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Abstract. Ann-category is called almost strict if its natural equivalences, except a
natural equivalence of commutativity and of the distributivity, are identities. The
purpose of this paper is to prove that every Ann-category is Ann-equivalent to an
almost strict Ann-category of the type (R, M) and to give new interpretations of the
cohomology groups H3(R, M) of the rings R.

The present paper consists, in a certain sense, of an extension of our results in
[4-6]. Reading the present paper requires certain knowledge of the main results,
which were announced in [3]. For completeness, we briefly recall some of the
material that will be indispensable for the understanding of this paper.

Throughout this paper, for the tensorial product of two objects A and B, we
write AB instead of A ® B, but for the morphisms we still write f ® g to avoid
confusion with composition.

1. Preliminaries

1.1. The First Two Invariants of Ann-Category

Let us consider an Ann-category,
A:(A’a+’c7 (O’g’d)’a7 (I7Z7T)7E7R)’ (1)

in which (a™, ¢, g,d) is a system of natural isomorphisms of associativity, com-
mutativity, unity, respectively, for the Picard category (A, ®), and (a,l,r) is a
system of natural isomorphisms of associativity, unity for the monoidal category
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(A, ®) and (£, R) is a pair of natural isomorphisms of distributivity

L=Lapc:AB®C)— AB® AC,
R =TRapc:(A®B)C — AC & BC.

For each object A € A, functors L4 = A®_, R* = _® A induce isomorphisms
EA:A®O*>O,]§A:O®A—>O.

The set IIp(A) of the isomorphic classes of objects of A is a ring with the
operations induced by @ and ® in A, and II; (A) = Aut(0) is an abelian group
whose composition law is denoted by +. Moreover II;(A) becomes an IIy(A)-
bimodule where the left and right operations of the ring IIy(.A) on the abelian
group II; (A) are defined by

ru = Ax(u), ur = px(u), X € r € lIy(A), u € II;(A),

where Ax, px are the two maps Aut(0) — Aut(0) given by the following com-
mutative diagrams

X pX
x0 L7 g x0 £, ¢
id®ul px(u) id®ul lpx(u)
TX DX
X0 L—) 0 0XxX R—> 0

The ring R = Ip(A) and R-bimodule N = II; (A) are the first two invariants of
Ann-categories.

1.2. The Almost Strict Ann-Category M (A)

Definition 1. An Ann-category A is called almost strict if its natural equiva-
lences, except the natural isomorphism of commutativity and one isomorphism
of distributivity (left or right), are identities.

Definition 2. Let A be an Ann-category with the system natural equivalences
(1). A M-functor (F,F,F) : A — A is an AC-functor (F,F') with respect to
the operation @ together with isomorphism F,

F}Qy . F(XY) — (FX)Y,

such that the following diagram is commutative

F(A(BC)) F FA(BC)
F(a)l - - l a
F(BCo)C) - raapc £214, (payp)c

and the following conditions are satisfied:
(i) the family (Fx,y)y is ®-morphism from F o LX to LFX,
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(ii) the family (Fx.y)x is ®-morphism from F o RY to LY o F.

A M-morphism from (F, F,F) to (G, é,a) is @-morphism ¢ : F' — G such
that the following diagram is commutative
F(4B) - (FA)B

el ) |p@id

4By —S—. (GAB

The category of M-morphisms and M-functors of Ann-category A is denoted by
M(A).

Theorem 3.

1) M(A) is an almost strict Ann-category in which the commutativity constraint
and the left distributivity constraint are defined by

C}:“,G(X) =CFX,GX»

1I:ﬂ,G,H(*X) = FGX,HX,

where X € A.
2) Any Ann-category A is Ann-equivalent to the almost strict Ann-category

M(A).
1.3. The Structure of Ann-Category of Type (R, N)

Given an Ann-category A. The reduced category S is constructed as follows:
its objects are the elements of ring R = IIy(.A), and its morphisms are automor-
phisms of the form (r,u) with r € R, u € N =1I;(A), i.e.,

Aut(r) = {r} x N.
The composition law of morphisms is induced by addition in N. We shall use
the transportation of structures (see [3]) to transform S into an Ann-category
equivalent to A.

Choose for every r € R a representative X,. € A such that Xg =0, X; =1,
and then, for every pair r,; s € R, two families of isomorphisms

Cpr,s . Xr 5> Xs — XrJrsa
wr,s  Xp X — Xos,

such that

©Yo,s = 9x., Pro=dx,
Vs =Ix., Ur1=rx., Yos =R, ho=L"".

The family (X, ¢,v) is called a stick of Ann-category A.
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After that, define the functor H : S — A by
H(’I“) =X, H(’I“, u) =X, (u)7

and put H = ¢!, H = &1, in which

vx : End(O) — End(X)

u— yx (u)

is the isomorphism defined by the commutative diagram

x =@ .
gT Tg
0px L9 oo x

(The fact that vy is an isomorphism follows from the equivalence of the functors
F = — @ X in a Gr-category (A, ®)).

By means of transportation of structures, the category S has the structure
of an Ann-category with respect to which (H, H , H) is Ann-equivalence from S
to A. In S the two operations have the explicit form:

ré&s=r+s (sum inring R),
r®s=rs (product in ring R),
(ryu) ® (s,v) = (rs,rv + us).
The natural equivalences of the Ann-category structure in S are induced

from those of A by (H, H, H ). For example natural associativity « of operation
® is defined by the commutative diagram

~

Xr(Xth) M XTXst ‘L rst
| o
(X’V‘XS)Xt M erXt — rst

with H(Oé(?",S,t)) = ’)/XTSt(OZ(T,S,t)). _

This commutative diagram means the compatibility of (H, H) with respect
to the pair («, a) of natural isomorphism of associatitity.

In the Ann-category S, the natural equivalences of unity of the two operations
@, ® are identities. We denote a system of natural equivalences of S by

(&,1,(0,id,id), o, (1,4d, id), A, p).

S is called Ann-category of type (R, N') and the family of functions (&, 7, a, A, p)
is called a structure of Ann-category of type (R, N). They satisfy 17 relations
(see [4]).

If an Ann-category A satisfies the regular condition cx x = id, the function n
induced by the commutativity constraint c¢ satisfies condition n(x,z) = 0. Then
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the family (£, 71, a, =, p) is a 3-cocycle of the ring R = IIp(A) with coefficients in
the R-bimodule N = II;(A) in the sense of Mac Lane-Shukla. The main result
in [5] is as follows.

Theorem 4. Any reqular Ann-category is Ann-equivalent to a reduced Ann-
category of type (R, N) having structure isomorphisms (&,n,a, A, p) where £,n
are identities.

This result will be enhanced in Corollary 8.

2. Main Results
Now we shall present and prove the main result of this paper.

Theorem 5. Any Ann-category A is Ann-equivalent to an almost strict Ann-
category of type (R, N).

In order to prove this theorem, we need some lemmas. First, for any two
choices of sticks (X, ¢, ) and (X’, ¢’ ,1") we prove the following:

Lemma 6. Suppose S a stick (X,,p,%) and S’ a stick (X],¢',9') are two
reduced Ann-categories of A. Then B
(i) There exists an Ann-equivalence (F,F,F) : S — 8§ with F = 4d.
(ii) The two structures (§,m,a, A, p) and (&', a/; N, p'), of S and S respec-
tively, satisfy the following relations

(€ = (@,y,2) = ply, 2) — plx +y,2) + plz,y + 2) — pl,y),

(" —n)(z,y) = wx,y) — uly,z) = ant p(z,y),

(o' —a)(2,y,2) = 2v(y, 2) — v(zy, 2) + v(z,y2) — v(T,Y)2,

N = N(@,y,2) = v(z,y + 2) —v(z,y) — v(z,2) + 2p(y, 2) — p(ry, v2),
(

/

=)@y, 2) =v(x+y,2) —v(e,z) - vy 2) + p,y)z — plez,yz),

where p, v: R X R — N are two functions satisfying the conditions

Proof.
(i) We have canonical Ann-equivalences:

(H,H,H): S — A,

(H H . H):8 — A,

where H = o1 H = YL, o0 = s o — WL
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Let (K, K, K ) be the Ann-functor inverse to the Ann-equivalence (H, H, H ).
We put
F—KoH, F=KH, F=KH,
and then (F), F, f‘) : 8’ — S is an Ann-equivalence where F' = id.
(ii) We put p = KUHI, v = ﬁl. Then the compatibility of Ann-functor
(F, FF ) = (id, u, v) for natural equivalences of S and &’ implies the relations
to be proved. Moreover, we can check that

1(0,y) = p(z,0) =0,
v(0,y) =v(z,0) =v(l,y) =v(z,1) = 0.

by the “normality” of functions &, u, a, A, p. [ |

Lemma 7. Let § be the reduced Ann-category of A, with the structure
(& n,a,\, p) and let u,v : R x R — N be any pair of functions satisfying
the conditions

1(0,y) = pu(x,0) =0,
v(0,y) =v(z,0) =v(l,y) =v(z,1) = 0.

Then the family (§',7',a/, N, p") satisfying the rules in Lemma 6 is a structure
of the reduced Ann-category S’ of A.

Proof. Let u, v be as in Lemma 6. After choosing the representation (X),
where X} = 0, X| = 1, we construct functor H' : § — A. Then H' and H’
are chosen for HEK = © and If(\l-:f = v with (K, Iu(, I~() an Ann-functor in the
proof of Lemma 6. Now we put ¢’ = (H')~! and ¢/ = (H')~'. With the stick
(X, ¢, ¢") we construct the reduced Ann-category S’. The rest follows from
Lemma 6.

Proof of Theorem 5. Let & = (R, N) be the reduced Ann-category of an
Ann-category A and (&,n,a, A, p) is its structure. We shall prove S is Ann-
equivalent to an almost strict reduced Ann-category S’ of A in the sense of
Lemma 7.

Fisrt, we describe the structure of reduced Ann-category S due to the Ann-
equivalences between S and an almost strict Ann-category M (S) mentioned in
Theorem 3. Let

DS — M(S),

be an Ann-equivalence and I' be the Ann-functor inverse to ® mentioned in
Theorem 3. They have the explicit forms:

®(x) =, = (L°, L*, L"), z€R, [*=z® —,

O(z,u) =u": L* — L7, uy = (z,u) @ (y,0) = (zy, uy),

(i)$7y(z) = ((1’ + y)z, p(xa Y, Z)) - (.7 p(:E, Y, Z))a

P

~m,y(2) = ($927 _O‘(x7yaz)) = (.’ —OK(I,y,Z))7
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and

r:M(@S) — S,

(F,F,F)— F(1).
For ¢ : F — G, an M-morphism, we set

L) = ¢1: F(1) — G(1).
Then we have an isomorphism
r:To® ~idg,

where 7 is the natural isomorphism for right unity of S. As r =id, so o ® =
ids. B

Now we shall prove some properties of the Ann-equivalence (T, I, I), and
describe natural isomorphisms of §. The isomorphism

Ipa:T(F&G) —TIFalG,
where F,G € M(S), induces a function f : Rx R — N,

(30 +Y, f(x7y)) = f‘%,% : F((I)l‘ D q)y) —I'e, @ F(I)y(: T+ y)
For the isomorphism f‘, we have the following relations:
f%,cbyea@z = 1Vj<1>x,<1>y+z =@+y+azflz,y+2), (2)
To, 00,0, =La,,,0. = (@+y+2 f(z+y,2). (3)

Actually, according to the naturality of f‘, we have the commutative diagram

9]

(¢, ® (2, ® 2.)) I re, ¢I'(®, & 2,)
P(id @ ®)| Taars
o, f(z,y+ =2 @ id
v, ee, (@) —

According to the proof of Theorem 3 (see [4]) we get

D(®y.:) = (y+2,0(y,2,1) = (y + 2,0).
Then by definition,
[(id & &) = id,
we get equation (2). Similary we have equation (3).
The coherence condition for I" (for distributivity) gives us the commutative
diagram

9]

id® T r
r+(y+2) ‘Zdi x+F(<I>y@(I)Z) — I‘((I)x@(@y@@z))

l(%{(ﬂc,y,z)) lF(id)

T+ (y+2) [
Fry+z

(x+y)+2 F((q)x@q)y)@q)z) L F((q)m@q)y)@Q)Z)
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Hence

Now, the isomorphism T defines a function g: Rx R— N as follows:
(2y,9(x,9)) = T, 0, : T(P,®,) — IO, ID, = y.

The natural property of the isomorphism r implies the commutative diagram

[(®,(2,8,)) —— [d,I(®,d,)

r(z‘d@%ﬂ Tid@FZIS

r(®,8,.) —L1— To,Id,,

Also from the proof of Theorem 3, we have
q)yﬁz - ( - Oé(y, 2 t))tER’
F(I)yvz - (yz, 70‘(3/; 2 1)) - (yz, 0)

and

[(id © ®) = id.
Finally N
Lo, 0,0, = (zyz, 9(z,y2)), (2)
and
To,0,0. = (vyz,g(zy, 2)). (3)

Now the compatibility of isomorphism [ fora pair of natural isomorphisms
of associativity (a = id, a) of products in M(S) and S give us:

OK(I, Y, Z) = _Ig(:% Z) + g(my, Z) - g($, yZ) + g(I, y)Z (5)
Similarly, the compatibility of pair (F‘ ,ﬁ ) for natural isomorphisms of right

distributivity (R* = id, p) gives us the relation

In particular, for a pair of natural isomorphisms of left distributivity (£*, ),
the compatibility of (T, f‘, ') for them gives the following commutative diagram

T(®,(®, ® 3(z) —— To,.0@,00,) 42 re re,srs,re,
)| (o A(@,9,2)) |

v

(@, & 6,0.) —L (@,8,) o T(@,0.) L2L 10,10, 5 To,T0,

Since o
D(L) = L5(1) = (®2)a,(1),9.(1)
=(

= (i) Yy = (x(y + 2), Mz, y,2)),
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we obtain the relation

9@,y +2) —g(z,y) — g9(x,2) + f(y, 2) — f(zy,z2) = 0. (7)

Now, according to Lemma 7, we can choose the new stick with p = f and v = g.
Then according to Lemma 6 and Relations (4)—(7), the reduced Ann-category
S’ has the structure (&', 7/, o/, N, p’) satisfying

EI:()’ 77/:77+ant,u'7 0/:07 pl:()a >‘I:>‘7

which means S’ is almost strict. The proof is complete. ]

According to Theorem 5, each structure of a reduced Ann-category of type
(R, N) is a pair of functions

N:RXR— N, \:RXxXRxR—N

satisfying the following relations
L n(z+y,z) —n(z,z) —nly,z) = 0.
77(33711) + 77(1% aj) =0.
- n(z,y)z — n(xz,yz) = 0.
can(y, 2) — n(zy, zz) = Mz, y, 2) — Mz, 2, 9).
Az, z,t) = M,y + 2,t) + Az, y, 2+ t) — Mz, y,2) = 0.
A, 2, t) + Ay, 2,t) — Mz + y, 2,t) = —n(at, yz).
- x\(y, z,t) + Mz, yz, yt) — Mzy, z,t) = 0.
- Az, yt, zt) — Ma,y,2)t = 0.
ALy, 2) = M0,y, 2) = A(x,0,2) = A(z,y,0) = 0.

The above relations can be derived from 17 relations for a structure in [4].

Corollary 8. For a reqular Ann-category A, its reduced Ann-category S has
the structure function A : R X R X R — N satisfying the following relations

Az, y,2) = Mz, 2,y) =

Az, z,t) — Mz, y—l—zt)—i—)\(x y,z+1t) — Mz,y,2) =0,
Az, z,t) + Ay, z,t) = Ma + y,2,t) =0,

2A(y, z,t) + Az, yz,yt) — May, z,t) =0,

Az, yt, zt) = Az, y, 2)t,

A1,y,2) = A0,y,2) = A(z,0,2) = AMx,y,0) = 0.

Proof. Since an Ann-category A is regular, so cx, x = id and hence n(x,z) =0
for each x € R. Then we can choose a new stick with 1 = id (see [6]). ]

Since any structure of regular Ann-category of type (R, N) corresponds
to an element of the cohomology group H*(R,N) of the ring R, the above
result gives us a new interpretation of the cohomology group H?(R, M) and
this suggests us a construction of a complex which is simpler than those in
[6, 7].
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