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Abstract. In this paper, we give an extension of the classical Perron—-Frobenius the-
orem to positive polynomial matrices. Then the obtained result is applied to de-
rive necessary and sufficient conditions for the exponential stability of positive linear
discrete-time systems.

1. Introduction

It is well-known that the principal tool for the analysis of the stability and ro-
bust stability of a positive system is the Perron—Frobenius theorem, see, e.g.
[1,4-6,10]. It is natural to ask whether it is possible to generalize this to
classes of general (positive) linear systems and to positive non-linear systems.
To our knowledge, there is a large number of extensions of the classical Perron-
Frobenius theorem in the literature. We could find the latest extensions of
Perron-Frobenius theorem to real, complex matrices in [12- 14] and to non-linear
systems in [1,8]. However, the investigation of extension of Perron—Frobenius
theorem to polynomial matrices and applying the obtained results to study the
stability, robust stability of discrete time linear systems described by higher
order difference equations of the form

Ajyt+v)=A, qylt+v—1)+-+ Ayt +1) + Agy(t), teN, (1)
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where we suppose det A, # 0, has not been studied yet. In this paper, we give
an extension of the classical Perron—Frobenius theorem to positive polynomial
matrices. Then the obtained result is applied to derive necessary and sufficient
conditions for the asymptotic stability of positive linear discrete-time systems of
the form (1).

The organization of this paper is as follows. In the next section, we sum-
marize some notations and recall the classical Perron—Frobenius theorem which
will be used in the sequel. The main results of the paper will be presented in
Sec. 3 where we extend the classical Perron—Frobenius theorem to positive poly-
nomial matrices. In Sec. 4, as an application of the Perron-Frobenius theorem
of positive polynomial matrices, we give necessary and sufficient conditions for
the asymptotic stability of the discrete time linear systems of the form (1).

2. Preliminaries

Let K = Cor R and n, [, g be positive integers. Inequalities between real matrices
or vectors will be understood componentwise, i.e. for two real [ X g-matrices A =
(ai;) and B = (b;;), the inequality A > B means a;; > b;; fori=1,...,1,j =
1,...,q. Furthermore, if a;; > b;; for i = 1,...,l, j = 1,...,q then we write
A > B instead of A > B. The set of all nonnegative [ X g-matrices is denoted
by qu. If 2 = (z1,22,...,2,) € K" and P = (p;;) € K*? we define |z| =
(lzi]) and |P| = (|pij]) . Then |CD| < |C||D|. For any matrix A € K"*" the
spectral radius of the matrix A is denoted by p(A) = max{|A\| : A € o(A4)},
where o(A) := {z € C: det(zl, — A) = 0} is the set of all eigenvalues of A.
The next theorem summarizes some basic properties of nonnegative matrices,
see e.g. [5].

Theorem 2.1. Let A € R*", t € R. Then
(i) (Perron-Frobenius) p(A) is an eigenvalue of A and there exists a nonnega-
tive eigenvector © > 0,  # 0 such that Az = p(A)x.
(i) Given o € R, v > 0, there exists a nonzero vector x > 0 such that Az > ox
if and only if p(A) > «a.
(iii) (tI, — A)~! exists and is nonnegative if and only if t > p(A).
(iv) Given B e R}*",C e C™*".If |C| < B then p(A+C)<p(A+ B).

3. Main Results

Consider the v-th order linear difference equation of the form (1) where Ag, Ay, ...,
A, € R™™ are given matrices. With this equation, we associate the polynomial
matrix

P(z):=A,2" —Ay_12"71 — - — Ag. (2)

Denote by o(P(+)) the set of all roots of the characteristic equation of (2), that
is o(P(-)) = {A € C:det P(\) = 0}, and let p(P(:)) :=sup{|A|: X € o(P(-))}.
Then, o(P(-)) and p(P(+)) are called the spectrum and spectral radius of the poly-
nomial matrix P(-), respectively. If det P(z) = 0 then o(P(-)) = C, otherwise
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the spectrum of P(-) is a finite subset of C consisting of at most deg det P(z)
“eigenvalues”. If z € C is an eigenvalue of the polynomial matrix (2) then there
exists a nonzero vector z € C™ such that P(z)z = 0. Then the vector z is called
an eigenvector of the polynomial matrix P(-) corresponding to the eigenvalue z.

Definition 3.1. The difference equation (1) is called asymptotically stable if all
its solutions y(t) tend to zero ast — oo.

It is well-known that the difference equation (1) is asymptotically stable if
and only if the associated polynomial matrix P(z) = A, 2" — A, 12"t -—Ag is
Schur stable in the sense that all the roots of p(z) = det P(z) lie in the complex
open unit disk.

Remark 1. If det P(z) # 0 then the difference equation (1) has a finite dimen-
sional solution set (i.e. defines an autonomous behaviour, in terms of behavioural
system theory [11]) and can be transformed equivalently into a first order dif-
ference equation x(t) = Axz(t) (see e.g.[16]). It is known that A\ € o(A) if
and only if det P(A\) = 0 (see [15]). Hence the state space system described by
x(t) = Az(t) is asymptotically stable if and only if the polynomial matrix P(z) is
Schur stable. If det A,, # 0, an equivalent state space system is easily determined
by introducing the state vector z(t) = [y(t —v+ D), y(t —v +2)T, .., y®)T]T :

0 I, 0 .. 0 0
0 0 I, ... 0 0
z(t+1)=Ax(t), teN; A= .. .. e .
0 0 0 .. 0 I,
ATYA, 1 AJTA, 5 . L. L AJlAG
(3)
If det A, = 0, the construction of an equivalent state space system is more

complicate (see [16]).

In the rest of this paper, we always assume that A, is a regular matriz.

Definition 3.2. The polynomial matriz (2) with det A, # 0 is called positive if
the matrices A7 A, 1, ..., A Ay are nonnegative.

Remark 2. From the above definition, it follows that P(z) in (2) with det A, # 0
is a positive polynomial matrix if and only if the associated discrete state space
system of the form (3) is positive.

We are now in a position to prove the main results of this paper.

Theorem 3.3. Let the polynomial matriz (2) be positive and py := p(P()).
Then,
(i) (Perron-Frobenius theorem for positive polynomial matrices) po is an eigen-
value of the polynomial matriz (2) and there exists a nonnegative eigenvec-
tor x € R} such that

P(po)x = (Aupo” — Ap_1pe” ' =+ = Ag) x = 0.
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(ii) Given a € Ry, there exists a nonzero vector x € R'} such that
(AT A 1 P+ AJTA, s R+ A Ag) > o

if and only if po > .
(ili) t e R, t > po & P(t)"1A4, > 0.

Proof.
(i) By definition of pg, there exist s € C,|s| = pp and y € C™, y # 0 such that

P(s)y = (Ays” — Ay_1s" 1 — - = Ag)y = 0.
From A;1A; € R™" i € v = {0,1,...,v}, it follows that
(A Ay 1p0” T+ A AL apo” TP 4 AL Ao) [yl = po”lyl-
By Theorem 2.1 (ii), we have
p (AT Ay 1p” T+ AT AL ape” TP+ AT Ao) > po” (4)

Consider the continuous real function

f(0) :=0"—p (A Ay 10" "+ A T A, 00" 24+ AT Ag), 0 €[0,400).
(5)
By (4), f(po) <0. Assume f(po) < 0. Since, clearly limg_, 1o f(0) = 400, (o)
= 0 for some 6y > pg. Therefore p(A;lAV,190”_1 + ATTA, 900" 4+ 4+
A T Ag) = 60", Tt follows from Theorem 2.1 (i) that 6y is an eigenvalue of the
nonnegative matrix A71A, 160" + AS1A, 200" 2 4 .- 4+ A1 Ay, or equiv-
alently, det (051, — (A A,_100" " + A A, 200" 2 + -+ A1 Ag)) = 0. By
A, is a regular matrix, we get det (AV% — Ay 100" = Ay 0T - — AO)
= 0. This, however, conflicts with the definition of pg. Thus, f(po) = 0. This
gives
py=p (A Au_1py ™ + AT A, opl TP 4+ AT AY) (6)
Applying Theorem 2.1 (i) to pf and taking into account that A, is a regular
matrix, we get (i).

(ii) Let a € R and pg > «. It follows from (i) that there exists a nonnegative
vector x # 0 such that (Aupo” —Ay_1p" = — AO) x = 0. Therefore

(A;lA,/_lpOV_l + A;lAV_ngV_2 + -4 A;le) Tr = pQVI Z o’z

Conversely, suppose that there exists a nonzero vector g > 0 such that
(A;lAyflOéyil + A;lAV,QOLV72 + -+ A;le) o > OZVI'().

Since A;1A, 10 '+ ASYA, 90V + .- + A7 A is a nonnegative matrix,
it follows from Theorem 2.1 (ii) that p(A; A, 10~ + A A, sa¥ 2 + -+ +
A;1Ag) > . Thus, f(a) < 0, where the function f is defined by (5). It is
important to note that from the arguments in the proof of (i), we have f(6) > 0
for every 6 > pg. Therefore, we have py > a.



Perron Frobenius Theorem for Positive Polynomial Matrices 479

(iii) Since t > po, we have f(t) > 0, or equivalently,
> p (A At AT A ot TP 4+ A A
By Theorem 2.1 (iii), the matrix
(8T, — (A Ay yt" P+ A Ay ot 2 4o AT AG))

exists and is nonnegative. Thus,

0 < (A;lAth/ _ A;lAy—ltV_l _ A;lAV_QtV_Q L A;lAO)*l _ P(t)_lAV.

Using Theorem 2.1 (iii), it is easy to show the converse. This completes our
proof. [ |

4. Application to Positive Linear Difference Equations

We now apply the above results to derive some necessary and sufficient conditions
for the asymptotic stability of the positive linear difference equation of the form

(1).

Theorem 4.1. The positive linear difference equation of the form (1) is asymp-
totically stable if and only if the linear discrete-time system without delay

2(t+1) = (SAylAi)x(t), teN (7)

is asymptotically stable.

Proof. Let the positive linear difference equation of the form (1) be asymptot-
ically stable. That is 0 < pg := p(P(-)) < 1. Suppose that the system (7) is

v—1

not asymptotically stable. Then, we have p( > A;lAZ-) > 1. Thus, f(1) <0,
i=0

where the function f is defined as in the proof of Theorem 3.3 (ii) by

FO):=0"—p(A Ay 10" + AT A, 00" 2+ + AT Ag), 0 €[0,+00).

On the other hand, by Theorem 3.3 (i), f(po) = 0. So, we derive py > 1, a
contradiction.
Conversely, assume the system without delay (7) is asymptotically stable.

v—1

That is, p( > A;IAZ-) < 1. Suppose that pg > 0, it follows from (6) that pg =
i=0

p (A,lel,,1 +AJYA, apo i+ A;lepo_(”_l)) . By Theorem 2.1 (iv), po <

1, as was to be shown.

Theorem 4.2. Let the positive linear difference equation of the form (1) be
asymptotically stable. Then, there exist a nonnegative vector p € R™, p # 0 and
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a real number v, 0 <~ < 1 such that
v—1 . T
(Z A, Ai) p=p. (8)
i=0

Conversely, if the equality (8) holds for some strictly positive vector p € R™ p >
0 and some real number v, 0 < v < 1, then the system (1) is asymptotically
stable.

Proof. The first assertion of this theorem follows from Theorem 4.1 and Theorem
2.1 (i).

Conversely, suppose that the equality (8) holds for some p > 0,p € R"
and some real number 0 < v < 1. Assume on the contrary that the positive
system (1) is not asymptotically stable. By Theorem 4.1, it is equivalently to

v—1 v—1
B = p( > A;IAZ-) > 1. From Theorem 2.1 (i), we get ( > A;lAi)po = Bpo
i=0 1=0

v—1 T
for some pg € R, pg # 0. This gives pOT< > A;lAi) = Bpt’. Combining the
i=0

last equality and the equality (7) gives (8 — v)pdp = 0. However, this conflicts
with (8 —+) > 0 and p>> 0,po > 0,pg # 0. This completes our proof. ™

We conclude the paper with a remark.

Remark 3. It is worth noticing that the vector p € R’} in the converse statement
in the last theorem must be strictly positive, i.e. p > 0. For clarity, we consider
the following system

= k .

(Ig(t + 1) 2 xg(t) ’ € N (9)
Then, we have the equality (8) with p := (1,0)” and v = 1/2. However, the
system (9) is unstable. Furthermore, the converse statement of Theorem 4.2 can

be stated in the following form:
If there exist vectors p,r € R™; p,r > 0 satisfying

v—1 T
(ZA;lAi) p+r=p (10)
i=0

then the system (1) is asymptotically stable.
In the particular case of A, = I,,, we get back one of results in [4], where it
was proved by using a Lyapunov—Krasovskii functional.
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