiction, thereby proving the result. �

Below we shall prove that the Blaschke product appearing in Lemma 2.5 is
the unique representer of ‖y‖−1y. We start with Lemma 2.6.

Lemma 2.6. If the functions {uj : j ∈ Zn} ⊂ L1(E, dμ) are linearly indepen-
dent on E, a closed subset of I0, then every y ∈ ∂M(Δ) has a unique representer
and this representer must be in Br.

Proof. Let y = (yj : j ∈ Zn) ∈ ∂M(Δ) then there is (xj : j ∈ Zn) ∈ Rn\{0}
such that for all f ∈ U(Δ)
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∑
k∈Zn

xkyk ≥
∑

k∈Zn

xk(uk, f).

We choose a function f0 ∈ ∂U(Δ) which represents y. Therefore, by the Cauchy
integral formula, we have the inequality

1
2π

∫
T

f0(eiθ)g(eiθ)dθ ≥ 1
2π

∫
T

f(eiθ)g(eiθ)dθ. (2.3)

where the function g is defined for z ∈ Δ by the equation

g(z) := z

∫
E

∑
i∈Zn

xiui(t)
z − t

dμ(t).

This function is analytic in C\E and real-valued on I. Let H1(Δ) consist of all
those analytic functions h on Δ for which

sup
{ 1

2πi

∫
T

|h(rζ)|dζ

ζ
: 0 < r < 1

}
< ∞

and H1
0 (Δ) those functions in H1(Δ) which vanish at the origin. Since the

function g is in L1(T ) and satisfies the condition g(ζ) = g(ζ) , ζ ∈ T , it has a
best approximation g0 ∈ H1

0 (Δ) which is real on I. We learn more about this
function from the following result which is a consequence of [14, Proposition 6].

Lemma 2.7. Let u be a function analytic in an annular region containing T .
If v is any best H1

0 (Δ) approximation to u in L1(T ) then v is analytic in a
neighborhood of T .

We apply this lemma to the above circumstance to conclude that g0 is an-
alytic in a neighborhood of Δ. Moreover, by a standard extremal argument cf.
[14] inequality (2.5) implies that

f0(ζ)(g(ζ) + g0(ζ)) ≥ 0, a.e. ζ ∈ T (2.4)

and
|f0(ζ)| = 1, a.e. ζ ∈ T. (2.5)

We wish to prove from equations (2.4) and (2.5) that f0 is a Blaschke product.
For the proof of this claim we use the following fact [15, Lemma 4.5].

Lemma 2.8. Let Γ be an open arc in T . If f ∈ H∞(Δ), g ∈ H1(Δ), fg can be
continued analytically across Γ and |f(ζ)| = 1, a.e. ζ ∈ T then f and g can be
continued analytically across Γ.

This lemma ensures that f0 can be extended analytically across T . Therefore,
we conclude that f0 ∈ B. Also, it follows from (2.4) and (2.5) that f0 is unique
and must be in Br. This proves Lemma 2.6. �
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Lemma 2.9. If the functions {uj : j ∈ Zn} ∈ L1(E, dμ) are linearly independent
on E, a closed subset of I0, then for every y ∈ Rn\{0} there exists a unique
solution to the minimum problem (2.4) and this function must be in ‖y‖−1Br.

Proof. For every y ∈ Rn\{0} we have by Lemma 2.3 that ‖y‖−1y ∈ ∂M(Δ).
Moreover, a function f ∈ H∞

r (Δ) solves the minimum problem (2.4) if and only
if the function ‖y‖−1f represents the vector ‖y‖−1y. Thus, the result follows
from Lemma 2.6. �

If the functions {uj : j ∈ Zn} satisfy the hypothesis of Lemma 2.5 the only
function f ∈ U(Δ) which represents ‖y‖−1y is the Blaschke product constructed
in Lemma 2.5. In particular, it is the unique representation of the vector ‖y‖−1y
in Bn−1

r .
We are now ready to prove Theorem 2.1.

Proof. (Theorem 2.1). If y ∈ ∂M(Δ) then ‖y‖ = 1 and so the result follows
from Lemma 2.5 and the above remark. Conversely, if B ∈ Bn−1

r we define the
vector y = (yj : j ∈ Zn) ∈ Rn by setting yj = (uj , B), j ∈ Zn then Lemma
2.1 implies that y �= 0. Consequently, ‖y‖−1y ∈ ∂M(Δ) by Lemma 2.3 and the
function ‖y‖−1B represents it. But then, by Lemma 2.5, ‖y‖−1B ∈ Br and, in
particular, ‖y‖ = 1. Thus Lemma 2.3 tells us that y ∈ ∂M(Δ). �

Our next goal is to construct two distinguished representers for any interior
point of M(Δ).

Theorem 2.2. If the functions {uj : j ∈ Zn} form a weak Chebyshev system and
E is a closed subset of I0 on which these functions are linearly independent then
every y ∈ M0(Δ) has exactly two representers in Bn

r , one is positively oriented
B+ ∈ Bn

r and the other B− ∈ Bn
r is negatively oriented. Moreover, if un is in

the convexity cone K of the functions {uj : j ∈ Zn} then for every h ∈ U(Δ)
which represents y we have that

(un, B−) ≤ (un, h) ≤ (un, B+). (2.6)

This theorem embodies our version for the moment space M(Δ) of the
Markoff-Krein theorem for M(I), as presented in [8]. We note that not only
each of the Blaschke products B− and B+ constructed in Theorem 2.2 has n
simple zeros in I0 but also their difference B− − B+ has n simple zeros in I0.

For the proof of the above theorem we use the following fact about Blaschke
products.

Lemma 2.10 If Bj ∈ Bnj , j = 1, 2 are distinct Blaschke products in Bn then
B1 − B2 has at most n := min{n1, n2} zeros in Δ. Moreover, if n1 = n2 and
B1 − B2 has n zeros in Δ then it is not zero on T .

Proof. First, we suppose n = n2 and B1 − B2 has more than n zeros in Δ.
Consequently, for ε > 0 sufficiently small the function g := (1 − ε)B1 − B2

likewise has more than n zeros in Δ. But, for z ∈ T , we have that
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|g(z) + B2(z)| = (1 − ε)|B1(z)| < |B2(z)|,
and so by Rouche’s theorem g can only have n zeros in Δ. Hence, we have
established by contradiction that B1 − B2 has at most n zeros in Δ. Now,
suppose n1 = n2, B1 −B2 has exactly n zeros at {zj: j ∈ Zn} in Δ and there is
a ζ ∈ T so that B1(ζ) = B2(ζ). We can write each Bj , j = 1, 2, for z ∈ Δ in the
form

Bj(z) = λζn pj(z)

znpj(z−1)
,

where each pj , j = 1, 2, are polynomials of degree at most n with zeros only
in Δ normalized so that pj(ζ) = 1, j = 1, 2 and λ is a complex constant in T .
Hence, the polynomial q of degree 2n defined for z ∈ C by

q(z) := zn
{
p1(z)p2

(1
z

)
− p2(z)p1

(1
z

)}

vanishes in the extended complex plane on the points {zj , zj
−1 : j ∈ Zn} as well

as at ζ ∈ T . This contradiction proves the lemma. �

We now turn to the proof of Theorem 2.2.

Proof of Theorem 2.2. Let us first establish the existence of the functions B± and
then we will prove inequality (2.6). In fact, (2.6) is the key to our construction
of the functions B±. To this end, we first transform the functions {uj : j ∈ Zn}
into a Chebyshev system. The standard way to accomplish this is to choose a
δ > 0 and define functions uj(·, δ), j ∈ Zn, at t ∈ I, by the formula

uj(t; δ) = 1/
√

2πδ

1∫
0

exp(−(t − r)2/2δ2)uj(r)dr, j ∈ Zn. (2.7)

The functions {uj(·, δ) : j ∈ Zn} form a Chebyshev system on I and lim
δ→0+

ui(·; δ)
= ui, i ∈ Zn, uniformly on compact subsets of I0.

According to a result from [16] there exists a function un(·, δ) continuous on
I such that the functions {uj(·, δ) : j ∈ Zn+1} likewise from a Chebyshev system
on I. (This result was proved earlier in [8, p. 241-245] under stronger hypotheses
on the initial Chebyshev system {uj : j ∈ Zn}.) We define the quantities

y+(δ) := max{(un(·, δ), h) : h ∈ U(Δ), (uj(·, δ), h) = yj, j ∈ Zn},

and also

y−(δ) := min{(un(·, δ), h) : h ∈ U(Δ), (uj(·, δ), h) = yj , j ∈ Zn}.

Since y ∈ M0(Δ) it follows that y+(δ) > y−(δ) for δ sufficiently small. Let us
restrict ourselves to these small values of δ and also observe that the vectors
(y1, y2, . . . , yn, y±(δ)) are both on the boundary of the moment space
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Mδ(Δ) := {(uj(·, δ) : j ∈ Zn+1) : h ∈ U(Δ)}.
Hence, by Theorem 2.1 there are Blaschke products B±(·, δ) ∈ Bn

r which rep-
resent the vectors (y1, y2, . . . , yn, y±(δ)), respectively. Therefore, the (nonzero)
function

g := B+(·, δ) − B−(·, δ)
has the property that

(uj(·, δ), g) = 0, j ∈ Zn. (2.8)

This implies, by Lemma 2.1, that g has at least n zeros in I0. Consequently, by
Lemma 2.10 we conclude that g has exactly n zeros in I0 and that g(1) �= 0. We
also know that

(un+1(·, δ), g) > 0

and so by Lemma 2.2, g must be positively oriented which implies that g(1) > 0.
Consequently, we have established that

B±(1; δ) = ±1

for δ sufficiently small. Now, we let δ → 0+ and by a standard compactness
argument we conclude the existence of two Blaschke products B± ∈ Bn

r which
represent y ∈ M0(Δ) with the property that B±(1) = ±1. According to (2.7)
and Lemma 2.10, they necessarily have exactly n zeros in I0.

Next, we prove the inequality (2.6). First, we use Lemma 2.1 to conclude
for any h which represents y that the functions B+ − h and B− − h have at
least n zeros in I0. Now, we invoke Rouche’s theorem to show that each of these
functions has exactly n zeros, since for any ε ∈ (0, 1) there is a δ ∈ (0, 1) such
that for all z ∈ δT we have that

|B±(z) − (1 − ε)h(z) − B±(z)| = (1 − ε)|h(z)| ≤ 1 − ε < |B±(z)|.

We shall apply this fact in the following way. Since y ∈ M0(Δ) there is a function
h0 which represents it for which ‖h0‖Δ < 1. Therefore, for any ρ ∈ (0, 1) the
function hρ := (1− ρ)h + ρh0 also represents y and likewise satisfies ‖hρ‖Δ < 1.
Moreover, B+−hρ is positively oriented and so, by our above remark, has n zeros
in I0. We appeal to Lemma 2.2 to obtain that (un, hρ) > 0. Letting ρ → 0+

proves the upper bound in (2.6). The lower bound is proved in a similar way.
Now, suppose there is another B ∈ Bn

r which represents y and is different
from both B+ and B−. Therefore, for some δ > 0, B is different from B+(·, δ)
and B−(·, δ) as well. By construction, we have that

(un(·, δ), B−(·, δ)) ≤ (un(·, δ), B) ≤ (un(·, δ), B+(·, δ))
and

(uj, B±(·, δ)) = (uj , B) = yj, j ∈ Zn.

Thus, we may apply the above argument to the function B+(·, δ) − B and con-
clude that it has n zeros in Δ. Therefore, Lemma 2.10 implies that B(1) = −1.
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Likewise, when we apply this argument to B−B−(·, δ) we conclude that B(1) = 1
which is a contradiction. �

As remarked earlier, not only each B± has n zeros in I0 but also B+ − B−
has n zeros in I0 and is positive in some neighborhood of one in I.

Before we apply Theorem 2.2 to the identification of the envelope of the
function class Sk(Δ), we give one additional result for the class U(Δ) which
parallels a result presented in [9] for the class U(I). The formulation of this
result uses the vector e := ((−1)j : j ∈ Zn) and for every y = (yj : j ∈ Zn) we
set

‖y‖∞ := max{|yj| : j ∈ Zn}.
Theorem 2.3. If for j ∈ Zn the functions {uk : k ∈ Zn \ {j}} form a weak
Chebyshev system on I0 and E is a closed subset of I0 on which these functions
are linearly independent then for every y = (yj : j ∈ Zn) ∈ Rn\{0} we have that

‖y‖ ≤ ‖e‖‖y‖∞
and equality holds if and only if y = ±e.

Proof. We assume that ‖y‖∞ ≤ 1, let d := ‖y‖−1‖e‖ and choose B1, B2 ∈ Bn−1
r

such that B1 represents ‖y‖−1y and B2 represents ‖e‖−1e. Also, we choose
a σ = ±1 so that the function h := σd‖y‖B1 − ‖e‖B2 vanishes at one. Let
x := σdy − e and observe that

(uj , h) = xj , j ∈ Zn.

If d ≤ 1 then the vector x weakly alternates, that is, xjxj+1 ≤ 0, j ∈ Zn. Also,
note that if x = 0 then h has n zeros in I0 which is impossible by Lemma 2.10
and so x �= 0. We choose a j ∈ Zn so that xj �= 0 and define the functions
vk := uk −xkx−1

j uj , k ∈ Zn \ {j}. Hence, we have that (vk, h) = 0, k ∈ Zn \ {j}.
Since the set of functions {vk : k ∈ Zn \{j}} form a weak Chebyshev system, see
[9, Lemma 5], we conclude by Lemma 2.1 that h has n − 1 zeros in I0, and by
Lemma 2.10 h(1) �= 0. This is a contradiction and hence d > 1 unless y = ±e.

�

3. Envelopes

In this section we identify the envelope of the function class Sk(Δ) as de-
scribed in the introduction. We shall prove the following theorem.

Theorem 3.1. Let k be a positive integer and n a nonnegative integer. Given
any points {tj : j ∈ Zk+n} such that −1 < t0 < · · · < tk+n−1 < 1 and a data
(yj : j ∈ Zk+n) in the interior of the moment space

{(f(tj) : j ∈ Zn+k) : f ∈ Sk(Δ)},
there are two (unique) functions f± ∈ D(Y ) such that f

(k)
± ∈ Bn

r where f
(k)
+ is

positively oriented, f
(k)
− is negatively oriented and for all x ∈ I,
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fΔ(x) = max(f+(x), f−(x)) (3.1)

and
f

Δ
(x) = min(f+(x), f−(x)). (3.2)

Proof. The first step in the proof is to reduce the requirement that a function
f ∈ D(Y )∩Sk(Δ) to moment conditions on f (k). Here we use divided differences.
We let [yj , . . . , yj+k], j ∈ Zn denote the k-th divided difference of the data
yj , . . . , yj+k at tj , . . . , tj+k, and Mj denote the B-spline of degree k − 1 with
knots at tj , . . . , tj+k so that f ∈ D(Y ) implies that∫

E

Mj(t)g(t)dt = [yj , . . . , yj+k]

where g := f (k) and E := [t0, tk+n−1]. Conversely, when a function g satisfies
(3.1) there is an f ∈ D(Y ) with g = f (k). Thus, we are led to consider the
moment space M(Δ) generated by the functions {Mj : j ∈ Zn}. Here we must
pause a moment and contemplate that the B-splines in (3.1) are continuous only
when k > 1. So, let us first impose this restriction and deal with the exceptional
case later. It is known that these functions form a weak Chebyshev system on
R and are linearly independent on any subinterval of the real line, [7]. Our
hypothesis on the data Y implies that the vector d := ([yj , . . . , yj+k] : j ∈ Zn)
is in the interior of M(Δ) and so we can apply Theorem 2.2 and obtain two
functions f± ∈ D(Y ) with the property that f

(k)
+ ∈ Bn

r is positively oriented and
f

(k)
− ∈ Bn

r is negatively oriented.
Let us now prove these functions envelope our class Sk(Δ). To this end, let

f be any other function in Sk(Δ)∩D(Y ). The function h := f+ − f has at least
n + k zeros on the set of points {tj : j ∈ Zn+k}. If it vanishes at another point
not in this set then Rolle’s theorem implies that f

(k)
+ − f (k) has at least n + 1

zeros. But then for ε, a small positive number, the function g := (1−ε)f (k)−f
(k)
+

has at least n + 1 zeros. However, there is a δ ∈ (0, 1) such that for any z ∈ δT
we have that

|g(z) + f
(k)
+ (z)| = |(1 − ε)f (k)(z)| < |f (k)

+ (z)|.
Thus, by Rolle theorem, f+ crosses f only on the set {tj : j ∈ Zk+n} and f+

exceeds f beyond tn+k−1. Analogous facts hold for f−. This proves (3.1) and
(3.2).

There remains the case k = 1. A cursory glance at the proof of Theorem 2.1
reveals that the need for continuity of the functions {uj : j ∈ Zn} disappears
as soon as they were “heated up” by (2.7). We only needed that the functions
(2.7) were a Chebyshev system and that they converge in L1(I). This all works
for the B-spline in (3.1) even for k = 1. �

Theorem 3.1 is also true for the case k = 0. The proof of this fact relies
on the Pick-Nevanlinna interpolation theorem. Thus we do not require Lemmas
2.1, 2.2 and 2.5, but only need to use Rolle’s theorem on I and Rouche’s theorem
on Δ to prove the result.
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We remark in the special case that y = 0 we have that f+ = −f− and
Theorem 3.1 was proved in [2].

Acknowledgement. We wish to thank Dennis B. Creamer, Head of the Department

of Computational Sciences, National University of Singapore, for providing us with a

scientifically stimulating and friendly atmosphere to complete this work. Also, we are

indebted to Liwen Qian for his helpful suggestions which improved our presentation.

References

1. C. de Boor, Computational aspects of optimal recovery, In: Optimal estimation in

approximation theory (Proc. Inter. Sympos., Freudenstadt, 1976), Plenum, New

York, 1977, 69–91.

2. S.D. Fisher, Envelopes, widths, and Landau problems for analytic functions, Con-

structive Approximation 5 (1989) 171–187.

3. S.D. Fisher and C. A. Micchelli, The n-width of sets of analytic functions, Duke

Math J. 47 (1980) 789–801.

4. P.W. Gaffney, The range of possible values of f(x), J. Inst. Math. Appl. 21

(1978) 221–226.

5. P.W. Gaffney, To compute the optimal interpolation formula, Math. Comp. 32(1978)

763–777.

6. P.W. Gaffney and M. J. D. Powell, Optimal interpolation, Numerical Analysis

(Proc. 6th Biennial Dundee Conf., Univ. Dundee, Dundee, 1975), 90–99. Lec-

ture Notes in Math., Vol. 506, Springer-Verlag, Berlin, 1976.

7. S. Karlin, Total Positivity, Vol. 1, Stanford University Press, Stanford, California,

1968.

8. S. J. Karlin and W. J. Studden, Tchebycheff Systems: with Applications in Analysis

and Statistics, Interscience Publishers, John Wiley & Sons, New York, 1966.

9. C. A. Micchelli, Best L1 approximation by weak Chebyshev systems and the unique-

ness of interpolating perfect splines, J. Approximation Theory 19 (1977) 1–14.

10. C. A.Micchelli and W.L. Miranker, High order search methods for finding roots,

J. Assoc. Comput. 22 (1975) 51–60.

11. C. A. Micchelli and T. J. Rivlin, A survey of optimal recovery, In: Optimal Estima-

tion in Approximation Theory, C. A. Micchelli and T. J. Rivlin, (Eds.) New York,

Plenum, 1977, 1–54.

12. C. A. Micchelli and T. J. Rivlin, Lectures on Optimal Recovery, Lecture Notes in

Math., Vol. 1129, Springer - Verlag, Berlin, 1985, pp. 21–93.

13. C. A. Micchelli, T. J. Rivlin and S. Winograd, The optimal recovery of smooth

functions, Numer. Math. 26 (1976) 191–200.

14. H. Royden, The boundary values of analytic and harmonic functions, Math. Z.

78 (1962) 1–24.

15. W. Rudin, Analytic functions of class Hp, Trans. Amer. Math. Soc. 78 (1955)

46–66.

16. R.A. Zalik, Existence of Tchebycheff extensions, J. Math. Anal. Appl. 51 (1975)

68–75.


