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Abstract. The aim of this paper is to prove the existence and uniqueness for solution
of a stochastic Volterra—Ito equation and to give conditions for the asymptotic mean
square stability of the trivial solution.

1. Introduction

In this paper, we consider a class of stochastic integral equations of the Volterra-
Ito type driven by a Brownian motion. This type of equation is of following form

t t

x(t,w) = h(t,w) +/K1(t,7,w)f(7',x(r,w))dr+/Kg(t,r,w)g(r,m(T,w))EllBI),

x(to,w) = xo,

where (B, t > 0) is a Brownian motion on RT, and K, K, are two random
kernels.

We study the existence and uniqueness for solution of the equation (1.1),
under some conditions imposed on random kernels K7, Ko and functions h, f, g.
Also the problem of asymptotic stability for the random solution of (1.1) is
investigated.

This class of stochastic integral equations of the Volterra—Ito type is of great
importance in various applications to engineering and biology.

The paper is organized as follows. The next section is devoted to preliminary
notions and results needed to own study. The Sec. 3 presents own main results
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consisting of the existence and uniqueness and the asymptotic stability of the
solution.

2. Priliminaries

In this section, some basic definitions and lemmas are given. All stochastic pro-
cesses here are supposed to be defined in a complete probability space (2, F,P).
We suppose that x; = 0 is a solution of (1.1), that is

t t
0= h(t,w) +/Kl(t,T,w)f(T,O)dT—l—/Kg(t,T,w)g(T,O)dBT.
0 0

Definition 2.1. The solution z; = 0 of Equation (1.1) is said to be p-stable
(p > 0) if for any € > 0 there exists r > 0 such that ||zo]| < r and t > to

E|lz(t,w,to, z0)||F <e.

Definition 2.2. The solution x; = 0 of Equation (1.1) is said to be p-asymptotically
stable if it is p-stable and if xo is small enough then

E|z(t,w, to, z9)||P — 0 as t — oco.

Definition 2.3. Let C, = C,(R™, Ly(Q, F,P)) denote the space of all random
processes x(t) defined on RY such that

(1) ||I(t)HL2 < oo, Vt e R+7

(ii) x(t),t € RT, is continuous in mean square.

Thus, we see that C} is a Banach space with the norm defined by

1/2
lzlle, = (supllz(®)l|Z,)""
t>0

Definition 2.4. A random variable x(w) is said to belong to Loo(Q, F, P) if
there exists a constant z > 0 such that

P{z(w) >z} =0.
We can define the norm of z(w) by

llz(w)[| = P-esssup|z(w)| = inf{ sup |z(w)l},
Q Qo Q-Qp

and P(p) = 0.

Definition 2.5. Let {(t,w) be an n-dimensional measuarable random process.
Define

x0l€] = o[£t )] = T+ n Bl (r, )7

then xp[€] is called the Liapunov p-exponent of the process {(t,w).
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The following result can be found in [4].

Lemma 2.1. For any fized p > 0, denote by ¢(p) the set of p-Liapunov expo-
nents of all non-trivial solutions of the following equation

dx = G(t,z,€)dt,
G(t’()? 5) = 07
I(to) = Zo, t> O7

where & is a random process.
If sup ¢(p) < 0 then the solution x = 0 of the above equation is asymptoti-

to,Zo

cally p-stable.

Lemma 2.2. Denoting by xp[&;] the p-Liapunov exponent of processes &;(t,w),0 <
i <n, we have the following assertions:

. Xp{ > fz‘] < max xp[&il,

~ 0<i<n
0<i<n
(i1) if £(w),n(w) are independent random processes then

Xp(€m) < Xp(€) + xp(n),
(iil) if c is a positive constant then

Xp(CQ = Xp(‘f)-

The proof of Lemma 2.2 follows directly from the above definitions.

3. Main Results

Let (Q,F, P) be a complete probability space. Suppose that (F;,t € RT) is a
family of increasing subalgebras of F, i.e. Fs C Ft C F for 0 < s <t < c0. By
dentotes a standard Brownian motion adapted to F;.

We now prove the existence and uniqueness of random solution and asymp-
totic stability of random solution of Equation (1.1).

Theorem 3.1. Assume that in Equation (1.1)
(i) K1(t,7,w), Kao(t, 7,w) belong to Loo(Q, F, P) and Ky(t, T,w) is adapted to
F; and there exists a constant z > 0 such that

¢
/H|Kz-(t,7,w)||\d7' <z foreveryteR" i=1,2,
0

(i) the functions f(t,x), and g(t,z) are continuous with repect to t and
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uniformly continuous with respect to x € R, and satisfy Lipschitz condi-
tions of the same constant I > 0:

If(t,x) — f(t,y)| <llz—yl,
lg(t,x) — g(t,y)| < |z —yl.

Moreover f(t,0),g(t,0) are continuous and bounded functions on RT,
(iii) h(t,w) € Cp(RT, Ly(Q, F, P)),
(iv) 1z < 1/2.
Then with respect to the initial condition xo, there exists a unique solution
z(t,w) € Cp(RT, Lay(Q, F, P)) of Equation (1.1).

Proof. Tt is easy to see from the property of composite functions that f and g
map Cy into Ch.
Let us define an operator S on C} as

Sxz(t,w) = h(t,w) + /Kl(t,r,w)f(r,x(r, w))dr

0
t

+ [ Ka(t,7,w)g(r,2(1,w))dB;.
/

Then we have

I26)1, <3102 +3(| [ Kt rnsratranar] )

0
2
)

t
2
< 3|a)]F2+3 / 1Bt 7 )12 f (o (7, w) ||, dr
0

+3(H/Kg(t,T,w)g(T,:E('r,w))dBT
0

t
+3 [ 1Ka(t.m )l otr ar)} dr
0
< 3|25 + 32 (sup | £t 212, + sup lg(t 2(6)]2,)
>0 >0
< 3R + 32 (1 £t 22, + gt (@)]Z,) < oo.
Therefore S(Cp) C Ch. (1)

Next, we prove that there exists a fixed point for the operator S. For any
x1(t), z2(t) € Cp, we have
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2

IS21(8) = Sea(0)*sy < 2| [ Kalt. ) [f(rar(r) = f(r,aa(r)]dr]
0

+2H/KQ(t,T,W)[g(T,IL'1(T)) — g(,22(7))]dB; 2
0

Lo

<2 / N (6 m )21 1 (7)) — £ (rawa ()| dr
0

+2 / 1Kt 7)1 |g(r.21(7)) = g(r, 22(0))| . dr
0

< 41222z () — 22()||
SO

S (t) — Swa(t)]| ¢, < 20z|a(t) — Ig(t)HCb.

Now the condition (iv) 2lz < 1 implies that the operator S is a contraction
operator. (2)
Due to (1) and (2), an application of the Banach’s fixed point theorem shows
that there exists a unique fixed point of S in (. This means also that there
exists a unique solution of (1.1). The proof of Theorem 3.1 is thus complete.

Remark. Suppose that ||| K1 (¢, 7,w)l||], ||| K2(t, 7,w)||| are continuous in ¢, 7 on a
finite interval [0, T'], for almost all w €  and the functions f(¢,x), g(t, ) satisfy
conditions (ii) stated in Theothem 3.1.

Then there exists a unique solution of Equation (1.1).

Indeed, we firstly observe that
stup{IIIKl(t7T7w)||l, [ K2 (t, 7, w) I}

exists, because ||| K1 (¢, 7,w)||| and |||K2(t,7,w)||| are continuous in ¢, 7 € [0,T].
Now by putting

k = max {StuP{|||K1(t7T7w)|||}, stuP{HIKz(t, mwll}}
we have

2

ISi1(6) = Saa(t)|, < 2| [ Kalt.m)[f(rar(r) = f(raa(r)]ar]
0

2

+ 2H /KQ(t,T,W)[g(T,IL'l(T)) — g(7,22(7))] dB; L
0
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§2/MKﬂuanFﬂﬂnxﬂﬂ)—fﬁ@ﬂﬂﬂﬁﬂr
0

+ 2/HIKz(t,T,W)IIIQ-\g(ﬂxl(T)) — g(r,25(7)|;,dr
0

< APK? |1 (8) — @ (1)]| 2, 1%
Then we can write

[Sz1(t) = Swa(t)| o, < 20k|Jx1(t) — z2(8)l| e, T 3)
We define S"x = S(S"'x), n > 1, since

t
5™ (t) — S"aa ()|, < 412K / 1™ a1 (t) — S™ M (8)[3,T
0

(2lk.)2nt2n

<o S e @) — 2 (0lL,,

it fllows from (3) that

(2lk)~T™
n _aqn < _—
[S" 21 () = S™22(t)]lc, < N
Because (21k)"T™/v/n! — 0, there exists ng € N such that (20k)™T™ /y/ng! =
q < 1.
Thus, the operator S™ is a contraction, and the operator S is a map from
Cy into Cp. Therefore, there exists a unique fixed point for the operator S, so
the equation (1.1) has a unique solution x(t,w) on Cj.

[21(2) = z2(8)]| -

Theorem 3.2. We consider the stochastic integral equation of the Volterra—Ito
type (1.1). Assume that, the equation (1.1) satisfies the condition (ii) and (iii)
of Theorem 3.1. Moreover we assume also that:
(i) There exists constants «, 3, such that for all 0 < 17 <t < 0o and for almost
allw e Q)

KLt 7, w)[[| < pem T,
I1K2(t, 7, w)l]| < fem =7,

(ii) The functions h(t,w), f(¢,0), g(t,0) satisfy the following inequalities
. t
ﬂﬁ?m/&mM@wmaw<Q

t—oo
0
t

—1
nm_m/émwﬂnmﬁdr<mn
t—oo t 2

0

t

—1
lim 7 ln/eQO‘THg(T,O)H%QdT < 2a,

t—oo

0
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where | > 0 is small enough, then the trivial solution x = 0 of the equation
(1.1) is asymptotically stable in mean square.

Proof. We have

Elz(t,w)* =
E(}h(t)—|—/Kl(t,r,w)f(r,x(r,w))dT—i—/Kg(t,T,w)g(T,x(T,w))dBT

%

<3P +3 [ 11Kt m I PELF (. alr. ) far
0

t
+ 3/ 1 Ka(t, 7, )| [2Eg(r, o(r,)) *dr.
0

It follows from (ii) of Theorem 3.1 that
| £ atrw)ll,, < et + 170,
lg(r, a(r,w)|,, < Uzt w)llz, +1g(t,0)I.
By consequence,
Bf(r.a(r,w)[* < 22Ela(t,w) + 21 (2.0,
and
Elg(r, a(r,w))|* < 202Blz(t,w)|* + 2|g(t, 0)|*.

Therefore

t
Ela(t,w)|? < 3E[h(#)2 + 6ﬁ2l2/e‘2a(t—T)E|x(t,w)|2dT

0
t

t
460 [ eI f(r,0)Pdr + 6 [ & 20D Ela(t,w)Pdr
0

0
t

+652/6_20‘(’5_7)|g(r,0)|2d7,
0

t
Ela(t,w)|? < 3E[h(#t)2 + 125212/e—%(t—ﬂmx(t,wﬂ?dr
0

t
* 652/ e=20=T)(| £, 0) + |g(r, 0)[2)dr,
0
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t
€20 Bt w)[2 < 32 E[h(1)[2 + 12ﬁ212/62‘”E|x(t,w)|2d7
0

3)dr.

t
462 / e27(|£(r,0)[2 + |g(r, 0)
0

If we put
o(t) = 2 Bla(t,w)|?,

t
P(t) = 3e** E|n(t)[* + 662/62‘”(If(7, 0> + lg(r,0)[*)dr,
0
then we see that

o(t) < 121°5° / o(r)dr + ().
0

An application of Gronwall lemma yields

t

b(t) < B(t) + 126°12 / 120 (1) dr
0
t

< 3e**'E|h(t)]* + 64> / T (If(,0)]* + |g(7,0)|*)dr
0

t T

+ 12572 / €277 (36207 Blh(r)|? + 667 / (| £(s,0)[% + [g(s, 0)|)ds) dr.
0 0

Denote k = 126212, then

t
Blx(t,w)[* < 3E[h(t)]* + 6526_20‘t/62“7(|f(7, 0)* +1g(7,0)]*)dr
0

t
+3ke‘20‘t/e(k+2“)7E|h(T)|2dT
0

+ 6@2ke—2at/e’”</e2w(|f(s,o)|2 + |g(s,0)|2)ds) dr.

0 0
Also if we denote My, My, M3 and M, as follows

1
My = T 5 o [0

t—oo

t
—1
M2 = lim ; In e—2at/62057'(|f(7—7 0)|2 + |g(7-a O)|2)dT7
0
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t—o0

t
—1
My = Tn - ne > / ¢ +20)7 1) 2dr,
0
t

T

M, - tlirgoglne_%t/ekT(/e2“é(|f(s,0)|2 + lg(s,0)]?)ds) dr,
0 0

then it follows from Lemma 2.1 that
—1
tlim n In B|z(t,w)|* < max(My, My, M3, My).

So My, My, M3, My < 0 for | small enough, by the condition (2).
Therefore

—1
lim — In E|z(t,w)|? < 0.

t—o00

The solution of Equation (1.1) is thus asymptotically stable in mean square.

Example. We consider the following equation
t ¢

$(t) :e—2t_i_/e—(t—s)e—s.cos(ac(s))ds_i_/e—(t—s)eaL‘(s)—sst7
0 0

where

f t,l‘) _ e—t.cos(w)7

g(ta r) = emita

h(t,w) = e 2.

We see that the functions h(t,w), f(¢, x), g(t, x) satisfy condition (ii) of Theorem
3.2.
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