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Abstract. Let X be a complex space and ϕ : X → [−∞;∞) be a plurisubharmonic

function on X . In this article we study the problem of extending holomorphic maps

from Δn \ S into the Hartogs domain Ωϕ(X), where S is a closed subset of the open

unit polydisc Δn in Cn with the locally finite (real) d-dimensional Hausdorff measure.

1. Introduction

This article is a continuation of our studies in [9 - 12] of extensions of holomorphic
mappings through subsets with locally finite Hausdorff measure in some (real)
dimension. As well known, the above-mentioned problem is a generalization
of the problem of extending holomorphic mappings through pluripolar sets and
it has been studied intensively recently. However, regrettfully that the present
knowledge of this problem has remained limited.

In this article, we study the problem of determining when a holomorphic
map f from Δn \S into a Hartogs domain Ωϕ(X) extends holomorphically over
a closed subset S of the open unit polydisc Δn of Cn with Hd(S) = 0, where d
is a real number such that 0 < d < 2n − 1 and Hd is the Hausdorff measure in
(real) dimension d.

Namely, we are going to prove the following

Main Theorem. Let d be a real number such that 0 < d < 2n − 1. Let X
be a complex space having the d-EP and ρ a Hermitian metric on X and ϕ a
plurisubharmonic function on X. Let S be a closed subset of Δn with Hd(S) = 0.
Let f := (f1, f2) : Δn \ S → Ωϕ(X) be a holomorphic mapping such that the
following are satisfied
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(i) lim sup
x→a

(
ε logρ(x, a) − ϕ(x)

)
< ∞ for every a ∈ X and every ε > 0;

(ii) The mapping f1 is non-constant on Δn \ S.
Then f extends holomorphically to Δn.

Moreover, we also give two counterexamples to show that the condition (ii)
cannot be dropped in Main theorem and the extendibility of f to Δn does not
imply the condition (i). On the other hand, it is easy to see that the extendibility
of f over Δn also cannot imply the condition (ii), hence, the converse assertion
of Main theorem is not true in general case.

2. Main Results

We now recall some definitions

Definition 2.1. Let ϕ be an upper-semicontinuous function on a complex space
X. Define

Ωϕ(X) =
{
(x, λ) ∈ X × C : |λ| < e−ϕ(x)

}
.

The domain Ωϕ(X) is called a Hartogs domain.

Definition 2.2. Let Δn be the open unit polydisc in Cn and d a real number
such that 0 < d < 2n − 1.

Let X be a complex space. We say that X has the d-extension property for
Δn (shortly X has the d-EP) if and only if for any closed set S ⊂ Δn, which
is of locally finite Hd measure , for any holomorphic map f from Δn \ S to X,
there exists a map f̃ ∈ H(Δn, X) such that f̃ |Δn\S = f .

Definition 2.3.
(i) A domain D ⊂ Cn is called to be hyperconvex if there exists a continuous

plurisubharmonic exhaustion function ρ : D → (−∞, 0).
(ii) A bounded domain D ⊂ Cn is said to be strictly hyperconvex if there exist a

bounded domain Ω and a function ρ ∈ C(Ω, (−∞, 1)) ∩ PSH(Ω) such that
D = {z ∈ Ω : ρ(z) < 0}, ρ is exhaustive for Ω and for all real number
c ∈ [0, 1], the open set {z ∈ Ω : ρ(z) < c} is connected.

It is easy to prove the following implications for any bounded domain in
Cn:

Strictly pseudoconvex =⇒ strictly hyperconvex =⇒ hyperconvex =⇒ pseu-
doconvex

The converse implications are not true in general.
For details concerning the above-mentioned notions, we refer the reader to

[2 - 4, 7].
The following shows that the class of complex spaces having the d-EP is

rather large.
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Proposition 2.4. Every strictly hyperconvex domain in CN has the d-EP, in
particular, the open unit disc Δ of C has the d-EP.

Proof. To prove Proposition 2.4, recall the following result of extension.

Theorem. [1, Th.A1.4, p.299]. Let D be a domain in Cn, and let E be a
closed subset of D of Hausdorff measure H2n−1(E) = 0. Then every function
f , holomorphic and uniformly bounded in D\E, has a holomorphic continuation
into D.

Let Ω be a strictly hyperconvex domain in CN . Let f : Δn \ S → Ω be
any holomorphic mapping, where S is any closed subset of Δn with Hd(S) = 0.
Put f = (f1, f2, ..., fN ). By the above-mentioned theorem , fj extends to
the holomorphic function f̂j on Δn. Then the mapping f̂ = (f̂1, f̂2, ..., f̂N) ∈
H(Δn, Ω̄). Let ρ be a plurisubharmonic exhaustion function of Ω̃ such that
Ω = {z ∈ Ω̃ : ρ(z) < 0}, where Ω̃ is a bounded neighborhood of Ω in CN . Put
h = ρ ◦ f̂ . Then h is plurisubharmonic on Δn. Since h is negative on Δn \ S
, it follows that h ≤ 0 on Δn. Suppose that there exists z0 ∈ S such that
f̂(z0) ∈ ∂Ω. Then h(z0) = 0. The maximum principle implies h = 0 on Δn.
This is a contradiction and hence, f ∈ H(Δn, Ω). �

Proof of Main theorem

By the hypothesis, f1 extends to f̂1 ∈ H(Δn, X). We now prove that f2 is
extended to a holomorphic function over Δn.

Let z0 ∈ S be an arbitrary point. Choose a sufficiently small neighborhood
U of f̂1(z0) in X such that U is isomorphic to an analytic set in an open ball
of Cm. Without loss of generality we may assume that U ⊂ Cm.

Put W = f̂−1
1 (U), and

h(z) := f̂1(z) − f̂1(z0) := (h1(z), . . . , hm(z))

for all z ∈ W , where hj are holomorphic on W .
Since f1 is non-constant, h 
≡ 0 on W . Without loss of generality we also

may assume that h1 
≡ 0 on W . By [8] there exist C, p > 0 such that

|h1(z)| ≥ Cρ(z, Zerh1)p

for every z belonging to a neighborhood of z0 in W . Since d < 2n − 1, we can

find r > 0 such that 2n − p + r

p + r − 1
≥ d. Take ε > 0 such that εp(p + r) < 1.

By the hypothesis, there exists δ > 0 such that εlogρ(x, f̂1(z0)) − ϕ(x) < 0
for all x ∈ U with ρ(x, f̂1(z0)) < δ, or equivalently,

e−ϕ(x) <
1

(ρ(x, f̂1(z0)))ε

for all x ∈ U such that ρ(x, f̂1(x0)) < δ.
Choose a neighborhood W1 of z0 in W such that

ρ(f̂1(z), f̂1(z0)) < δ, ∀z ∈ W1.
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Then for every z ∈ W1 \ S, we have

|f2(z)| < e−ϕ(f̂1(z)) <
1

(ρ(f̂1(z), f̂1(z0)))ε
≤ 1

|h1(z)|ε

≤ 1
Cερ(z, Zerh1)εp

·

This inequality implies that f2 ∈ Lp+r
loc (W1).

Let p′ be the conjugate exponent of p + r, i.e.
1

p + r
+

1
p′

= 1. Then

2n− p′ = 2n − p + r

p + r − 1
≥ d, and hence, H2n−p′(S) = 0.

By the theorem of Harvey–Polking [5], f2 extends holomorphically over W1.
This implies that f2 is extended to a holomorphic function f̂2 on Δn. Thus f
is extended to the holomorphic mapping

f̂ = (f̂1, f̂2) : Δn → X × C.

By the mean value inequality for the plurisubharmonic function log|f̂2|+ ϕ(f̂1)
, we get the inequality

log|f̂2(z)| + ϕ(f̂1(z)) < 0 for all z ∈ Δn.

This implies that f̂(Δn) ⊂ Ωϕ(X). �

We now present some counterexamples to show the following.
• The extendibility of f over Δn does not imply the condition (i) in Main
theorem.
• The condition (ii) of being non-constant of f1 cannot be omitted in Main
theorem.

Proposition 2.6. There exists a subharmonic function ϕ on Δ such that
Ωϕ(Δ) has the d-EP (0 < d < 1), but lim sup

z→0

(
ε log |z| − ϕ(z)

)
= ∞ for every

ε > 0 sufficiently small.

Proof. The main ideas in the proof are taken from [9, Lemmas 2,3]. For the
reader’s convenience we repeat the details.

Let zk = 2−k, αk = k−3, δk = e
− k

2αk for all k ≥ 1.

Then ϕ(z) :=
∞∑

k=1

αk · log(δ2
k + |z− zk|2) defines a function in SH(Δ), where

SH(Δ) is the set of subharmonic functions on Δ.
Indeed, each term of the series is subharmonic, and

log(δ2
k + |z − zk|2) − log 5 < 0,

∞∑
k=1

αklog 5 < ∞,

so that ϕ ∈ SH(Δ) ∪ {−∞} as the limit of the decreasing sequence of subhar-
monic functions
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n∑
k=1

αk log
(δ2

k + |z − zk|2
5

)
+

( ∞∑
k=1

αk

)
log 5.

Since

ϕ(0) =
∑

k

αklog(δ2
k + |zk|2) ≥ 2

∑
k

αklog|zk|

= −2(log 2)
( ∑

k≥1

1
k2

)
> −∞,

we have ϕ 
≡ −∞. This also proves that ϕ ∈ SH(Δ).
On the other hand, for every k ≥ 1 we have

ϕ(zk) = αklog(δ2
k) +

∑
j �=k

αj log(δ2
j + |zj − zk|2)

≥ −k + 2
∑
j �=k

αj log|zj − zk|

≥ −k + 2
(∑

j �=k

αj

)
log

( 1
2k+1

)
> −∞.

Let z ∈ Δ∗ = Δ \ {0} be such that z 
= zk for all k ≥ 1. Then

ϕ(z) =
∞∑

k=1

αklog(δ2
k + |z − zk|2) ≥ 2

∞∑
k=1

αklog|z − zk|

≥ 2
( ∞∑

k=1

αk

)
logC > −∞,

where C = inf
k≥1

|z − zk| > 0.

Thus ϕ ∈ SH(Δ) with ϕ(z) > −∞, ∀z ∈ Δ. Since Δ has the d-EP, by a
result in [10], Ωϕ(Δ) has the d-EP.

It remains to show that lim sup
z→0

(ε log |z| − ϕ(z)) = ∞ for ε > 0 sufficiently

small.
Indeed, for every k > 2 we have

−ϕ(zk) = −αk|log(δ2
k)| −

∑
j �=k

αj |log(δ2
j + |zj − zk|2)|

≥ −αk|log(δ2
k)| = k.

Thus −ϕ(zk)+ε log|zk| = −ϕ(zk)−(ε log 2)k ≥ (1−ε log2)k. This implies that

lim
k→∞

(−ϕ(zk) + ε log |zk|) = ∞ for every ε ∈
(
0,

1
log 2

)
. �

Proposition 2.7. There exists a subharmonic function ϕ on Δ such that
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lim sup
x→a

(
ε log|x − a| − ϕ(x)

)
< ∞

for every a ∈ Δ and every ε > 0, but Ωϕ(Δ) does not have the d-EP for every
0 < d ≤ 1.

Proof. Let u be an increasing convex function on [−∞, 0] such that u(−k2) =
−k for all k ≥ 0 and u is linear on [−k2,−(k − 1)2] for all k ≥ 1.

By a result of Hörmander [6, Th. 3.2.18, p.156], the function ϕ(x) =
u(log|x|) is subharmonic on Δ.

It is easy to see that

lim sup
x→a

(ε log|x − a| − ϕ(x)) < ∞

for every a ∈ Δ and every ε > 0, but ϕ(0) = −∞.
Consider the holomorphic map

σ : Δ∗ = Δ \ {0} → Ωϕ(Δ)

given by σ(z) =
(
0,

1
z

)
for each z ∈ Δ∗. Then σ cannot extend holomorphically

over Δ. �

Remark 1. Using the same argument in the proof of Main theorem, we can
prove the following

Let d be a real number such that 0 < d < 2n− 1.
Let X be a complex space with a Hermitian metric ρ and ϕ : X → [−∞;∞)

a plurisubharmonic function on X . Let S be a closed subset of Δn with Hd(S) =
0.

Let f := (f1, f2) : Δn \ S → Ωϕ(X) be a holomorphic mapping such that
the following are satisfied
(i) lim sup

x→a

(
ε logρ(x, a) − ϕ(x)

)
< ∞ for every a ∈ X and every ε > 0;

(ii) the mapping f1 extends to a non-constant holomorphic mapping f̂1 : Δn →
X .

Then f extends holomorphically over Δn.
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