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Abstract. We consider the problem of finding u € L?(I), I = (0,1)? C R?, satisfy-
ing

/ u(z,y)a*ty™ dedy =

I
where k,0 =0,1,2,..., (ag) is a sequence of pairwise distinct real numbers which are
greater than —1/2, and p = (pug;) is a given bounded sequence of real numbers. This

is an ill-posed problem. We shall regularize the problem by finite moments and then,
apply the result to reconstruct a function from a sequence of its Laplace transforms.

1. Introduction

In this paper we consider the problem of finding v € L?(I), I = (0,1) x (0,1)
satisfying

[ty dody = o, 1)
T
where k,1=0,1,2,..., (ax) is a sequence of distinct real numbers such that

1
ak>f§ forall k =0,1,2,...

and (ug;) is a given bounded sequence of real numbers.
As it is known, the problem (1) is ill-posed, i.e., solutions do not always
exist, and in the case of existence, they do not depend continuously on the given
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data (which are represented by the right hand side of (1)). In [1], the authors
considered a particular case, in which («;) is a sequence of positive integers

=i, i=0,1,2,...

The remainder of this paper consists of two sections. In Sec. 2, using the
solution of the finite moment problem

/u(ac, y)x*y*dedy = pr, k,1=0,...,n, (2)
1

we shall give a regularization of problem (1). Sec. 3 deals with a moment problem
associated with the Laplace transform.

2. Regularized Approximation of (1) by Finite Moments

Let L., be the polynomial

= Z ijwaj, (3)
j=0

where .
m— . - 1
ij: 2Oém+1(HT;O (OZJ+OZ + )) (4)
Hr:O,T?ﬁj (Oé_] - 067-)
Recall that the «;’s are pairwise distinct. We have
Proposition (A).
a) The set {Ly,} is orthonormal in L?[0,1].
b) The set {L,} is complete in L?[0,1] if and only if
> 20; + 1
. 5
; 2a, + 121 (5)

See, e.g., [2] for the proof.

Put
k l
Lkl(xay) ZZ kpCquapyaq
p=0q=0

If the assumptions in the above proposition hold, then the sequence {Ly;} forms
a complete orthonormal set in L2(I).
For each p = (ugi), we define the sequence

A=) = (M) (6)

as follows
ko1

Akt = A (1) Z Z CrpClgtipr-

p=0¢=0
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Then Problem (2) is equivalent to that of finding u € L?(I) satisfying

/u:cyLkl:cy)d:cdyf)\kl, k,1=0,...,n. (7)
i

It is known from the elementary functional analysis that
n
Pt =" () = Y Ma(p) L (8)
k,1=0

is a minimal norm solution of (2).

We have

Theorem 1. Let p = () be a given sequence of real numbers and let the
assumption of Proposition A hold. Then Problem (1) has at most one solution.
Moreover, the solution exists if and only if

(o] (oo} (o] 2
PIRTEDS ( > CkpClqﬂkl) < o0, (9)
k,l=0 k,0=0 p,q=0

where Cyj is as in (4) if i > j and Cij =0 if § < j.
If u is the solution of (1) then

P () — u in L(D).

Proof. By the completeness and the orthonormality of { Ly, }, if (1) has a solution
u then

oo
> A = llulf® < oo,
k,i=0

Here, ||| is the L?()-norm. Conversely, if (9)is satisfied then, by completeness
of {Ly;}, the sum u of the series

Z Akt L

k,1=0

is the solution of (1). ]
The following is the main result

Theorem 2. Let C > 0 and let c¢(t) be a decreasing positive function on [0, 00)
satisfying C > c(t) for every t > 0. Suppose the sequence («;) satisfies (5), and

a; =¢(i), 1=0,1,2,...
where @ is a real function defined in [0,00) such that

0<c(t) <) <C, Vte[0,0), (10)
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(we can suppose C > 1+ 2p(0)). Let ug € L?(I) be the solution of (1) corre-
sponding to the exact data p° = (u?,) in the right hand side. Put

3GC<9

v C(Qt) (2t + 1),

ft) =

and for each 0 < e < 1, put

n(e) = [f~H(e 3],

where [x] is the largest integer < x.
Then, there ezists a function n(e), 0 < € < 1, such that n(e) — 0 as € — 0 and
that for all sequences p satisfying

e — 1)l = SUp |41 — | < e,
we have
Ip™) (1) = ol < ne).
Proof. We have
p™ (1) — woll < "™ () — 2™ ()| + [Ip" (1°) — woll. (11)

Using (8), we have
n oo
Ip" (1) — " ()| = Z Z CropClq (et — Mgz)Lma
k,l=0p,q=0

where Cy; = 0 if 1 < j.

Hence,
2
10— " WO = 32 (3 CopClalins — )

k,0=0 p,q=0

<e zn: (i Ckpclq)Q.

k,l=0 p,q=0

(12)

From (4), (10) and the Lagrange’s theorem about the mean-value of differentia-
tion, one has

m—1
(Congl = v/Zay 71| L= (aj+o<r+1)‘
=

H:«nfo T;éj(aj —ay)

g1/ L G+
= a@eim) YV e =]

Cm+1/2 (m_’_]).
< —V2m+ 1l

cm(m) (71)2(m = j)!

Cm+1/2

- an(m)

. Com+1/2
m+1(14+1+ = iy VZm+ L
V2m+1(1+14 1)+ =3mH 2m + 1
cm(m)
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Therefore
éwmﬂ < (C(m))mmjﬁjjoW“
< (o) Ve ()

This implies, since C;; = 0 if ¢ < j and the function c(t) is decreasing, that

( i |Ckpclq|)2 _ {(zk: |Ckp|> zl: |Clq|}2
P,q=0 =0 =
{% (2k 4+ 1)(20 + 1)(%)232(k+1)}2 (14)
= {ﬁ}m“)c%% +1)(2+ 1)(%)434@“)7

and then (noting that 0 < ¢(t) < C for every t > 0)

> (2 1ewci)’ < () () "cn e 2257

k=0 p,q=0
n 4(n+1) _
_>4(—C(C))4 02(2n+1)2(3 314 _ 1 )2 (15)

3
2 2n
3NY_C N\ e 2 3% V2o
< 2) <c2 )) C*@n+1) (34—1) 3
122 n
C 9 ) (2n +1)%
Put .
3°C  9C 2t
= — 2 1
/) 24\/5<c(2t)) @t+1)
From [12] we have
1™ () = ™ (W) < V. (16)

If we put

n(e) = Ve + { Z ( i CkpClqﬂgq)2}1/2v

max(k,l)>n(e) p,g=0
then by (11), (16), it follows that

9™ (1) — wol| < n(e).
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As € — 0, we have f~1(¢71/2) — oo and n(e) — co. By (9)
i 2
Z ( Z CkpClqugq) —0ase—0.
max(k,l)>n(e) p,g=0

Hence n(e) — 0 for ¢ — 0. ]

3. A Moment Problem from Laplace Transform

We consider the problem of approximating ug € L?(Q), @ = (0,00) x (0,0),
such that
/ wo(w, y)e T Mdady = 1,k =0,1,2,... (17)
Q
where (f3;) is a sequence of distinct real numbers. Put s = e ™, t = e ¥ and
wo(s,t) = up(—Ins, —Int). It follows from (17) that
/wo(s,t)saktaldsdt =ul, k1=0,1,2... (18)
I

where a; = 3; — 1,7 =0,1,2,...
Note that

/|w0(s,t)|2dsdt:/|u0(z,y)|26*z*yd:cdy.
I Q

Then we have wo € L?(I), since ug € L?(Q). According to Theorem 2 in the
previous section, we have

Theorem 3. Let ug € L?(Q) be the solution of (17) corresponding to pu° =
(19,) € €2 in the right hand side of (17). Suppose the sequence (3;) satisfies

R 26, — 1
Vi, B > =, =,
z,ﬁ>2 ;(2@'*1)2+1 00

and B; = p(i) + 1, where ¢ is a function as in Theorem 2. Put
36C /90 \2t
t) = ——|—— 2t +1
10 = 5= (o) @+,

and for each 0 < e < 1, put

where p™&) () is as in Theorem 2. Then there exists a function n(e), 0 < e < 1,
such that n(e) — 0 as € — 0 and that for all sequences p satisfying

I — 1o = sup |kt — piy| < e,
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we have
g™ () = woll, < ne),

where the norm ||-||, is defined by

IR|12 = / \h(z, y)|2e—Vdzdy.
Q

Proof. From Theorem 2, we get
[P () — wo || < n(e), where wo(s,t) = uo(—Ins, —Int). (19)

Moreover,

17 w) = woll? = [ 15 s, 1) = wos, )P
I
— [0t ~wola ) fe e dady  (20)
Q

= 1l¢" (1) — uoll?,

which completes the proof. n
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