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Abstract. In the present paper the authors define a new basic analogue of I-function
of several matrix arguments. As ¢ — 17, it reduces to the Lauricella functions studied
by Mathai. Two integral relations for this function, multiplication formula, convolution
for the M-transform for the function of several matrix arguments and application to
integral equation are investigated.

1. Introduction

The H-function of matrix arguments is defined as follows [9, 10]

/ (det 2)P~ 5" H(Z,p,m,a,@)dZ = X2 . ~(p),
Z>0
where
P
X%a,a(l)) = HF% (Ai + aip),
=1
A= (o "

I, (8) is the generalized gamma - function,

p is a natural number, p is a complex number,
n = (n1,n, ...,Np), N; are integers,

a = (a1, azg,...,ap), a; are complex numbers,

@ = (a1,a2,...,0p), @; are real numbers,



420 Nguyen Xuan Thao and Trinh Tuan

Re (4; + ayp) > 2 laz,zfl WP

Z > 0 means that Z is a m X m real symmetric positive definite matrix,

i>]

All gamma - functions are assumed to exist, the poles of the functions
X%aﬂ(p), a; > 0,n; > 0,5 = 1,...,p, and those of X%Ea(p)7 a; < 0,n; > 0,
i=1,...,p, are assumed to be separated from each other.

The special cases of H-function with matrix argument are known as H-
function (see Fox [2]), G-function (Meijer [2]).

In 1995, Mathai studied some functions of several matrix arguments: Lau-
ricella functions [7], @5 and ts-functions, Humbert’s functions [8], Appell’s and
Kampe-de-Feriet’s functions [8].

Let us consider the integral transform K : U(X) — V(Y'), where U(X) is
a linear space, V(Y) is an algebraic one. The convolution of two functions f, g
for the transform K is defined by the symbol f * g, such that the following

factorization property is valid:

K(f*g)(y) = (Kf)(y)(Kg)(y), yeY.

In 1942, for the first time Churchill initiated the convolution of functions f, g
for the Fourier transform in the famous form as follows [1]:

(f *g)(x) = F/fx—t £)dt.

Later on, convolutions for the Mellin, Laplace, cosine-Fourier, Hilbert, Stieltjes
and I-transform have been investigated [4, 15-17]:

+o0
(e = [ 1(5)s0F
0
(f + 9)(@) = / fx— gty

“+o0

/ (Jo —t]) + f(x + )] g(t)dt,
0

+oo
(f xg)(x) = % fx)g(t) + f(xt);q(tx) + f(t)g(t) .
_OO+OO (t)dt +oo f(t)
Feo) =1 [ 1004 g [ 104
el

In the present paper, we will assume the basic analogue of I-function of
several matrix arguments, including, for example, Lauricella function [8], hy-
pergeometric function [8], Fox’s H-function [1]. Integral relation, contiguous
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correlations, convolution for M-transform and its application to integral equa-
tions are established.

2. I-Function of Several Matrix Arguments

Definition 1. A basic analogue of I-function of several matriz arguments is
defined as follows:

_m+1 o
/ (detZ)P 2 IQ(Z|T’pi7ni7ai;ai)dZ:(—)(p), (1)
ZN >0
where
1 i
67 = 2 Pma0) 0
i=1
P m N
! B(m=1)) " ni nis t—1
Oz P) =77 i H qun% (aij Ty T Zaijkpk)a
j=1t=1 —

Iy m(6) is a product of the g-gamma functions [5]:

Tym(8) = wWFq (5 - %) T, (5 - mT_l)

Ly(s) = M(l )% (a;q)e =

(".0) (I —aq"), lgl<1
bl (oo}

3

n=0

T, ps, m, IN are natural numbers, p; are complex numbers,

;i = (i1, M2, - Nip, ), Nij are integers,

a; = (a1, @iz, -, Qip; ), a;; are complex numbers,

Q; = (aijk)piXN7 Qjj are real numbers7 1= 1,...,7", .7 = 17"'7p’i; k=
1,.., N,

m41 m+1
2 2

N
Z =(Z1,..., Zx), (det Z)P="3% = [] (det Z;)"*~
k=1

{ZN >0} ={Zy, >0, k=1,..,N}, Zr > 0 means that Z is an m x m
real symmetric positive definite matrix.

N
m—-1 .
dZZkI:[lek, Re(aij—i-;agkpk) > 5 i=1,...,r, 7=1,...,p;.

All gamma-functions are assumed to exist, the poles of funciton O(p), aj;x > 0,
nig >0,1=1,..,r j=1,..,p, k=1,...,N, and those of O(p), a;jx < 0,
ny >0,i=1,...,r,j=1,...,p;, k=1,..., N, are assumed to be separated from
each other.

Remark. Basic analogue of I-functions (1) is very general, and with certain
constraints on the parameters of them we arrive at well-known functions. For
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examples, when N = 1,m = 1, we have a basic analogue of I-functions [13],
when N = 2,m = 1, we obtain that of I-functions of two variables [11], when
N =1,m = 1,r = 1, we have a basic analogue of Fox’ H-functions [14], when
N =2,m = 1,r = 1, we obtain that of H-functions of two variables [6], and

when m = 1,7 = 1, we have that of H-functions of several variables [12].

Theorem 1. a) If

r=1, p=56N+2, ni =1, ay =a,a; =0,

m+1
ng = —1, aQ:Tfa, g5 = —1,
m+1
Noti = 1,a94; = — bi, a4y =0,
—1 j=i
NoyN4i = —1, GoyN4i =bi, 0oyN4ij = o
0 j#i
NoyaN+ti = —1, aoyanyi = ¢;, QatpanN+4i,; =0,
m+1 -1 j=i
Noy3N+4i = 1, Q243N4i = —F— —Ci, Q243N+ = o
2 0 j#i
1 j=i
NoyaN+i = —1, Gopan+i =0, Qapan4ij = L
0 j#1i

then the following statement holds
lim I,(Z|1,p,m,@,a) = fa(a,by,....bn;c1, .., eN; =21, ooy —ZN),
q—1-

where fa(-) and fp(.), fc(.), fp(.) are Lauricella functions [7).
b) If

r=1, p=5N+2, n;=1, a4 =0,
1 m+1 -1 j=u
NN+ = — 1, aN4i = —(— — @i, QN4 = . )
2 ’ 0 Jj#i
NoNti = 1, asn = b;, onyi; =0,
m+1 -1 j=i
n3Nyi = — 1, agn4i = — bi, 03Nt = 0 j4i’
NaN4+1 = — 1, aan41=¢, auny1,; =0,
m+1
Nanye = — 1, aunt2 = 5 TG uN+t2 = -1,
1 =i
NaN+2+i = — 1, aany24+i =0, uny24i; = 0 i’

then

lim I,(Z|1,p,7,G,a) = fg(a1,....,an; b1, ....bn;¢; —Z1, ..., —Zn).
q—1—
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) If
r=1p=3N+4, ni=1, a1 =a, a3 =0,
m—+1
ng = — 1, a=-—— 0 ag; = —1,
n3:1, a3:b, agj:O
m+1
77,4:7]., a4:be, 044]':71,
Ngyi = — 1, aaqi = ¢, ouqyj =0,
m+1 -1 j=i
NNta4i = 1, AN+a+i = —5— ~ Ciy  QN4a4ij = 0 i’
-1 j=i
NoN44a+i = — 1, Ganyat1i =0, oonjayi; = o
0 j#i
then
hI{l IQ(Z|17paﬁaalaa) - fC(aab;Cla"'7CN;7Z1V"772N)'
q—1-
d) If
r=1p=3N+4, ni=1, a1 =a, ay; =0,
1
ng = —1, @:%—a, agj = —1,

Noti = 1, o = b, aaqq; =0,

m+1 -1 j=1
NNyo4+i = — 1, GNjo4i = —=— — by, anjoti; = o
2 0 Jj#1
nony4+3 = — 1, aanyi3 =c¢, asny3,; =0,
m-+1
non+a =1, aonqa = 5 T 6 OaNt4 = -1,
1 j=i
NoN4ati = — 1, @anyati =0 onyati; = L
0 j#i

then the following statement holds

lim I,(Z|1,p,7,G,a) = fp(a,b1,...,bn; ¢, —Z1, ..., —ZN).
q—1—

Consequence 1.

a) If
r=1p=3N+2, nq=1, a1 =a, ay; =0,
m—+1
Nnog = —1, a2=T+—a, Oégjz—l,
noyi = — 1, a2y = ¢y o445 =0,
m—+1 -1 5=
NotN+i = 1, Qoynyi = 5 TG O24N+tij = 0 A
-1 j=i
NojoN4i = — 1, Goyon4i =0, ooqan4i; = 0 i’ 5,7 =1,...,N,
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then
lim I,(Z|1,p,7, G, ) = Ya(a;c1,y ooy CN3 — 21,4 ooy —ZN).
q—1-
b) If
r=1 p:3N+2, ni:]., ai:bi, Oéij:O,
m—+1 -1 5=
nyny; = — 1, aN+i:T*bz‘, NG = it
NaN4+1 = — 1, aan1 =¢, aan41,; =0,
m—+1
nan+2 =1, asn42 = 5 TG QaN+25 = -1,
1 j=i
NoyaNti = — 1, asgonii =0, asqonyi; = 0 jAi t,7=1,...,N,

then the following statement holds valid
lim I,(Z|1,p,m,G@, ) = ¢p2(b1,...,bn; ¢; — 20, ..., — ZN),
q—1-

where functions 9, ¢ are defined in [8].
Consequence 2. If

/

r=1 p=N+2s+2r, n; =1, oy; =0,

Nepi = — 1, arg =a, arpiy =1, i=1,..,r,
Nortk = — 1,Q2r4% = bg, aoryp; =0,
Norqsik =1, Q2rqsyk =bp, Qopgsqpy; =—1, k=1,.,5,
1 t=3y )
N2r42s+t = — ]-; A2r 425+t = 07 Q2r 4254t = o L= ]-a "'7N7
0 t#7
then
1ir{1 I,(Z)1,p,m,G, ) = Fs(a, ...,ar; b1, ..., bs; —Z1, ..., = ZnN),
q—1-

where the hypergeometric function ,F is defined in [8].

Under supplemental conditions, the basic analogue of I-function of two ma-
trix argument will coincide, for example, Humbert’s function [8], Kampe de
Feriet’s function [8], Appell’s function [8].

Theorem 2. If Z;, A;,i = 1,..., N, are m X m symmetric matrices, then the
following formula is true:

/ (detz)pimT“Iq(ZAvﬂpiaﬁiaaia a’t)Iq(Z |87 Qjafjal_)ja 6])dZ =
ZN>0

N
_ - m—1\—
Iq(A|Tapianiaai;ai;sa%’atjabjJFkE1 (Pk* 9 )ﬂjkaﬂj)a
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where Bj = (Bij, - Bpj)-
Proof. From (1) it follows that
/ (det A)P~ "2~ I,(ZA|r, pi,Ti;, @i, ;) dA =

AN>0
m—1 r ) -1
= (et 2) 7 (Do QR L (0)
i=1
Then we have
(det )72~
AN>0
X { / (detZ)p_MTHIq(ZA|T7p“ﬁuaZ7az)Iq(Z|57q]afjag_ﬁﬁ])dz}dA
ZN>0
= / (det 2)P~ "2 I,(Z|s,q;.%;, b5, 3;)
ZN>0
x { /(detA)W”T“IQ(ZAv,pi,m,ai,ai)dA}dZ
AN>0
T v -1
= (X&)
i=1
( o 7m71)7m+1 o
X / (detZ) p=n 2 2 Iq(Z|S,q]',tj,bj,6i)dZ
ZN>0
- 1 e m—1\\ !
- (Z Qﬁ“a“o‘i 07)) (Z szjjﬂj (p - 2 ))
i=1 Jj=1
r,8
: v : m— 1y -1
- ( Z Q%ﬁ“‘” (n)ng@'ﬁj (p— T )) '
ij=1
Thus, Theorem 2 is proved. [ |

Theorem 3. The following formulas are true:

a) . "

A H:CEP 2 Eq(qxj)Iq((xl...xm)*‘sZ|r,pi,ﬁi,6¢,ai)dqzl...dqzm

[071]711 Jj=1
1-m N
— —md T T a1 — - " )
_IQ((l_q) Z|rapzanz7a’uaula 1,0‘+ 2 Zl(sja(S)v
j=

1
where Eq(x) is an exponential function, [ f(x)d,x is g-integral [3],
0
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Reo >0, (5j >0, 6= ((51,...,(51\[),
(xl...xm)_‘sZ = ((ml...xm)_‘lel, - (acl...xm)_‘sNZN),

N
—mo—m=D) L m (1) Z Sk
AZTF%(m_l)(l —q) k=1
m
B ij 2 ]-*QCC])(S o—1
[O 1]m Jj=1
X q((xl Z|T. phnuauaz)d xy.. d I'm
1
Iq<Z|r Pis Mg, @i, 051, —1,0 + —nyj,fy,l,l,(SJr —ny]’ )7
Jj=1 j=1
where

Reo >0, Red; >0, Re(6 —0) >0, ~; >0,
(o]
= [[—ya" (1 —yg™)~", B=T;"(-0).
n=0

Proof. Utilize formulas of ([5, p.372]):
1

D[ty = Gla® ),

l—gq
0
G(qa) _ H(l anrn) 17
n=0

1
1 a—1 _ (L= g1 —¢'tm)
1_g¢ /t (1 —gt)s—1dgt = H (1 —qotn)(1 — gftn) ’
0

m TSt
= 1= = (0 —qz)s-01
[0,1m 7=
X (det Z)P~ ”;1Iq((xl...xm)_'VZV,pi,ﬁiﬁi, ai)dZ}dqxl...dqu
ZN>0

m +i5 Z'Yk"l‘z Yipr— L5t
= Hfﬂj - (1 —qxj)s-0-1
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x{ /(det(xl...xm)*vz)

ZN >0
X Iq((ml...zm)*vZ |7, pi, T, i, ai)d((:cl...zm)*VZ) }dqscl...dq:cm

(ZQmalal )_lx

m L oo+ 7"2%4—2%%———1
X H/I] (1—q33j)5_0_1quj
0

=1

= (> @) -

1=

<.

3

[

N N
m Iy 0+172m27k+27kpk*%)
k=1 k=1
x [[Tq(6 = o) ~ ~
=t Fq(5+1_7m27k+27kpk*]7)
k=1 k=1

Pk) |
)

Thus, the second part of Theorem 3 is proved. In the same way, we can verify

the first part too.
From (1) and properties of basic analogue gamma-function, we have

T Fq,m(

23 o
=I5 — a)(ZQ%;Ei,m (p)) ( =
i=1 Lym(6+ —m Z

N
+ >
k=1
N
=

Theorem 4. We employ the notation I;(a; —sign(n;j)), i =1,..,r, j =1, ..., p;
N

to denote contiguous function in (1), where T'q%, (aij + > aijkpk) is replaced
k=1

by:

H .. . N
(1— )T ™) (ayy — sign(nig) + 3 @ijupr)
k=1

N
1+sign(n;;)
(aq,j-i-z aijkpk_%_f”)

m]:[l (1 , 2 )

t=1

X Fmg*Slgn ’nm) (a + Z al]kpk‘)

but with all other parameters left unchanged. Then the following equalities are
true:

a)
I(aik, +1) — Ig(asj, +1) =

g%iso — g%iko (ﬂ ZN: Qg t) _
Al 2 t=1" k0 Iq(q a

- 17(1 ikOZ|rapiaﬁiaai7ai);
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where ngj, < 0, Mgy < 0, Quggr = jor, t=1,..., N.
b)
Iy(aik, — 1) = Iy(ai, —1) =

aijo—1 _ 4@ikg—1 (ﬂ N )
a 17(q1 q ’ Zt:l ot Iq(q_aikOZ|T7paﬁi7aiaa’i)a

where nij, > 0, Nk, > 0, ikt = Qjor, t=1,..., N.

c)

Iq(aiko + 1) — Iq(aijo — ].) =
- qaij071 — g% q(lém 27:1 O‘ikot) I (

—Qik0 Y .
1 —q q\4 ‘ eraplanl7a’t7az)7

where ngj, > 0, Mgy < 0, Quggr = jor, t=1,..., N.
d)
Ig(ain, — 1) = Ig(ag, +1) =
q%ido — qko ! (“— N o ) o _
= — - q 2 Zt_1 ot Iq(q O"’“OZ|T’,pi,ni,ai,ai),

where ngj, < 0, Mgy > 0, kgt = Qijot, t=1,..., N.

3. A Convolution for the M-Transform

Definition 2. [8] The M-transform of f(Z) with N matriz arguments Z1, Za, ..., Zn
is defined by:

_m+1
(Do) = [ (etzyE 2z, ¢l
ZN>0
m+1 N m+1
where  (det Z)P~"2 = [[(detZ;)»"~"=2, p; are complex numbers,
j=1

—1

Rep; > mT 7 = (21,2, Zn), dZ = dZ1dZs...dZy, dZ; = [] dwijn,
Jjzk

Zny >0={Z; >0, j =1,..,N}, Z; > 0 means that Z; an m x m real

symmetric positive definite matriz.

Definition 3. A covolution of two functions f(Z),g9(Z) with N matriz argu-
ments Z1, ..., Zy for M-transform (2) is defined as follows:

afrol) = [ Werz)y ™ (a2 g(2)az )
ZN>0
Theorem 5. Let f,g € L((detZ)”_ m;l,ZN > 0), then the convolution (3)

m+1

belongs to L((det Z2)P~~2—,ZN > 0), and
Mz(f * 9)l(p) = (M [)(p)(Mg)(p),
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where

m

L((det 2)P=*5, 2N > 0) =

= {r / (et 2}~ *7* |det f(2)| [dZ] < +o0 .

ZN>0

Proof. We have

[ s ay=# s - gy

AN>0
m—+41
= /(detA)”_ 2 { /(detZ)—mf(AZ—l)g(Z)dZ}dA
AN>0 ZN >0
- /(detZ)’m{ /(detA)ﬂ*m’ilf(AZ*l)dA}g(Z)dZ
ZN>0 AN>0
= / (detZ)_m{ / (detUZ)P—”T“(detZ)mf(U)dU}g(Z)dZ
ZN >0 UN>0
= (Mf)(p)(Myg(p),
Further
/ (det AJP~ "5 |det oa(f * )(4)] |dA|
AN>0
< / det U7~ " det £(U)] |dU| / (det 2|7~ |det g(2)] |dZ] < +oc.
UN>0 ZN >0
Therefore »
n(f*g) € L((det )P~ 72, ZN > 0).
Thus, Theorem 5 is proved. [ |

Theorem 6. Let Ay, As, ..., AN, Z1,Z5,....,ZNn be m X m symmetric matrices,
m+1

functions g and h belong to L((det ZyY—"=2 ,ZN > 0), A a complex constant such

m+1

that 1+ AMg # 0. Then there exists a function k € L((det Zy="%ZN > O)7

such that Mk = M
14+ AMg

AN [ (et 2) oAz (2)az = hiA) (1)

ZN>0

. Moreover, the integral equation

has a solution )
F(A) = h(A) =~ (k * h)(A) € L((det A)P~"7

AN > 0).
Proof. From (4) and Theorem 5 we have

(M f)(p) + MM f)(p)(Mg)(p) = (Mh)(p).
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Therefore )

(Mf)(p) = W(Mh)(m-

On one hand, from Wiener-Levi Theorem it follows that there exists a function
m—+41

k, which belongs to L((det A= AN > 0) and satisfies:

(MR)(p) = 25, )

From (5) and (6) we have

(M f)(p) = (Mh)(p) — (Mh)(p)(Mk)(p).

Consequently
f(A) = h(A) —zn~ (k* h)(A)
From Theorem 5, it follows that f(A) € L((det A)P~ AN > 0).
Thus, Theorem 6 is proved. [ |

Ezxample. Let A;, Z;,i = 1, ..., N be mxm symmetric matrices, function h(Z) be-
m+1 m—1

longtoL((detZ)ﬂ* 2 ,ZN>O),Repi>

, the function I (Z|r, p;, 7, @i, o)
be dominated by the function exp ( — g:ltr ZZ-), and
. i=
1+ Z Q% 7..0:(P) # 0.
i=1
Then the integral equation
f(A) + / (det Z2) "™ I,(AZ " r, piy T, @iy i) f(Z)dZ = h(A)
ZN>0

has a solution

F(A) = h(A) =z~ (hx 1o(Z|r,ps, s, @5, 5 1,1,0, a1, 01)) (A)

m

that belongs to L((det A)?~ 5, AN > 0).
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