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Abstract. Two central limit theorems are derived for the triangular arrays of real
random variables satisfying a so called £’-mixing condition which weakens and simplifies
{-mixing one of Withers [11]. Hence a-mixing, §-mixing, ¢-mixing, p-mixing, and /-
mixing arrays satisfy the results here. Two examples are given for the arrays which
are not mixing in any known sense but still satisfying a C.L.T. here.

1. Introduction

Central limit theorems (C.L.T.s for shot) have been derived for a-mixing (strong
mixing), S-mixing (absolute regularity), ¢-mixing (uniform strong mixing), p-
mixing and ¥-mixing random variables (r.v.s for short) (see for examples [3, 6,
8, 11, 12]). In [11] Withers proved C.L.T's for r.v.s satisfying ¢-mixing condition
defined below.

Let (Xpnk), n=1,2,..., k=1,2,...,k,, be a triangular array (briefly an
array) of real r.v.s X, , and let

a+b+c
l(c,t):= sup sup }COV {exp( thd Xn,j), exp(—it Z d; an)}}
n,a,b j=1 j=a+c

a+b+c<k, d; e{o 1}

An array (X, ) is called ¢-mixing if ¢(c,t) — 0 as ¢ — oo for all real t. It is
called strong ¢- mixing if there exist £(c) and K(t) such that ¢(c,t) < €(c)K(t)
for all t c and £(c) — O as c — oo [ 1]. It is showed in [11] that for any array

4a(c) ) < 2\/ ), B(c) £(c,t) < 16a(c), and £(c,t) < 405(c) for all

real t. So any array m1x1ng in other sense is strong /-mixing.
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In this paper we try to weaken f-mixing notion. We call an array (X, x),
k < ky, ¢'-mizing if for all real ¢

a a+c+b

0 (c,t):= sup |cov{exp(it > X, ;), exp (—it Z Xn,j)}’ — 0 (1.1)
a,b j=1 LT X
a+b+c<k, j=ate

as ¢ and n — oo such that ¢ < k,,. In other words (X, ) is ¢'-mixing if for all
real ¢ and any € > 0 there exists an A = A(t,¢€) such that £ (c,t) < € for all
n > A and k, > ¢ > A. By the definition £} (¢, t) is simpler than ¢(c, t), without
using the d; factors in its definition. We have ¢'(c,t) := sup,, £, (c,t) < £(c,1).
So all ¢-mixing arrays, consequently all a-, 8-, ¢-, and p-mixing ones, are also
¢'-mixing.

Two C.L.T.s are proved for ¢'-mixing arrays in this paper. One of them is
similar to Theorem 2.2 of Withers [11] but without assuming the stationarity of
the array.

Then there are given two examples of £/-mixing arrays which are not /-mixing
and hence not mixing in the other sense. These arrays also satisfy all conditions
of Theorem 3.1 but not those of Theorem 3.2. Hence somewhat unfamiliar
conditions of Theorem 3.1 may not be too general.

This paper is self-contained to make the content easier to read.

2. A Comparison Method

Consider a triangular array of real r.v.s (Xp k), n =1,2,..., k= 1,2,...  ky,
defined on any probability space (€2, F, P). Suppose in what follows that k,, —
oo asn — oo and £ X, = 0 for all n and k. Denote the partial sums of r.v.s
of (X, k) by

b
Sn,a,b = E Xn,ka Sn,b = Sn,O,b and Sn = On,ky, -
k=a+1

Related to (Xy,x), let us define the array (X, ), & < kn, of independent

I.v.s X;';’ i such that the distribution function of each X;';’ i coincides with that

of Xy for all n and k < kj,. Denote similarly S, = ZZHX;,k'

Now suppose
EelSn — EelSn — 0 (2.1)
n

for all real ¢, that is, the difference of the characteristic functions of the sums

of X, 1’s and of those of X,*Lk’s tends to zero. By the main limit theorem for

characteristic functions S, L Fifand only if S B F , for any given distribution
function F. Hence under condition (2.1) in order to derive C.L.T's for (X, 1) it
suffices to do that for (X ;) of independent r.v.s.

Let us write the term in (2.1) in other way. We have for each fixed real ¢
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. . n ) ) ) AR X*
E eitSn _ | eitSn — (E eitSn.k _ EeltSn,k—lEe'LtXn,k)Eez Z]:kJrl n,j
k=2
kn &
_ E (E eitSn,k _ EeitSn’kilE@itXn’k) H EeitX"’j
k=2 J=k+1
k

n

= I, (X, t)cov { etSmk-1 o= #Xnk
k=2

where

kn .
Mi(X,t) = [] Ee'™r
Jj=k+1

and Z?;knJrle*z,j = 0 by convention. So, for each fixed real ¢, condition (2.1)
is equivalent to

kﬂ,

D (X, t)eov { efSmrt e Xk} g, (2.2)
k=2 "

Note that in this form condition (2.1) describes the weak dependence between

Xnyk’s.

kn .
Since |II;(X,t)| < [ Ele"**i| =1, condition (2.2) is implied by

k Jj=k+1
> leov {exp(it Spx—1), exp(—itXn i)} — 0, (2.3)
k=2

for each real ¢.

Proposition 2.1. Let (X, 1), k <k, — 00, be any array of zero mean-valued
r.v.s such that

k

Y EX?, —1 (2.4a)
k=1 "

kn

S EX] I (1Xnkl>e) — 0 for every € > 0. (2.4D)
k=1

Then for any given real t F e — e~t’/2 if and only if (2.2) holds for that t,
consequently Sy, A N(0,1) if and only if (Xn k) satisfies (2.2) for all real t.

Conversely, if (Xn.x) satisfies (2.2) for all real t, S, R N(0,1), (2.4a) holds
and
max EX,QL’k — 0,

then the Lindeberg condition (2.4b) follows.
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Proof. Conditions (2.4a) and (2.4b) also hold for the related array (X, ;). By

Lindeberg-Feller theorem S LA N(0,1),that is, E eiSn —e=t*/2 — 0 for all real t.
Noting that (2.2) is the same as (2.1) for each ¢, we obtain the first conclusions.
For the second part of the proposition we note that all the assumptions written
for Xy, i also hold for X7 ;. So by Lindeberg-Feller theorem again (2.4b) holds
for (X:;’k), hence for (X, 1) too. ]

As a direct consequence we have the following

Corollary 1. For any array of zero mean-valued r.v.s (Xp 1), k <k, — o0, if
(2.4a) and (2.4b) hold and

kn

an(t) :=Y (X, t) cov { exp (it Sp k1), Xnk} — 0 (2.5)
k=2
kn

b (t) := ZHk(X, t) cov {exp (it Spp-1), X2} — O (2.6)
k=2

for all real t, then S, A N(0,1).
Conversely if (2.4a), (2.4b) hold and S, R N(0,1), then
2
ant) ~ Sba(t) — 0

n
for all real t.
Proof. By Taylor expansion

2

t
exp (it Xpp) = 1+itX,p — 5)(3,,6 + R(tX 1),

where for R(z) |R(x)| < 22 and |R(z)| < |z|® for all real z [10]. So

42 kn
[{ the term in (2.2) } —itan(t) + S ba(t)] <2 > E|R(tX, ).
k=2

Since for any € > 0 by the property of R(x)
|R(tXn0)| < X7 (1 X k| > €) + X0 kP T (| Xni| < e),

and since

[t X0 kP T (I Xl <€) < [t X4,
the last sum tends to zero by (2.4a) and (2.4b). So (2.2) holds if and only if
itan(t) — %bn(t) — 0 for all real ¢. ™

We can apply Prop. 2.1 not only to (X, ;) directly but to the arrays of its
partial sums, as well. By this way we shall have more chance to decide whether

S, 2 N(0,1).



Central Limit Theorems for Mixing Arrays 281

An array (Y, 1), k < kyp, such that k, — oo, is said to be the array of partial
sums of any array (X,;), ¢ < i, if for each n there is a partition of [0,i,]:
0 =mpo < Mp1 < ... < Mpg, = ip such that Yy, x = Spom, o1mnss B =
1,2,...,k,. Note that S, (V) := ],:’;1 Yok = Sn.

Proposition 2.2. For any array of zero mean-valued r.v.s (X i), @ < iy — 00,
and any fized real t suppose there exists an its partial sums array (Y, ,x(t)), k <
kyn = kn(t) — 00, such that (2.4a) and (2.4b) hold for (Y, k(t)). Suppose further
that there are non-negative integers dp = dn k(t) such that

k

ZE |Sn,mn,k*dn,k7mn,k(t)| 7) 0. (2.8a)
k=2

Then E ¢Sn — e=t*/2 if and only if

k n

> k(Y t)cov {exp (it Snm, i —dy s (8)), €xp (=itYo(t))} — 0, (2.8b)
k=2

consequently if

k

S Jeov {ex (it Sy -t (D) exp (<itYas ()} — 0. (2:80)
k=2
Here, and in the sequel, we use the convention ZZ()k = Zl{()k if a <0,
and ZZ()k =0if b < a (to treat the cases when m,, ; — d,, 1 is not positive).

Proof. If d,, 1, = 0 for all k,n then Proposition 2.1 applied to (Y, %) yields the
conclusions.

We need only show that (2.8b) with dy r = 0 is equivalent to (2.8b) with
dp, 1 satisfying condition (2.8a). But we have

| the term in (2.8b) - the term in (2.8b) with d,, ;=0 |

kn

< Z|E [eitsﬂv’"n,k—l o eitS7L,7,Lmk717dmk71][eitYnyk o Eeity"v"”
k=2

kn
< 22E|eit‘9”vmn,k71*dn,kavmn,k71 — 1|.
k=2
Since |exp (iz) — 1| < |z| for all real z, the right-hand side of the above chain
of inequalities tends to 0 by (2.8a). So we obtain the first conclusion which
obviously implies the last one. ™

The following corollary could be useful for martingale-like sequences with
which we should deal later.

Corollary 2. The direct part of the conclusion of Proposition 2.2 remains valid
if, beside the other conditions, (2.8b) is replaced by
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kn

ZHk(Y, t)cov { exp (it Snm, x 1 —dp i) Yoo — 0 (2.10)
k=2

and (2.8¢) by
kn

S leov { exp (it S o) YikH — 0, (2.11)
k=2

where p, as the powers of Y, =Y, (t), takes the values 1 and 2.

Proof. Similar to the proof of Proposition 2.2, by the previous corollary we need
only to show that

kn

Z|E[(GXP(“ S s—1) = €XP (8 Sy o1 —d, o 1))(Y - EY i) ]l - 0
k=2

(2.12)
for p =1 and 2. However since Y, =Y, I(|Y, x| < 1)+ Y I(|Y; x| > 1) and
by (2.4b)

kn k
S EYailI (Yl > 1) <Y EVI([Yak| >1) — 0,
k=2 k=2 "

we need only to show that (2.12) remains valid if ka is replaced by Yfk (|Ynx] <
1). This can be done in a similar way as in the proof of Prop. 2.2 utlhzing also
the condition (2.8a). n

3. Central Limit Theorems for ¢'-Mixing Arrays

For any array (X, ;), ¢ < i, and any sequence of positive integers m,, let us
define its my,-size partial sums array (Yni),k < ky as the array of its partial
sums with the partition {m,, ; == m,k} for 0 < k < [in/my,] with the last point
k = ky, = [in/my] if 4, /m,, is an integer and k,, := [i,,/my] + 1 otherwise, where
[(*)] denotes the integer part of (-). So by setting n(>_ X, ) = the number of
summands X, in > X, we have n(Y, ) = m, for k < [i,/m,] and 0 <
n(Yn,kn) < Mmy.

Theorem 3.1. Let (X,;), i < in — 00, be any ¢'-mizing array of zero mean-
valued r.v.s for which there are numbers d,, — oo such that

(3.1a)

sup E |Sy.a,

Suppose further that for every sequence of positive integers (my,) such that m, —
0o and in/my, — 00 my-size partial sums array (Yo i) of (X,:) satisfies the
following conditions:
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kn

Y EYE — 1 (3.1b)
k=1 "

kn

ZEY,LQ,kI(|Yn7k| >¢) — 0 for every &> 0. (3.1c)
k=1

Then Sp 2 N(0,1).
To prove Theorem 3.1 we need the following lemma.

Lemma 3.1. For a given array of non-negative numbers (Bm,n) and a given
sequence of positive integers (in) (m,n =1,2,...) suppose By, , — 0 and iy, —
00 as n — oo, for each m. Then there exists a sequence (my,) such that: m, —
00, dn /My — 00 and (in/Mmyp)Bm, n — 0, as n — co.

Proof. Put

. . 1 m?
m, = min mgzn;Bmm-F_ < —
m i2
if the set in min(.) function is not empty, and put m,, := i, otherwise. Since
Br,n — 0 and i, — oo we obtain that m,, < %, for large enough n. Hence for
large n we have
i 1y 4 m
< (BmmmL _)_n < M

ms Mp/ My~ Ip

consequently m2 > 2 which implies that m,, — oo as i,, — 0o. By the definition
of m,, and since m,, — oo
my, — 12
( n' ) < anfl,n +

in

1

n

— 0

as n — oo. So all the terms in the above chain of inequalities tend to zero as
n — oo which imply the other conclusions of the lemma. n

Proof of Theorem 3.1. For any positive integer m let (Y, 1) be the m-size partial
sums array of (X, ;) and put

Ly n(t) == , ax |cov { exp (it S m(k—1)—d,,)s €XP (—itYy k)}

for k, > 2 and Ly, »(t) := 0 for k,, < 2. Since by (1.1) Ly, n(t) < £,(dy, + 1,1),
by (3.1a) and that (X, ;) is ¢-mixing we have

B (t) := Ly n(t) +sup E'|Sn,a.a+d,, | — 0
a
for all real ¢. By Lemma 3.1 applying to (B, »(t)) and (iy) for each real

t there exists a sequence (m,(t)) such that m,(t) — oo, in/mny(t) — oo,
(in/Mn(t)) Lo, (ty,n(t) — 0 and (in/mn(t))sup, E|Snaatd,| — 0, as n — oo.
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For my, (t)-size partial sums array (Y, x(t)), k < k,(t), because ky, (t) < (in/mn(t))
+ 1, the third convergence implies (2.8¢) with d, ; = dy, and that ¢. And the
last one implies (2.8a).

So Proposition 2.2, applied to (Y, x(t)), implies that E exp(itS,,) — exp(~t2/2)

for the related ¢. Since this fact holds for all real ¢ we obtain the conclusion. m

Condition (3.1a) is a mild moment condition as it follows from condition
max E | X,:| < K/Vin

for all n, where K is a constant. And the last one is satisfied for weakly stationary
arrays. Since then the term in (3.1a) < Kd,,/\/i, — 0 by putting d,, := /i,.
In the case when X,,; = X;/+/n for i <n =1,, as usually considered in C.L.Ts
for sequences of r.v.s, condition (3.1a) is implied by

E|X,| <K,

for all n, which is a quite mild condition.
Conditions (3.1b) and (3.1¢) have weaker but more clear forms in the theorem
below which needs some notations.
Let us denote as in [11], for any array (X, ), ¢ <,
i1
Cp(m) = Z sup |cov{ X, ;, X, i}
i
The numbers Cy,(m) can be considered as rough but easy to measure dependence
coefficients of the involved array. Also denote X := X/VE X2 for any r.v. X
suchthat EX =0and 0 < EX? < 0o, and X =0if EX?=0. So EX =0 and
EX? =1, ie., X is the normalization of X if X # 0.

Theorem 3.2. For any {'-mizing array of zero mean-valued r.v.s (X, ;), i <
iy — 00, Suppose

ES? — 1 (3.2a)

inCn(0) <A for all n and some constant A (3.2b)

inCp(m) — 0 asm andn — oo (3.2¢)

lim sup Egi,a,b1(|5n,a,b| >C) — 0 asC — . (3.2d)
n,a,b

a<b<in

Then S, 2 N(0,1).

To prove the theorem we make use of the following notations and a lemma.
Let (Yox), k < ky, be the m,,-size partial sums array of any array of zero mean-
valued r.v.s (X, ), i < iy, for any given sequence of positive integers (my) such
that m,, — oco. For (m,,) suppose there are given two sequences of non-negative
integers (p,,) and (g,) such that m, = p, + ¢,. Denote Yf’k as the sum of the
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first p, summands of Y, i.e. Y” k= S (k=1),mn (k=1)+pn 108 1 <k < Ky,
otherwise if n(Yy, ,) < pn denote vakn =Yk, Alsodenote Y, =Y, ,—Y?",
for all £k < k,. So n(Yka) < p,, and n(YTf’k) < q, for all k < k,,.

Lemma 3.2. [11] For each fized n

E‘S"r2z,a,a+b < 2an(0),

kn
E() Y!,)? <2kngnCn(0) and
k=1
kn kn
IEQ VPP = Y EYE| < 2kpnChlgn +1).
k=1 k=1

Proof of Lemma 3.2. We have

b—la+b—d b-1
ES: wary <2) . Y EXpiXpiva < 2stup |EX, i X il < 2bC,,(0).
d=0i=a+1 d=0

For the second inequality, since n( 1127;1 Y ! ) < kngy similarly we have its left-
hand side

in—1 in—1
< 2 Z Z EXn zXn i+d > <2 Z kn‘]n Sup |EXn zXn z+d| < 2annCn(0)
d=0 i,i+dely, d=0

where I, is the set of all indexes ¢ such that X, ; appears in Zk 1 Yq

For the third inequality of the lemma we have the left-hand side of it

kn j—1 kn j—1 mn(ifl)+pn My (§—1)+pn
j=2 i=1 Jj=2 i=1  wu=m,(i—1)+1 v=my(j—1)+1

kn mn(G=1)+pn  j—1 mu(i—1)+pn
<2 > O Z |EX X))
=2 v=m,(j—1)+1 =1 u=m,(i—1)+1

kn mn(G—1)+pn  i,—1

22 Z Z sup |EXp uXno| < 2knpnCnlgn + 1),

J=2 v=mp (j—1)+1 s=qn +1 [e7?I=s

using the convention X, , =0 if v > 4y, ]

Proof of Theorem 3.2. In order to apply Theorem 3.1 to our array we shall check

conditions (3.1a), (3.1b) and (3.1¢) for it.
Condition (3.1a) holds for our array because by Lemma 3.2 and (3.2b) for
any sequence d,, — oo such that i, /d, — oo we have
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E|Shaatd,] < \/Esi,a,aern < VdnCr(0) o 0.

To check out conditions (3.1b) and (3.1¢) let us fix an arbitrary sequence
(my,) such that m, — oo and i,/m, — oo and let (Y1), k& < ky, be the
my-size partial sums array of (X, ;).

Then (3.1b) holds if

o
3

kn
an =) BY Y — 0 and by=) EYD, — 1.
1 k=1

el
Il

Applying Schwarz inequality twice we get

kn k
an = (Y B (VR 42V, Y0 < S {BYE + 2BYEEY)E)
k=1 k=1
kn . kn )
SZ Y& +2( ZEYﬁ )% ( Z Y7z
k=1 k=1

k=1

Choose ¢, = y/m, and p, = m,, — /m,. By the first conclusion of Lemma 3.2
and (3.2b)

g 2 Z_”
Y EYE < 2(mn +1)¢nCn(0) — 0.
So by the above chain of inequalities a,, — 0 if b, — 1, which we shall show
next.

We have, considering (E X2)2 as || X||; for any r.v. X,

kn kn
(ES2)2 — (B YP))E < (B V)3
k=1 k=1

in which E£S? — 1 by (3.2a) and the term on the right-hand side tends to zero as
n — oo by the second conclusion of Lemma 3.2 and (3.2b). So the middle term
of the last inequality tends to 1 as n — co. However by the third conclusion of
Lemma 3.2 and (3.2c) we also have

kn kn
EQ_Yr ) —EQ Vi)l < 2(m—n + 1)pnCalgn +1) — 0,
k=1 k=1

which implies that b, — 1.
For checking condition (3.1c) we have the term in (3.1c)

= Z EYS,kEYS,kI (1Yo, k] > 5/(EYn2,k)%)

kﬂ,
> BV
k=1

sup EY,? . I (|Yo x| > €/ sup(E YnQ,k)%)?
k k




Central Limit Theorems for Mixing Arrays 287

where the term in the square brackets tends to 1 as we have just showed and by
Lemma 3.2 and (3.2b)
sup EY,2 < m,Cpn(0) — 0.
k n
So by (3.2d) the last term of above chain of inequalities tends to zero as n — oo

from which (3.1c) follows.
So by Theorem 3.1 we have the conclusion. n

This theorem improves Theorem 2.2 of [11] in some aspects. Here we do not
assume the stationarity of X, ; but only (3.2b) and (3.2c).

4. Examples of Non-mixing Arrays

We shall give here two examples of the arrays which are not ¢-mixing but ¢'-
mixing. These examples satisfy all conditions of Theorems 3.1 but not those of
Theorem 3.2.

Ezample 4.1. Let (X,,) and (V,,), n =1,2,..., be two sequences of independent
identically distributed r.v.s with zero mean and 1 variance, such that (X,,) is
independent from (V;,). The two distribution functions may be different. Sup-
pose further that the distribution functions of 2V; and V; 4+ V5 are not the same.
Define

1
Xni ==
) \/ﬁ
Then by the definition of ¢-mixing, for ¢ # 0 and ¢ > 0 we have for the array
(X’n,i); Z S n,

{ X+ (-1)'V,}, i<i,=n.

Ue,t) > |[Ee=UHD) _ petmApemE), (4.1)

where A and B are the sums of X5+ (—1)*V;, in which k takes only even numbers
belonging to P = [1,2/n] and Q = [2v/n + ¢, 41/n], respectively.

As k is even the sum of (—1)¥V,, in A and B equal to N(P)V,, and N(Q)V,,
where N(P) = [/n] and N(Q) = [y/n — ¢/2], as the numbers of k in the related
intervals P and Q. So by the independence of r.v.s the right-hand side of (4.1)
which equals to

PUQ
B X0
‘Eef k oven [Ee\/_%vw(N(P)"l‘N(Q)) _ Ee\/_%VWN(P)Ee\/_%VnN(Q)} |7 (42)

tends to
|E e’LtQ‘/l _E eztle e’Ltvl "

as n — 00, noting that

LE(C Y XeP=S(N(P)+N@) — o,
n k even € PUQ n n
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By choosing ¢ such that the above limit is not zero and by (4.1) we see (X, ;) is
not -mixing.

To show this (X, ;) is ¢/-mixing note that the cov(.,.) in (1.1) can also be
written in the form of (4.2) in which k takes all the numbers in P := [1,a] and
in @:=[a+c,a+ c+0b]. But in this case N(P) and N(Q) can be only +1 or
zero. Hence £} (¢,t) — 0 as n — oo for all ¢ and ¢.

Let us show (X, ;) satisfies all conditions of Theorem 3.1.

Condition (3.1a) holds with d,, = [{/n] because by Minkowski’s inequality

d 1 7/
S’/Esi,a,a-i-dng\/_% EX12+W E‘/IQ'

Let (Yo 1), k < kyp, be the my,-size partial sums array of (X, ;) for any given
sequence (my,) such that m, and n/m, — oo as n — oo. Then Y, can be
written in the form (3°; X; + €V},)/y/n where e can be only £1 or zero. Since
Xy, are normalized i.i.d. and since k, < (n/m,) + 1 we have 1 < the sum in
(3.1b) < 1+ (kn/n)EV2 <1+ (1/my) + (1/n) — 1. So (3.1b) holds.

To verify condition (3.1c) let us denote Spme = (37" Xk +eVi)//my where
e = 41 or 0. Then since V,, and X,, are i.i.d. and X; and V; are independent
Yok = (vVm,,/v/n)Snme in distribution for any value of e, for all k < k,,. So for
any ¢ and n such that e\/n/m, > ¢ the term in (3.1c)

E |Sn,a,a+dn

IN

(kp —1)— max ES?

= nmeI <|Snm€| > € i) + EYan
n e \/ mp, yRn

1 1
< max(14+ — — ES%, T (|Spmel <5))+%EX12+EEV12.
e

nme
mn

Note that S,me 2N (0,1) for all values of e because Vi /\/m, — 0 in probability.
So by Helly-Bray lemma ([2] p. 251) the right-hand side of above inequality tends
to EN2I(|N| > §) as n — oo where N is any N (0, 1)-distributed r.v.. Since §
can be chosen arbitrarily large as n/m,, — oo we obtain that the term in (3.1c)
tends to zero for any € > 0.

Theorem 3.2 can not apply to this example because conditions (3.2b) and
(3.2¢c) are not satisfied for it. As we have

lcov (Xon,i, Xnj)| = [EV,I(=1)" /n| = 1/n,

for i # j, so Cp(m) = (n —m)/n if m < n and C,,(0) = 1+ 1/n which do not
tend to zero as n and m — oo.

Ezample 4.2. Let (X,) be as in Example 4.1 and (U,), n=...,—1,0,1,... be
a sequence of independent N (0, 1)-distributed r.v.s., such that (X,) and (Uy,)
are independent. Define Vi := Z;‘ionfjgj where g; = m, for j > 2 and
go = g1 = 1. Since > ¢° g7 is finite, the characteristic function of 37, Ux—;g; =
e~ Qoo 92 mQUT 2 ag L 0o, So Vi exists as the a.s. limit of
Z?:o Uk—;g; and is normally distributed with zero mean and variance = Zgo gjz
([2, Theorem 3, p. 266 and Theorem 4 p. 269]).
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Consider the array (X, ;), ¢ < 2n, defined by

1 .
Xnji E{Xz + (="t 1y /21 }-
Apply (4.1) to this array with the sums A and B of X,, ; which are taken over
even k such that 1 < k < +vnlnn and vVnlnn + ¢ < k < 2v/nlnn, respectively.
Denote a,, := [Vnlnn/2], b, :=[(Vnlnn +¢)/2] and ¢, := [Vnlnn]. Then the
sums of (=1)*Vj(441y/2] in A and B equal

Qn o0 Qn o0
PRI SRT) SR SRt
k=1 i=—an k=1 i=—an
and
Cn oo Cn [e%e}
Z Vie = Z Ufi( Z gk+i) = Z U_iGiyy, (Cn *bn),
k=b,+1 i=—CcCp k=b,+1 i=—CcCp
respectively, where G;(a) := > y_; gkt and using the convention g, = 0 for
n < 0. So
ZVk+ Z Vi = Z U—z an +G1+b ( bn))
k=b,+1 i=—cp

As showed, these terms are normally distributed with zero mean and variance
(ZZJ”;_M )2 = oo, G%(b) if the last term is finite. Hence similar to (4.2)
the right-hand side of (4.1) becomes

wyx —£ 3 (Gilan)+Gisty, (en—bn))? —%p}:(ﬁmw+v§j G?(cn—bn))
‘Eeﬁ k |: 1=—C¢n —e i=—an i=bnp—cn i| ‘

(4.3)

To continue we need the following fact.

Lemma 4.1. For anya >0 >;° G?(a) is finite and

1=—a

as a — Q.

Proof. We have G < fH_a \/Ellnxdm < Gi—l(a) for any ¢ < 2 and a > 1.

Let us estimate the mtegral. Since the function f(x) = v/a + 1 is derivable and
concave, for any small 0 < € < 1/4 there exists a 0 < §. < 1 such that for all
0 <z <6, we have

éféxg i+2)-1<3. (4.4)

Since Inz < z for all z > 0 and Qlﬁ = \[11 (1-— li)dac, for any small € > 0
nxT rinx nx
by (4.4) there exists a constant K. such that for all i > max (K, a/d.) we have
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a(l — 4e) 2a 71 V2
Vilni S\/Zlni[gieim}
2\/_[< +_)1/2_1_<1+_)1/21n<1+2.)}

In? Z-l-a)

2\F e 2
= 1 dz
1nac ; \/_ln:c / \/_ln:c 1n$)( +¢)

if;r“ 02T (1+8)" 1) < 20,

So by putting B, := Y o a/s. G?(a) for all a such that a/é. > K. we have

I /\

(1-1—6[

4122 o0 4122 o0 2 2 2 2
(1 —4e)?a < Z (1 —4e)%a < B, < Z (14 ¢€)%a < (14 ¢€)%a

S — —— < —
In(a/éc +1) imaot1 iln"1q Lars,  iInTi In(a/ée — 1)

Hence
(1- 46)2 < liminf B, 1na/a2 < limsup B, lna/a2 <1+ €)%
a a

Since G;(a) < (1 + e)[Q\f}Ha for all ¢ > K. as a part of the above chain

Inz
of inequalities using the convention G;(a) = 0 if a < 0, for the remainder term

A, =552 G?(a) — B, we have

Aq < a/il(Gi(Ke — i)+ Gr (a+i—K))?
i
<2 > (GH(E:—i)+Gi (a+i—K.))
o a/8c—1 .
2(6% + a)G%l(KE) L2481 4e)? i:KZaH hl(g“(a%)l)

We have the last sum

iJra iJra 2 L 4a
g/ > dng —(1- )Kd:c K|=—]"
K. In“z 2 In“z Inz 2In" xd2

where K = 1/(1 —1/1In2). Consequently A,Ina/a? — 0 when a — oo.
Hence we obtain the conclusions, as € can be chosen arbitrarily small. n

By a similar way we can prove that

o0

> (Gilan) + Giyp, (en = bn))? ~

i=—cCnp

(an +cn — bn)2

~ 2 4.
In(a, + ¢n — by) " (4.5)
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as n — oo, noting that in this case we have G;(a,) + Giyp, (cn — bp) < f;Jra’L
fhmdm_i_fwrcn flnldx < Gi—1(an) + Gitp, —1(cn —by) and the middle term,
i.e., the sum of integrals is bounded between

(an + cn — bp)(1 — 4e) < an (1 — 4e) n (cn — bn)(1 — 4e)

Vitb,In(i+b,) ~ +ilni Vi+ b, In(i + by,)
(an + cn —bp)(1+¢€)
Vilni ’

and instead of B, consider B,, := Y -~ (anten—bn) /5. (Gilan) + Giyp, (cn — bn))?.

and

Since lfzn ~ B~ l(rf(”;nﬁ by (4.3), Lemma 4.1 and (4.5), going similarly
to the Example 4.1 we can obtain that the right-hand side of (4.1) tends to

—e /2| as n — 00. So (X,,;) is not (-mixing.

Since any sum of X, ; where ¢ is taken from a to b equals to the related
sum of X; plus zero or V, /5 or —V(y41)/2 or Vo2 — Vipi1))2, divided by v,
and since Vj are normally distributed with variance Zgog?, in a similar way
as in Example 4.1 we can see that (X, ;) is an ¢-mixing array satisfying all
assumptions of Theorem 3.1.

To show condition (3.2b) is not satisfied for this array, hence Theorem 3.2
can not apply to it, let us compute

le

1 "
cov(Xnj, Xni) = E(fl)H_JEV[%} V[%}

for any i # j. Put V" := >3\ (Ui rgr. Then we have EV;V; = EV;"V,™ +
EV™(V; = V") + EV;(Vi — V™), where by Schwarz inequality

BV (V; = VM) + [EV;(Vi = Vi) <200 g 2D gd)? -
k=0 k=m
as m — oo. So EV;V; = lim,, EV;"V" = lim,, Yoo Yoo EU;—Ui—) grgi =
lim,,, ZZL;O(F]') Ikt (i—j) = Zk:o 9kJk+(i—j)- Hence for the term in condition
(3.2b) we have
2n—1

0)in >2 ) sup ngg

a=0 Ti=e

a even

n—1 oo

=2) > grgita

a=0 k=0
n—1 oo

>2Zng>2nng>2n{1 A — 00

a=0 k=a
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