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Abstract. We consider some classes of codes defined by binary relations concerning

roots of words. An extension of the embedding schema, introduced in 1998 by the last

of the authors, is proposed. This leads to positive solution of the embedding problem,

in the finite case, for the classes of codes under consideration.

1. Preliminaries

For many classes of codes, a slight application of the Zorn’s lemma shows that
every code in a class is included in a code maximal in the same class (not neces-
sarily maximal as a code). So, in certain sense, these maximal codes completely
characterize the whole class of codes.

For such a given class C of codes, a natural question is whether every code X
satisfying some property p (usually, the finiteness or the regularity) is included
in a code Y maximal in C which still has the property p. This problem, which
we call the embedding problem for the class C, attracts a lot of interests. Un-
fortunately, this problem was solved only for several cases by means of different
combinatorial techniques.

In 1998, a general embedding schema for the classes of codes, which can be
defined by length-increasing transitive binary relations, was proposed [6]. This
allows to solve positively, in a unified way, for both the finite and the regular
case, the embedding problem for many classes of codes well-known as well as
new (see [6, 7]).

Our aim in this paper is to extend the mentioned above embedding schema to
include more classes of codes. For this we replace in the schema the requirement
“length-increasing” by a weaker one, namely the “f -increasing”. Based on the
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extended embedding schema we show that the embedding problem is solved
positively for some new classes of codes, whose definitions deal with roots of
words. These classes are all subclasses of prefix or suffix codes. Also, some
properties of these codes are considered.

We now recall some notions, notations and facts, which will be used in the
sequel. Let A throughout be a finite alphabet and A∗ the set of all the words
over A. The empty word is denoted by 1 and A+ stands for A∗ − {1}. The
number of all the occurrences of letters in a word u is the length of u, denoted
by |u|. Any subset of A∗ is a language over A. A language X over A is a code if
the equality

x1x2 . . . xn = y1y2 . . . ym,

where x1, . . . , xn, y1, . . . , ym ∈ X , implies n = m and x1 = y1, . . . , xn = yn. A
code over A is maximal if it is not properly contained in any code over A. Let
C be a class of codes over A and X ∈ C. We say that the code X is maximal
in C if it is not properly contained in any code in C. For the background of the
theory of codes we refer to [1, 3, 4].

Binary relations appeared to be a good tool to introduce new classes of codes
[2, 5 - 7]. Let ≺ be a binary relation on A∗ and X be a non-empty subset of A∗.
The language X is said to be an independent set w.r.t. ≺ if there do not exist
any different elements x, y ∈ X such that x ≺ y. We say that a class C of
codes is defined by ≺ if these codes are exactly the independent sets w.r.t. ≺.
Then, we denote the class C by C≺. Very often the relation ≺ characterizes
some property α of words, then we write ≺α instead of ≺ and, for the sake of
simplicity, Cα stands for C≺α . The relation ≺ is said to be length-increasing if
for any u, v ∈ A∗ with u �= v, u ≺ v implies |u| < |v|. We denote by � the
reflexive closure of ≺, i.e. for any u, v ∈ A∗, u � v if and only if u ≺ v or u = v.

The following binary relations on A∗, as easily verified, are transitive (except
for ≺b) and length-increasing [6, 7].

u ≺p v ⇔ v = ux, with x �= 1;
u ≺s v ⇔ v = xu, with x �= 1;
u ≺b v ⇔ (u ≺p v) ∨ (u ≺s v);
u ≺p.i v ⇔ v = xuy, with y �= 1;
u ≺s.i v ⇔ v = xuy, with x �= 1;
u ≺i v ⇔ v = xuy, with xy �= 1;
u ≺p.h v ⇔ ∃n ≥ 1 : u = u1 . . . un ∧ v = x0u1 . . . unxn, with x1 . . . xn �= 1;
u ≺s.h v ⇔ ∃n ≥ 1 : u = u1 . . . un ∧ v = x0u1 . . . unxn, with x0 . . . xn−1 �= 1;
u ≺h v ⇔ ∃n ≥ 1 : u = u1 . . . un ∧ v = x0u1x1 . . . unxn, with x0 . . . xn �= 1;
u ≺p.si v ⇔ ∃w ∈ A∗ : w ≺p v ∧ u �h w;
u ≺s.si v ⇔ ∃w ∈ A∗ : w ≺s v ∧ u �h w;
u ≺si v ⇔ ∃w ∈ A∗ : w ≺i v ∧ u �h w;
u ≺p.scpi v ⇔ (∃v′ : v′ ≺p v)(∃v′′ ∈ σ(v′)) : u �h v′′;
u ≺s.scpi v ⇔ (∃v′ : v′ ≺s v)(∃v′′ ∈ σ(v′)) : u �h v′′;
u ≺scpi v ⇔ (∃v′ : v′ ≺i v)(∃v′′ ∈ σ(v′)) : u �h v′′;
u ≺p.spi v ⇔ (∃v′ : v′ ≺p v)(∃v′′ ∈ π(v′)) : u �h v′′;
u ≺s.spi v ⇔ (∃v′ : v′ ≺s v)(∃v′′ ∈ π(v′)) : u �h v′′;
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u ≺spi v ⇔ (∃v′ : v′ ≺i v)(∃v′′ ∈ π(v′)) : u �h v′′;
u ≺scp v ⇔ ∃v′ ∈ σ(v) : u ≺h v′;
u ≺sp v ⇔ ∃v′ ∈ π(v) : u ≺h v′,

where π(v) and σ(v) denote the sets of all permutations and all cyclic permuta-
tions of the word v, respectively.

The listed above relations define corresponding classes of codes which are
denoted by and named, respectively, the classes Cp of prefix codes, Cs of suffix
codes, Cb of bifix codes, Cp.i of p-infix codes, Cs.i of s-infix codes, Ci of infix codes,
Cp.h of p-hypercodes, Cs.h of s-hypercodes, Ch of hypercodes, Cp.si of p-subinfix
codes, Cs.si of s-subinfix codes, Csi of subinfix codes, Cp.scpi of p-sucyperinfix
codes, Cs.spci of s-sucyperinfix codes, Cspci of sucyperinfix codes, Cp.spi of p-
superinfix codes, Cs.spi of s-superinfix codes, Cspi of superinfix codes, Cscp of
sucypercodes and Csp of supercodes. By virtue of the embedding schema in [6]
all these classes, except for the class Cb of bifix codes, have been proved to have
positive solution for the embedding problem in both the finite and regular cases
[6, 7].

The following fact has been shown in [7].

Fact 1.1. Let ≺1 and ≺2 be binary relations on A∗. Then C≺1∪≺2 = C≺1 ∩C≺2 .

Let u ∈ A+, the word u is called primitive if u = re for some r ∈ A+ implies
e = 1. The unique primitive word r such that u = re for some integer e is called
the root of u. We shall denote by Q the set of all primitive words on A. For any
i ≥ 2, set Q(i) = {ri | r ∈ Q}, Q(1) = Q ∪ {1}. Then, obviously Q(i) ∩ Q(j) = ∅
for i �= j and A∗ =

⋃+∞
i=1 Q(i) (see [1, 4]). The following result, which will be

used in Sec. 4, is due to D. Borwein (see [4, p. 8]).

Proposition 1.2. Let u ∈ A+, u �= an, a ∈ A. Then one of the words ua and u
must be primitive.

2. New Classes of Codes

We introduce in this section some new classes of codes. They are all defined by
binary relations concerning roots of words.

Definition 2.1. Given an integer n ≥ 1 and u ∈ A+. We call root of u with
threshold n ( n-root of u, for short) the word rn(u) defined as follows

rn(u) =
{

r, if u = re, r ∈ Q, 1 ≤ e ≤ n;
u, if u = re, r ∈ Q, e > n.

By convention, rn(1) = 1. This operation can be extended to languages in a
standard way, namely rn(X) = {rn(u) | u ∈ X}.

Definition 2.2. Let Ω = {p, s, b, p.i, s.i, i, p.si, s.si, si, p.scpi, s.scpi, scpi, p.spi,
s.spi, spi, p.h, s.h, h, scp, sp}. To every α ∈ Ω and every positive integer n we
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associate a binary relation on A∗, denoted ≺n.α, which is given by

u ≺n.α v ⇔ rn(u) �α rn(v).

We denote by Cn.α the class of all the independent sets on A∗ w.r.t. the rela-
tion ≺n.α. All such classes, as we shall see later (Theorems 2.5 and 2.6), are
subclasses of prefix codes or suffix codes. In other words, Cn.α is nothing but the
class of codes defined by the relation ≺n.α. Evidently, C1.α ≡ Cα for all α ∈ Ω.

If α is p, for example, then the relation ≺n.p defines the class Cn.p, whose
members are called rn-prefix codes, etc.

Example 2.3. Consider X = {bka, bk+1} (k ≥ 1) over A = {a, b}. Since
rk(bk+1) = bk+1 ��p bka = rk(bka), X is a rk-prefix code. But it is not a
rk+1-prefix code because rk+1(bk+1) = b ≺p bka = rk+1(bka).

Example 2.4. Let A = {a, b} and k ≥ 1. Consider the following sets

X1 = {aaba, (aba)k}, X2 = {bbaba, (bab)k}, X3 = {abaab, (bab)k},
X4 = {abaabb, (bab)k}, X5 = ba+b, X6 = {baab, (aba)k},
X7 = {ak, ba}, X8 = {abba, (aba)k}, X9 = {baab, (abb)k}.

It is not difficult to check that X5 ∈ Cn.si ∩ Cn.scpi ∩ Cn.spi, and for any
n ≥ k hold the following

X1 ∈ Cn.p.i − Cn.i, X
R
1 ∈ Cn.s.i − Cn.i; X2 ∈ Cn.b − Cn.p.i ∪ Cn.s.i;

X3 ∈ Cn.p.spi − Cn.si; XR
3 ∈ Cn.s.spi − Cn.si; X4 ∈ Cn.p.i ∪ Cn.s.i − Cn.si;

X7 ∈ Cn.p.h − Cn.h, XR
7 ∈ Cn.s.h − Cn.h; X8 ∈ Cn.si − Cn.p.h ∪ Cn.s.h;

X6 ∈ Cn.si − Cn.p.spi ∪ Cn.s.spi; X9 ∈ Cn.scpi ∩ Cn.spi ∩ Cn.h − Cn.scp − Cn.sp.

It appears that the classes Cn.p, Cn.s and Cn.b constitute infinite hierarchies
on n w.r.t. inclusion. More precisely we have

Theorem 2.5. For any integers m, k ≥ 1, m > k implies Cm.p ⊂ Ck.p, Cm.s ⊂
Ck.s and Cm.b ⊂ Ck.b. In particular, for any n ≥ 1, Cn.p ⊂ C1.p ≡ Cp, Cn.s ⊂
C1.s ≡ Cs and Cn.b ⊂ C1.b ≡ Cb.

Proof. We treat only the case of rn-prefix codes. For the other cases the argu-
ment is similar. Let k, m be positive integers such m > k. We first show that if
u ≺k.p v then either u ≺m.p v or v ≺m.p u. Indeed, by definition, rk(u) �p rk(v).
Since m > k, it follows that rm(u) �p rk(u). By the transitivity of �p, we ob-
tain rm(u) �p rk(v). But rm(v) �p rk(v) because m > k. Therefore, either
rm(u) �p rm(v) or rm(v) �p rm(u), that means u ≺m.p v or v ≺m.p u. Now,
given a set X in Cm.p. By definition, u �≺m.p v for all u, v ∈ X with u �= v. If
u ≺k.p v then, by the above, either u ≺m.p v or v ≺m.p u, a contradiction with
X ∈ Cm.p. Thus u �≺k.p v and therefore X ∈ Ck.p. Hence Cm.p ⊆ Ck.p. The
Example 2.3 shows the strictness of the inclusion. �
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Note that for the classes Cn.α, α ∈ Ω − {p, s, b}, there do not exist similar
assertions as in Theorem 2.5. Indeed, consider the set X = {baa, (aab)i} (i ≥ 2)
over A = {a, b}. A direct verification shows that X ∈ Cm.α but X /∈ Ck.α, for
any α ∈ Ω − {p, s, b} and for any positive integers m, k such that m ≥ i > k.

Relationship between the classes of codes under consideration is given below.

Theorem 2.6. For every n ≥ 1, we have the following
(i) Cn.b ⊂ Cn.p, Cn.b ⊂ Cn.s, Cn.b = Cn.p ∩ Cn.s;
(ii) Cn.i ⊂ Cn.p.i, Cn.i ⊂ Cn.s.i, Cn.i = Cn.p.i ∩ Cn.s.i, Cn.i ⊂ Cn.b,

Cn.p.i ⊂ Cn.p, Cn.s.i ⊂ Cn.s;
(iii) Cn.si ⊂ Cn.p.si, Cn.si ⊂ Cn.s.si, Cn.si = Cn.p.si ∩ Cn.s.si,

Cn.si ⊂ Cn.i, Cn.p.si ⊂ Cn.p.i, Cn.s.si ⊂ Cn.s.i;
(iv) Cn.scpi ⊂ Cn.p.scpi, Cn.scpi ⊂ Cn.s.scpi, Cn.scpi = Cn.p.scpi ∩ Cn.s.scpi,

Cn.scpi ⊂ Cn.si, Cn.p.scpi ⊂ Cn.p.si, Cn.s.scpi ⊂ Cn.s.si;
(v) Cn.spi ⊂ Cn.p.spi, Cn.spi ⊂ Cn.s.spi, Cn.spi = Cn.p.spi ∩ Cn.s.spi,

Cn.spi ⊂ Cn.scpi, Cn.p.spi ⊂ Cn.p.scpi, Cn.s.spi ⊂ Cn.s.scpi;
(vi) Cn.h ⊂ Cn.p.h, Cn.h ⊂ Cn.s.h, Cn.h ⊂ Cn.si, Cn.p.h ⊂ Cn.p.si,

Cn.s.h ⊂ Cn.s.si, Cn.h = Cn.p.h ∩Cn.s.h = Cn.p.h ∩Cn.s.si = Cn.p.si ∩Cn.s.h;
(vii) Cn.sp ⊂ Cn.scp ⊂ Cn.h, Cn.scp ⊂ Cn.scpi, Cn.sp ⊂ Cn.spi.

Proof. We prove only the item (ii). For the remaining items the argument is
similar. Suppose that u ≺n.p.i v, which means rn(u) �p.i rn(v). It follows
that rn(u) �i rn(v), and therefore u ≺n.i v. Thus Cn.i ⊆ Cn.p.i. Similarly,
Cn.i ⊆ Cn.s.i. The sets X1 and XR

1 in Example 2.4 show that the inclusions are
strict. In the same way, we obtain Cn.i ⊆ Cn.b, Cn.p.i ⊆ Cn.p and Cn.s.i ⊆ Cn.s.
The set X2 in Example 2.4 proves the strictness of the inclusions. Next, by
definition of the relations ≺n.p.i,≺n.s.i and ≺n.i, we have ≺n.i=≺n.p.i ∪ ≺n.s.i.
Hence, by Fact 1.1, Cn.i = Cn.p.i ∩ Cn.s.i. �

By virtue of Theorem 2.6 the relative positions of the classes of codes under
consideration can be illustrated in the Fig. 1, where the arrow → stands for a
strict inclusion. It is worthy to note that if we restrict ourselves to considering
only one-letter alphabets then all the classes of codes represented in the Fig. 1
coincide.

As known in [1, 2, 4], the classes Cp, Cs, Cb, Cp.i, Cs.i, Ci and Ch are closed
under concatenation. Now we shall show that the classes Cp.si, Cs.si and Csi are
also closed under concatenation whereas all the other classes under consideration
are not.

Theorem 2.7. The following assertions hold true
(i) The classes Cp.si of p-subinfix codes, Cs.si of s-subinfix codes and Csi of

subinfix codes are closed under concatenation.
(ii) If n > 1 and α ∈ Ω or n = 1 and α ∈ Ω−{p, s, b, p.i, s.i, i, p.si, s.si, si, h},

the class Cn.α is not closed under concatenation.

Proof. (i) We treat only the class Cp.si of p-subinfix codes. For the other cases the
argument is similar. Let X and Y be two p-subinfix codes over A and Z = XY .
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Suppose z, w ∈ Z such that z is a subword of w. Then, on one hand, z = xy,
w = x′y′ for some x, x′ ∈ X and y, y′ ∈ Y . On the other hand, z = z1 . . . zk

and w = w0z1w1 . . . zkwk with z1, . . . , zk ∈ A, w0, w1, . . . , wk ∈ A∗. Since z =
z1 . . . zk, there exists t, 1 ≤ t < k, such that x = z1 . . . zt, y = zt+1 . . . zk.

Figure 1. Relative positions of the classes Cn.α of codes with n fixed

From

w0z1w1 . . . ztwtzt+1 . . . zkwk = x′y′

it follows that either x′ = w0z1w1 . . . zt or x′ = w0z1w1 . . . zmw′
m (m < t,
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w′
m ≺p wm) because otherwise we have x ≺p.si x′, a contradiction. Thus

y′ = uzt+1wt+1 . . . zkwk, u ∈ A∗. Since y′ ∈ Y , we must have wk = 1. This
means that z may not be a subword of a proper prefix of w. Thus, Z = XY
must be a p-subinfix code.
(ii) Let’s consider the subsets X = {a, b}, Y = {a2b, ab3}, Z = {a, ba}, X ′ =
{bab, ba2b}, Y ′ = {baba, a3b3}, Z ′ = {baba, a2b3} over the alphabet A = {a, b}.
It is easy to check that the following things hold true, which prove the assertion
required.

X ∈ Cn.α, X2 /∈ Cn.α, for all α ∈ Ω and n > 1;
X, Y ∈ Csp ⊂ Cscp, Y X /∈ Csp ∪ Cscp;
X, Z ∈ Cp.h, X, ZR ∈ Cs.h, XZ /∈ Cp.h, ZRX /∈ Cs.h;
X, X ′ ∈ Cspi = Cp.spi ∩ Cs.spi, XX ′ /∈ Cp.spi ∪ Cs.spi;
Y ′, Z ′, Y ′R, Z ′R ∈ Cscpi, Y ′Z ′ /∈ Cp.scpi, Z ′RY ′R /∈ Cs.scpi. �

3. Extended Embedding Schema

Our aim in this section is to give an extension of the embedding schema in [6].
For this we need some more definitions and notations.

Definition 3.1. Let f : A∗ → N be a function from A∗ into the set N of
natural numbers. Let ≺ be a binary relation on A∗. The relation ≺ is said to be
f -increasing if, for any u, v ∈ A∗, (u ≺ v) ∧ (v �≺ u) implies f(u) < f(v). We
say that f is a function with finite condition on inverse images (fc-function, for
short) if for any k ∈ N, f−1(k) is a finite set, or equivalently, for any X ⊆ A∗,
Card f(X) < +∞ implies CardX < +∞, where CardY denotes the cardinality
of the set Y .

Definition 3.2. Let ≺ be a transitive binary relation on A∗. We denote by �≺
the equivalence relation on A∗ given by

u �≺ v ⇔ (u � v) ∧ (v � u)

Let X be a subset of A∗ and w ∈ X. We denote by [w]≺,X , or simply [w]X if
there is no risque of confusion, the equivalence class of w restricted on X, i.e.

[w]≺,X = [w]�≺ ∩ X = {u ∈ X | (u � w) ∧ (w � u)}
The family of these sets constitutes a partition of the set X, denoted by [X ]≺
or simply [X ]. Any function ϕ : [X ]≺ → X mapping every set [w]≺,X into an
element of it is called a choice function of [X ]≺.

Given a binary relation ≺ on A∗ and u, v ∈ A∗. We say that u depends
on v if either u � v or v � u holds. Otherwise, u is independent of v. These
notions are extended to subsets of words in a standard way. Namely, a word u is
dependent on a subset X of words if it depends on some word in X . Otherwise,
u is independent of X . For simplicity, the following notations will be used in the
sequel.
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u � X � ∃v ∈ X : u � v; X � u � ∃v ∈ X : v � u.

Defintion 3.3. Let ≺ be a transitive binary relation on A∗. To every subset X
in A∗ one associates the sets DX and IX consisting of all the elements dependent
on and independent of X respectively, i.e.

DX = {u ∈ A∗ | u � X ∨ X � u};
IX = A∗ − DX .

Notice that, by definition, X ⊆ DX . Next, for any choice function ϕ of [IX ]≺
we put

KX = ϕ([IX ]≺);
LX = {u ∈ KX | ∃v ∈ KX , v �= u : v ≺ u};

RX = KX − LX .

When there can not be confusion, for the sake of simplicity, we write D, I, K, L,
R instead.

Lemma 3.4. Let ≺ be a transitive binary relation on A∗. Let w ∈ IX − RX

such that X∪RX ∪{w} be an independent set w.r.t. ≺. Then, for any u ∈ [w]IX

we have u �∈ X ∪ RX and X ∪ RX ∪ {u} is also an independent set w.r.t. ≺ on
A∗.

Proof. The fact that u �∈ X ∪ RX is trivial. Suppose u depends on X ∪ RX , i.e.
there exists x ∈ X ∪ RX such that either x � u or u � x. Since u ∈ [w]IX , we
have u � w and w � u. Therefore, either x � u � w or w � u � x. By the
transitivity of ≺, either x � w or w � x, a contradiction. So X ∪ RX ∪ {u} is
an independent set w.r.t. ≺ on A∗. �

We are now in a position to formulate the main result of this paper. When
we take as f the length-function, i.e. f(u) = |u|, we obtain again the embedding
schema established in [6].

Theorem 3.5. Let ≺ be a transitive f -increasing binary relation on A∗ which
defines the class C≺ of codes. Then, for any code X in C≺ and for any choice
function ϕ of [IX ]≺, we have
(i) X ∪ RX is a maximal code in C≺;
(ii) If moreover X is finite, f is a fc-function and the relation ≺ satisfies the

condition

∃k ≥ 1∀u, v ∈ A+ : (f(v) ≥ f(u) + k) ∧ (u �≺ v)
⇒ ∃w : (f(w) ≥ f(u)) ∧ (w ≺ v) ∧ (v �≺ w) (*)

then RX is finite and maxf RX ≤ maxf X + k − 1, where maxf Y stands
for max{f(y) | y ∈ Y }.



Codes Concerning Roots of Words 353

Proof. (i) First we show that X ∪ RX is an independent set w.r.t. ≺. Assume
the contrary, there would exist u, v ∈ X ∪ RX with u �= v such that u ≺ v.
Because X is an independent set w.r.t. ≺, it is impossible that both u and v
are in X . Since RX contains only elements independent of X , it is impossible
also that one of these two elements u and v is in X and the other in RX . So
u, v ∈ RX , which contradicts u ≺ v. Thus, X ∪ RX is an independent set w.r.t.
≺, i.e. it is a code in C≺.

We now prove that X ∪RX is a maximal independent set w.r.t. ≺. Suppose
the contrary that there exists w /∈ X ∪ RX such that X ∪ RX ∪ {w} is an
independent set w.r.t. ≺. If w ∈ DX then w depends on X , a contradiction.
Thus w ∈ IX . Choose v0 = ϕ([w]IX ) ∈ KX . By Lemma 3.4, v0 /∈ X ∪ RX and
X ∪ RX ∪ {v0} is an independent set. Therefore v0 ∈ LX . By the definition of
LX , there exists v1 ∈ KX with v1 �= v0 such that v1 ≺ v0. If v1 ∈ RX then
X∪RX ∪{v0} is not an independent set, a contradiction. Hence v1 ∈ LX . Then,
there must exist v2 ∈ KX with v2 �= v1 such that v2 ≺ v1. The transitivity of ≺
implies v2 ≺ v0. If v2 ∈ RX then v2 �= v0 and therefore X ∪RX ∪ {v0} is not an
independent set, a contradiction. Hence v2 ∈ LX . Continuing this argument we
obtain finally an infinite sequence of elements vi ∈ LX ⊆ KX , i ≥ 0, such that

· · · ≺ vi+1 ≺ vi ≺ · · · ≺ v1 ≺ v0

with vi �= vi+1 for all i ≥ 0. We have also vi �≺ vi+1. Indeed, if this is not the
case then vi, vi+1 ∈ [z]IX for some z ∈ IX , which implies vi, vi+1 ∈ [z]IX ∩ KX

with vi �= vi+1, a contradiction with the fact that Card ([z]IX ∩ KX) = 1. Since
≺ is f -increasing, f(vi+1) < f(vi) for all i ≥ 0. This means the chain

· · · < f(vi+1) < f(vi) < · · · < f(v1) < f(v0)

is infinite, which is impossible because f(v0) is finite. Thus X ∪ RX must be a
maximal independent set w.r.t. ≺, i.e. it is a maximal code in C≺.
(ii) Suppose X is a finite code in C≺ with m = maxf X , f is a fc-function
and ≺ satisfies the condition (∗). We shall prove that for any v ∈ KX with
f(v) ≥ m + k there exists w ∈ KX with w �= v such that w ≺ v, and therefore
v ∈ LX . This assertion means that for all v ∈ RX , f(v) ≤ m + k − 1, i.e.
maxf RX ≤ maxf X + k− 1. Since f is a fc-function, it follows the finiteness of
RX , which completes the proof. We prove now the formulated above assertion.
Indeed, let u be an element in X with maximal f(u), i.e. f(u) = m. Then
f(v) ≥ f(u)+k. Since every element in IX , in KX in particular, is independent of
X , we have u �≺ v. By the condition (∗), there exists w′ such that f(w′) ≥ f(u),
w′ ≺ v and v �≺ w′. As v ∈ KX , it follows that w′ �∈ X . Suppose w′ ∈ (DX −X),
then there exists x ∈ X such that either x ≺ w′ or w′ ≺ x. If x ≺ w′ then, by
the transitivity of ≺, x ≺ v, which contradicts the hypothesis v ∈ KX . Thus
w′ ≺ x and x �≺ w′. Because ≺ is f -increasing, it follows that f(w′) < f(x),
which contradicts the fact that f(w′) ≥ f(u) ≥ f(x). Thus w′ ∈ IX . Then, for
all z ∈ [w′]IX , z ≺ v because z � w′ ≺ v, and z �= v because v �≺ w′. Take
w = ϕ([w′]IX ) we have w ∈ KX , w ≺ v and w �= v. Thereby the assertion has
been proved. �
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4. An Embedding Theorem

In this section we apply Theorem 3.5 to show that the embedding problem for
the classes of codes introduced in Sec. 2 is solved positively in the finite case.
For proving this result we need some lemmas.

To every integer n ≥ 1, we associate a function �n : A∗ → N mapping every
word u into the length of its n-root, �n(u) = |rn(u)|. In particular, �1 is nothing
but the length-function, �1(u) = |u|.

Lemma 4.1. For any integer n ≥ 1, �n is a fc-function.

Proof. It suffices to prove that for any m ∈ N, the set �n
−1(m) is finite. For

m = 0 it is true trivially because �n
−1(0) = {1}. Suppose m �= 0 and let

u ∈ �n
−1(m), u = re with r ∈ Q and e ≥ 1. By the definition of rn(u), it follows

that either |u| = m or |u| = |re| = e.|rn(u)| ≤ n.m according as e > n or e ≤ n.
Hence �n

−1(m), being a subset of {u ∈ A∗ | |u| ≤ n.m}, is finite. �

Lemma 4.2. For any integer n ≥ 1 and α in Ω, the relation ≺n.α is �n-
increasing. Also this relation is transitive, except for α = b.

Proof. The transitivity of ≺n.α, except for α = b, is evident by definition.
Suppose u, v ∈ A∗ such that u ≺n.α v and v �≺n.α u. By the definition of ≺n.α,
rn(u) �α rn(v) and rn(v) ��α rn(u). Thus rn(u) �α rn(v) and rn(v) �= rn(u),
and therefore rn(u) ≺α rn(v). So �n(u) < �n(v), which means that ≺n.α is
�n-increasing. �

In general, ≺n.α with α ∈ Ω is not length-increasing. For example, for any
n ≥ k > 1, we have rn(ak) = a �α a = rn(a). Thus ak ≺n.α a whereas |ak| > |a|.

Lemma 4.3. For any integer n ≥ 1 and α in Ω, the relation ≺n.α satisfies the
condition (∗) of Theorem 3.5 with k = n. More concretely, for any u, v ∈ A+

such that |rn(v)| ≥ |rn(u)|+ n and u �≺n.α v, there exists w such that |rn(w)| ≥
|rn(u)|, w ≺n.α v and v �≺n.α w.

Proof. Put Γ = {s, s.i, s.si, s.scpi, s.spi, s.h} and let γ ∈ Ω − Γ. Assume that
u, v ∈ A+ such that |rn(v)| ≥ |rn(u)|+ n and u �≺n.γ v. We will show that there
exists w such that |rn(w)| ≥ |rn(u)|, w ≺n.γ v and v �≺n.γ w.

For n = 1, the assertion has been proved in [6]. Suppose n > 1 and rn(v) =
xt, with x ∈ Q, t ≥ 1. Since rn(v) ∈ Q +

⋃
j≥n+1 Q(j), only the following two

cases are possible:

Case 1. t = 1. Since |x| = |rn(v)| ≥ |rn(u)|+ n > 2, the word x may be written
as x = a1 . . . ak with a1, . . . , ak ∈ A and k > 2. Put w = a1 . . . ak−1 and let
w = ys, with y ∈ Q, s ≥ 1.

If either s = 1 or s ≥ n + 1 then rn(w) = w, therefore |rn(w)| = |w| =
|rn(v)| − 1 ≥ |rn(u)|+n− 1 > |rn(u)|. Since rn(w) = w ≺p x = rn(v), it follows
that rn(w) ≺γ rn(v). Thus w ≺n.γ v and v �≺n.γ w.

If 1 < s ≤ n then rn(w) = y. So, if |y| = 1 then s = |w| = |rn(v)| − 1 ≥
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|rn(u)|+n−1 ≥ n. Thus s = n and therefore we have |rn(u)|+n ≤ |rn(v)| = |x| =
k = s + 1 = n + 1. Hence |rn(u)| = 1 = |rn(w)|. As rn(w) = y ≺p w ≺p rn(v), it
follows that rn(w) ≺γ rn(v). Thus w ≺n.γ v and v �≺n.γ w. Suppose now |y| > 1
and take w′ = a1 . . . ak−2. We have |rn(w′)| = |rn(v)| − 2 ≥ |rn(u)| + n − 2 ≥
|rn(u)|. It is impossible that w′ = aq for some q ≥ 1 and a ∈ A. Since
w = w′ak−1 �∈ Q, by Proposition 1.2, w′ ∈ Q. Hence rn(w′) = w′ ≺γ rn(v).
Thus w′ ≺n.γ v and v �≺n.γ w′.

Case 2. t ≥ n + 1. Suppose |x| = 1 and put w = xt−1. Since rn(w) �p w ≺p

rn(v), we obtain rn(w) ≺γ rn(v). It follows that w ≺n.γ v and v �≺n.γ w. If
t > n + 1, i.e. t − 1 ≥ n + 1 then rn(w) = w = xt−1 and therefore |rn(w)| =
|xt−1| = t − 1 = |xt| − 1 = |rn(v)| − 1 ≥ |rn(u)| + n − 1 > |rn(u)|. If t = n + 1,
i.e. t − 1 = n then |rn(w)| = 1 = (n + 1) − n = |rn(v)| − n ≥ |rn(u)|. Suppose
now |x| > 1 and take w = xt−1a1 . . . ak−1. It is impossible that w = aq for
some q ≥ 1 and a ∈ A. Since xt = wak �∈ Q, by Proposition 1.2, w ∈ Q.
Hence rn(w) = w ≺p rn(v). Thus rn(w) ≺γ rn(v). So w ≺n.γ v, v �≺n.γ w, and
|rn(w)| = |rn(v)| − 1 ≥ |rn(u)| + n − 1 > |rn(u)|.

For the relations ≺n.γ with γ ∈ Γ, the proof is quite similar where ≺s is used
instead of ≺p. �

Lemma 4.4. For any n ≥ 1, α ∈ Ω − {b}, X ∈ Cn.α, w ∈ IX , and w = re with
r ∈ Q, e ≥ 1, we have

[w]≺n.α,IX =
{ {r, r2, . . . , rn} if e ≤ n;

{w} otherwise.

Proof. Let n ≥ 1 and α ∈ Ω − {b}. Let w ∈ A+ and w = re with r ∈ Q, e ≥ 1.
We have obviously

[w]≺n.α,A+ = {u ∈ A+ | (u �n.α w) ∧ (w �n.α u)}
= {u ∈ A+ | (rn(u) �α rn(w)) ∧ (rn(w) �α rn(u))}
= {u ∈ A+ | rn(u) = rn(w)}

=
{ {r, r2, . . . , rn} if e ≤ n;

{w} otherwise.

Next, we claim that, if r ∈ IX ∩ Q then ri ∈ IX for all i = 1, . . . , n. Indeed, for
n = 1 this is true trivially. Suppose n > 1 and there exists a word re ∈ DX ,
with e ∈ {2, . . . , n}. Then, there is a word x ∈ X such that either re �n.α x
or x �n.α re. Since rn(r) = rn(re) = r, we have r �n.α re, re �n.α r. By the
transitivity of ≺n.α, it follows that either r �n.α x or x �n.α r. This means
r ∈ DX , which contradicts the hypothesis that r ∈ IX . Thus the claim has been
proved, and thereby, the expression of [w]≺n.α,IX is obtained immediately from
the established above expression of [w]≺n.α,A+ . �

Lemma 4.5. For any n ≥ 1, α ∈ Ω − {b} and X ∈ Cn.α, there exists a choice
function ϕ0 of [IX ]≺n.α such that max RX = max�n RX .
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Proof. Let w ∈ IX and w = re with r ∈ Q, e ≥ 1. By Lemma 4.4, as a choice
function of [IX ]≺n.α we may take the function ϕ0 defined by

ϕ0([w]≺n.α,IX ) =
{

r, if [w]≺n.α,IX = {r, r2, . . . , rn};
w, otherwise.

Then, obviously KX ⊆ Q +
⋃

i>n Q(i). Therefore, for any u in KX , in RX

in particular, we have rn(u) = u, hence �n(u) = |u|. Therefore maxRX =
max�n RX . �

Theorem 4.6. For any n ≥ 1 and α ∈ Ω − {b}, every finite code X in the
class Cn.α is included in a finite maximal code Y in the same class, which con-
tains X, namely Y = X ∪ RX with max�n RX ≤ max�n X + n − 1. Moreover
RX can be chosen such that max RX ≤ max�n X + n − 1 and hence maxY ≤
max{maxX, max�n X + n− 1}, where max Z denotes the maximal length of the
words in Z.

Proof. By Lemma 4.2, the relation ≺n.α is transitive and �n-increasing. By
Lemma 4.1, �n is a fc-function. By Lemma 4.3, the relation ≺n.α satisfies the
condition (∗) in Theorem 3.5 with k = n. By Theorem 3.5, the set Y = X ∪RX

is a finite maximal code in Cn.α and max�n RX ≤ max�n X + n − 1. Taking
ϕ0 as the choice function of [IX ]≺n.α , by Lemma 4.5, it follows that max RX =
max�n RX ≤ max�n X + n− 1, hence maxY ≤ max{maxX, max�n X + n− 1}.�

5. Corollaries

Theorem 4.6 permits us to obtain algorithms to construct, for every finite code
X in a class Cn.α, α ∈ Ω − {b}, finite maximal codes in the same class which
contain X . As examples of application, we exhibit below such algorithms for the
class Cn.p of rn-prefix codes and the class Cn.p.scpi of rn-p-sucyperinfix codes.
Algorithms for the other classes can be obtained in a similar way.

For simplicity of notation, in the sequel we shall write rn(w) instead of
[w]≺n.α,A∗ . We denote by A[k] the set of all the words in A∗ whose lengths are
less than or equal to k. Also we put Q>k =

⋃
i>k Q(i).

Corollary 5.1. Let X be a finite rn-prefix code over the alphabet A and m =
max�n X + n − 1. Then a finite maximal rn-prefix code Y containing X can be
computed by the following formulas

Y = X ∪ RX , RX = KX − LX , LX = KX ∩ (
KXA+ ∩ A[m]

)
,

KX = IX ∩ (Q ∪ Q>n), IX = A[m] − DX ,

DX =
(
rn(rn(X)(A∗)−1) ∩ A[m]

)
∪ (

rn(rn(X)A+ ∩ A[m] ∩ (Q ∪ Q>n)) ∩ A[m]
)
.

Proof. (sketch) By Theorem 4.6, the set Y = X∪RX is a finite maximal rn-prefix
code containing X and maxRX ≤ m. So, RX can be obtained by computing step
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by step the sets DX , IX , KX , LX , and in every step we restrict to considering
only the words in A[m]. Notice that KX = ϕ0([IX ]≺n.p) = IX ∩ (Q ∪ Q>n). �

Example 5.2. Consider the language X = {a2, (ba2b)2} over the alphabet A =
{a, b}. Since r2(X) = {a, ba2b} is a prefix code, X is a r2-prefix code and
max�2 X = 4. We now compute RX , using the formulas in Corollary 5.1 with
m = max�2 X + 2 − 1 = 5.

r2(X)(A∗)−1 = {1, a, b, ba, ba2, ba2b};
r2(r2(X)(A∗)−1) = {1, a, a2, b, b2, ba, (ba)2, ba2, (ba2)2, ba2b, (ba2b)2};
r2(r2(X)(A∗)−1) ∩ A[5] = {1, a, a2, b, b2, ba, (ba)2, ba2, ba2b};
r2(X)A+ ∩ A[5] ∩ (Q ∪ Q>2) = (aA + aA2 + aA3 + aA4 + ba2bA) ∩ (Q ∪ Q>2)

= {a2, ab, a3, a2b, aba, ab2, a4, a3b, a2ba, a2b2, aba2, (ab)2, ab2a, ab3,

a5, a4b, a3ba, a3b2, a2ba2, a2bab, a2b2a, a2b3, aba3, aba2b,

a(ba)2, (ab)2b, ab2a2, ab2ab, ab3a, ab4, ba2ba, ba2b2} ∩ (Q ∪ Q>2)
= {ab, a3, a2b, aba, ab2, a4, a3b, a2ba, a2b2, aba2, ab2a, ab3,

a5, a4b, a3ba, a3b2, a2ba2, a2bab, a2b2a, a2b3, aba3, aba2b,

a(ba)2, (ab)2b, ab2a2, ab2ab, ab3a, ab4, ba2ba, ba2b2};
r2(r2(X)A+ ∩ A[5] ∩ (Q ∪ Q>2)) ∩ A[5] = {ab, a3, a2b, aba, ab2, a4, a3b,

a2ba, a2b2, aba2, (ab)2, ab2a, ab3, a5, a4b, a3ba, a3b2, a2ba2, a2bab, a2b2a,

a2b3, aba3, aba2b, a(ba)2, (ab)2b, ab2a2, ab2ab, ab3a, ab4, ba2ba, ba2b2};
DX = {1, a, a2, b, b2, ba, (ba)2, ba2, ba2b, ab, a3, a2b, aba, ab2, a4, a3b, a2ba,

a2b2, aba2, (ab)2, ab2a, ab3, a5, a4b, a3ba, a3b2, a2ba2, a2bab, a2b2a, a2b3,

aba3, aba2b, a(ba)2, (ab)2b, ab2a2, ab2ab, ab3a, ab4, ba2ba, ba2b2};
IX = A[5] − DX = {bab, b2a, b3, ba3, bab2, b2a2, b2ab, b3a, b4, ba4, ba3b,

(ba)2a, (ba)2b, bab2a, bab3, b2a3, b2a2b, b(ba)2, b2ab2, b3a2, b3ab, b4a, b5};
KX = IX ∩ (Q ∪ Q>2) = IX

LX = KX ∩ (KXA+ ∩ A[5]) = {bab2, b2a2, b2ab, b3a, b4, ba4, ba3b, (ba)2a,

(ba)2b, bab2a, bab3, b2a3, b2a2b, b(ba)2, b2ab2, b3a2, b3ab, b4a, b5};
RX = KX − LX = {bab, b2a, b3, ba3}.

Thus the set Y = X ∪RX = {a2, bab, b2a, b3, ba3, (ba2b)2} is a finite maximal
r2-prefix code containing X .

Remark. When replacing an element u in RX by an element v in r2(u) we obtain
another finite maximal r2-prefix code containing X . For example, the languages
{a2, (bab)2, b2a, b3, ba3, (ba2b)2} and {a2, bab, (b2a)2, b3, (ba3)2, (ba2b)2} are such
codes.

For any set X we denote by P(X) the family of all subsets of X . Recall that
a substitution is a mapping f from B into P(C∗), where B and C are alphabets.
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When f(b) is a singleton for all b ∈ B it induces a homomorphism from B∗ into
C∗. Let # be a new letter not being in A. Put A# = A ∪ {#}. Let us consider
the regular substitutions S1, S2 and the homomorphism h defined as follows

S1 : A → P(A∗
#), where S1(a) = {a, #} for all a ∈ A

S2 : A# → P(A∗), with S2(#) = A+ and S2(a) = {a} for all a ∈ A
h : A∗

# → A∗, with h(#) = 1 and h(a) = a for all a ∈ A
Factually, the substitution S1 will be used to mark the occurrences of letters to
be deleted from a word. The homomorphism h realizes the deletion by replacing
# by the empty word. The inverse homomorphism h−1 ”chooses” in a word the
positions where the words of A+ may be inserted, while S2 realizes the insertions
by replacing # with A+.

We present now an embedding algorithm for the case of finite rn-p-sucyperinfix
codes.

Corollary 5.3. Let X be a finite rn-p-sucyperinfix code over the alphabet A
and m = max�n X + n − 1. Then a finite maximal rn-p-sucyperinfix code Y
containing X may be computed by the following formulas

Y = X ∪ RX , RX = KX − LX ,

LX = KX ∩ S2(h−1(σ(KX)) ∩ A
[m−1]
# {#}) ∩ A[m],

KX = IX ∩ (Q ∪ Q>n), IX = A[m] − DX ,

DX = (rn(σ(h(S1(rn(X)) ∩ A∗
#{#})) ∪ X) ∩ A[m])

∪ (rn(S2(h−1(σ(rn(X))) ∩ A
[m−1]
# {#}) ∩ A[m] ∩ (Q ∪ Q>n)) ∩ A[m]).

Example 5.4. Let us consider the language X = {(ab)2, a2b} over the alphabet
A = {a, b}. It is not difficult to check that, for any n ≥ 2, this language is an
rn-p-sucyperinfix code, not being a p-sucyperinfix code. Since max�n X = 3, we
may compute RX by the formulas in Corollary 5.3 with m = 3 + n − 1. Let us
take n = 2, then m = 4, and RX can be computed step by step as follows.

r2(X) = {ab, a2b};
S1(r2(X)) ∩ A∗

#{#}) = {a#, ##, a2#, #a#, a##, ###};
σ(h(S1(r2(X)) ∩ A∗

#{#})) ∪ X = {1, a, a2} ∪ {(ab)2, a2b};
r2(σ(h(S1(r2(X)) ∩ A∗

#{#})) ∪ X) ∩ A[4] = {1, a, a2, ab, (ab)2, a2b};
σ(r2(X)) = {ab, ba, a2b, aba, ba2};
h−1(σ(r2(X))) ∩ A

[3]
# {#} = {ab#, #ab#, ab##, a#b#,

ba#, #ba#, ba##, b#a#, a2b#, aba#, ba2#};
S2(h−1(σ(r2(X))) ∩ A

[3]
# {#}) ∩ A[4] ∩ (Q ∪ Q>2) = (abA + AabA + abA2

+ aAbA + baA + AbaA + baA2 + bAaA + a2bA + abaA + ba2A) ∩ (Q ∪ Q>2)
= {aba, ab2, a2ba, a2b2, (ba)2, bab2, aba2, (ab)2,
= {ab2a, ab3, ba2, bab, b2a2, b2ab, ba3, ba2b} ∩ (Q ∪ Q>2)
= {aba, ab2, a2ba, a2b2, bab2, aba2, ab2a, ab3, ba2, bab, b2a2, b2ab, ba3, ba2b};
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r2(S2(h−1(σ(r2(X))) ∩ A
[3]
# {#}) ∩ A[4] ∩ (Q ∪ Q>2)) ∩ A[4]

= {aba, ab2, a2ba, a2b2, bab2, aba2, ab2a, ab3, ba2, bab, b2a2, b2ab, ba3, ba2b};
DX = {1, a, a2, ab, (ab)2, a2b, aba, ab2, a2ba, a2b2,

DX = {bab2, aba2, ab2a, ab3, ba2, bab, b2a2, b2ab, ba3, ba2b};
IX = A[4] − DX = {b, ba, b2, a3, b2a, b3, a4, a3b, (ba)2, b3a, b4};
KX = IX ∩ (Q ∪ Q>2) = {b, ba, a3, b2a, b3, a4, a3b, b3a, b4};
h−1(σ(KX)) ∩ A

[3]
# {#} = {b#, #b#, b##, ##b#, #b##, b###, #ab#,

ab#, ab##, a#b#, ba#, #ba#, ba##, b#a#, a3#, ab2#, bab#, b2a#, b3#};
S2(h−1(σ(KX)) ∩ A

[3]
# {#}) ∩ A[4] = {ba, aba, ab2, b2a, b3, ba2, bab,

a2ba, a2b2, ab2a, ab3, bab2, b3a, b4, aba2, b2a2, b2ab, ba3, ba2b, a4, a3b};
LX = KX ∩ S2(h−1(σ(KX)) ∩ A

[3]
# {#}) ∩ A[4] = {ba, b2a, b3, a4, a3b, b3a, b4};

RX = KX − LX = {b, a3}.

Thus the set Y = X ∪ RX = {b, a3, (ab)2, a2b} is a finite maximal r2-p-
sucyperinfix code containing X . If consider X as a r3-p-sucyperinfix code in-
stead, by a similar computation, we obtain the set Y ′ = {b, a3b, a4, (ab)2, a2b}
which is a finite maximal r3-p-sucyperinfix code containing X .
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