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Abstract. As a generalization of rings with stable range one, a ring R is said to have
weakly stable range one provided whenever ax + b = 1 in R there exists y € R such
that a + by is onesided invertible. Let R be an exchange ring. We show that over
the ring R, every regular element is onesided unit-regular if and only if every regular
element is onesided unit-regular-regular (i.e., @ = awa with w one-sided unit-regular)
if and only if R has weakly stable range one. As a corollary we obtain that R has
stable range one if and only if every regular element is unit-regular-regular. We also
give necessary and sufficient conditions in terms of onesided unit-regularity over R
under which R has weakly stable range one.

1. Introduction

Let R be an associative ring with nonzero identity. The ring R is said to have
stable range one provided that whenever ax + b = 1 in R, there exist y € R
such that a + by is a unit in R. As well known, this definition is left-right
symmetric. Originally, the stable range one condition is connected with the
question of cancellation of modules. A theorem of Evans [6] showed that a right
R-module M can be cancelled from direct summands (that is, A = B whenever
M @& A =~ M & B for right R-modules A, B) if EndgM has stable range one.
In case that EndgM is an exchange rings, the stable range one condition of
EndrM is also necessary by a result of [16]. However, the converse of Evans
result is false in general (e.g. Zz). Recall that a right R-module M satisfies
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the weak cancellation if whenever M @& A &2 M & B for right R-modules A, B
there exists a right R-module N such that A2 N ® B or B~ N & A. In other
words, M satisfies the weak cancellation if and only if whenever M A = M & B
there is a splitting epimorphism (equivalently, monomorphism) between A and
B. Investigations of this property lead to the study of weakly stable range one,
as proceeded in [8, 10, 12, 13]etc.. Following [13], we say that a ring R has
weakly stable range one if whenever ax + b = 1 in R there exists y € R such
that a + by is onesided invertible. Wu showed that the right R-module M can
be weakly cancelled provided EndgM has weakly stable range one [10]. The
converse also holds if moreover Endg M is an exchange ring [8].

We note that the weakly stable range one condition (using other notions)
was also studied in the context of C*-algebras (see [9] etc.).

While the stable range one condition was studied extensively by many au-
thors (cf. [1-3, 5, 7, 11, 13] etc.), one would try to extend results about rings
with stable range one to rings with weakly stable range one. Such work had
been proceeded by Li and Tong [8] etc. In this note we will give more character-
izations of rings with weakly stable range one. It should be noted that some of
these results also lead to new characterizations of rings with stable range one.

Main results in this paper are Theorems 3, 6, 7, and 10.

2. Results

We begin with the following result which will be used repeatedly in this paper.
For the proof we refer to [8] or [5].

Lemma 1. Let ab+c=1 in R. Then a+cz is left (respectively, right) invertible
for some x € R if and only if b+yc is right (respectively, left) invertible for some
y € R. [ |

Let R be a ring. Recall that x € R is said to be qu-regular if there exist
y,u € R, where u is left invertible, such that x = zux or x = xyx = xyu (see
[12]).

The following lemma is the key to obtain our main results.

Lemma 2. Let R be a ring and x € R. The following are equivalent:

(1) x is onesided unit-reqular.

(2) z is qu-regular.

(2)" There exist y,v € R, where v is right invertible, such that x = zvzx or
T = ryr = vyc.

(3) There exist y,w € R such that w is onesided unit-reqular and x = xyx =
Tyw.

(3)" There exist y,w € R such that w is onesided unit-reqular and xr = vyx =
wyz.

Proof.
(1) = (2). If x is onesided unit-regular, then = = zuz where u is left invertible,
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or x = xvx where v is right invertible. In the second case we obtain an element
u € R such that vu = 1 and consequently, © = zvz = zvu. By the definition of
qu-regular elements, we see that z is qu-regular.

(2) = (1). If x is qu-regular then there exist y,u € R, where u is left invertible,
such that x = zux or x = xyx = zyu. In the first case we have nothing to say.
Now suppose that x = zyr = zyu.

Let e = zy. Then e is an idempotent of R and = = eu. Hence, from the
identity zy + (1 — xy) = 1 we obtain that (eu)y(l —e)+ (1 —zy)(l—e) =1 —e.
Consequently we have e + (1 — 2y)(1 —e) =1 — euy(1 — e) is a unit in R. Then
z+(1—zy)(1—e)u = eut+(1—zy)(1—e)u = (e+(1—zy)(1—e))u = (1—euy(l—e))u
is left invertible. By Lemma 1 we see that there exists z € R such that y+ z(1 —
xy) = v is right invertible. Now we have z = zyx = z(y + 2(1 — zy))z = zvz.
Hence z is onesided unit-regular.

(2)= (3). Suppose z is qu-regular. Then there exist y,u € R, where u is left
invertible, such that x = zux or x = zyx = xyu. Obviously, we have nothing
to say in the second case, since the left invertible element u is clearly onesided
unit-regular. Now assume that x = zux. Let y = v and w = x. Clearly we have
w is onesided unit-regular and =z = rxyxr = ryw.

(3)= (2). Let x = xyx = xyw where w is onesided unit-regular.

Assume first w = wuw for some left invertible element u € R. Let vu = 1
and uw = e. Then e is an idempotent of R and w = vuw = we. Hence,
from the identity yw + (1 — yw) = 1 we obtain y(ve) + (1 — yw) = 1. Then
(1 —e)yve+ (1 —e)(1 —yw) = 1 —e. Consequently we have that e + (1 —
e)(1 —yw) = 1— (1 —e)yve is a unit in R. Now w + v(1 — e)(1 — yw) =
ve +v(l —e)(l —yw) = vie+ (1 —e)(l —yw)) = v(l — (1 — e)yve) is right
invertible. By Lemma 1 y + (1 — yw)z = p is left invertible for some z € R.
Therefore, © = xyx = x(y + (1 — yw)z)x = xpx since x = zyw. It follows that
T is qu-regular.

Now assume that w = wvw for some right invertible element v € R. Similarly
let vu = 1 and wv = e. Then e is an idempotent of R and w = wvu = eu. Now
from the identity zy + (1 — zy) = 1 we obtain that zyw + (1 — zy)w = w.
Since * = zyw we have z + (1 — zy)w = w. Then zy + (1 — zy)wy = wy.
Hence wy + (1 — a2y)(1 —wy) = wy — (1 —zy)wy + 1 —zy = 1. Tt follows
that euy(l —e) + (1 — zy)(1 —wy)(1 —e) = 1 —e. Consequently e + (1 —
zy)(1 —wy)(l —e) = 1 — euy(l —e) is a unit in R. Now we deduce that
g=w+1-—zy)l—wy)(l—eu=eu+ (1 —zy)(l —wy)(l—e)u=(e+ (1 —
2y)(1 —wy)(1 —e))u = (1 — euy(1 — e))u is left invertible. It is easy to check
that x = zyr = xyw = ryq. Again we obtain that x is qu-regular.

The proofs of (1) < (2)’ < (3)’ & (1) are similar to (1) < (2) & (3) & (1).

|

Theorem 3. Let R be an exchange ring. The following are equivalent:

(1) R has weakly stable range one.

(2) For any regular element x € R, there exist a left invertible element u and
an idempotent e such that x = eu or x = xur.

(3) For any regular element x € R, there exist e,u € R such that €* = e, u is
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left invertible and x = eu, or there exist e,v € R such that e? = e, v is right
invertible and © = ve.

(4) Every regular element is onesided unit-regular.

(5) For any regular element x there exist y,u € R such that u is onesided
invertible and r = xyx = xyu.

(6) For any reqular element x there exist y,w € R such that w is onesided
unit-reqular and r = ryr = Tyw.

Proof.

(1) = (5). Assume that © = zyz. Since zy + (1 —zy) = 1 and R has weakly
stable range one, there exist & € R and an onesided invertible element u € R
such that z + (1 — zy)a = u. Clearly we have that = zyx = zyu.

(5) = (2). Assume that z = zyxr = zyu, where u is onesided invertible. If
u is left invertible, let then e = zy we have that > = e and ¢ = eu. Now
assume u is right invertible and let uv = 1. Then zv = (zyu)v = xy and hence,
T = xyx = zvx, where v is left invertible.

(2) = (3). We need only check the second case in (2). Assume that x = zuz,
where v is left invertible. Accordingly we have v € R such that vu = 1. Let
e = ux. Then we have x = ve, where e? = ¢ and v is clearly right invertible.

(3) = (4). If z = zux with u left invertible then we have nothing to say. Assume
that 2 = eu, where e? = e and wu is left invertible. Then by the same method
used in the proof of (2) = (1) in Lemma 2, we have that = zvx for some right
invertible element v € R.

(4) = (1). By [8, Theorem 2.5], R has weakly stable range one if and only if
every regular element is qu-regular. Now the assertion follows from Lemma 2.
(4) & (6). By Lemma 2. [

Corollary 4. Let R be an exchange ring. The following are equivalent:

(1) R has weakly stable range one.

(2) Whenever x € R is reqular there exists a left invertible element uw € R such
that ux is an idempotent, or there exists a right invertible element v € R
such that xv is an idempotent.

Proof.

(1) = (2). By Theorem 3, whenever z € R is regular there exists an onesided
invertible element u € R such that z = zuz. Clearly, ur and zu are idempotents.
(2) = (1). Assume =z = zyz. If uz is an idempotent, where u is left invertible,
let then e = uz and vu = 1, we obtain that x = vuz = ve, where v is clearly
right invertible. Now assume that there exists a right invertible element v € R
such that zv is an idempotent. Let then e = zv and vu = 1, we have that
r = zvu = eu, where u is left invertible. Now the conclusion follows by Theorem
3. |

In [3, Theorem 2.9], Canfell showed that R has stable range one if and only
if aR + bR = dR implies that there exists a unit © € R such that a + by = du
for some y € R, by using the method of completion of diagrams. Using another
technique which is based on the fact that R has stable range one if and only if
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M, (R) has stable range one for any n > 1, Chen [5] showed that R has unit
stable range one if and only if aR + bR = dR implies that there exist units
u,v € R such that a 4 bv = du. Now we generalize Canfell’s result to rings with
weakly stable range one. It should be noted that both methods mentioned above
cannot be applied to our case, since it is still an open question whether M, (R)
has weakly stable range one if R has so.

Proposition 5. Let R be a ring. The following are equivalent:

(1) R has weakly stable range one.

(2) Whenever aR+bR = R there exists some z € R such that a+bz is onesided
invertible.

(3) Whenever aR+bR = dR there exist some z € R and some onesided invert-
ible element u € R such that a + bz = du.

Proof.

(3) = (2) = (1) are obvious.

(1) = (3). Let aR + bR = dR. Then a,b € dR. Hence we may assume that
a = dr and b = ds for some r,s € R. Let ax + by = d. Equivalently we have
drz + dsy = d. It follows that dg = 0, where ¢ = 1 — roz — sy. Now from
the fact that rz + sy + g = 1 we have that r + (sy + g)z’ = wu is onesided
invertible for some z’ € R because R has weakly stable range one. Hence,
du=d(r+ (sy+g)z) =dr+dsyz' +dgz’ =a+byz’ =a+bz with z=yz'. m

In case R is an exchange ring, we even have the following more general result.

Theorem 6. Let R be an exchange ring. The following are equivalent:

(1) R has weakly stable range one.

(2) Whenever aR + bR = R there exist some z € R and some onesided unit-
reqular element w € R such that a + bz = w.

(3) Whenever aR + bR = dR there exist some z € R and some onesided unit-
reqular element w € R such that a + bz = dw.

Proof.

(1) = (3) follows from Proposition 5 since every onesided invertible element is
clearly onesided unit-regular.

(3) = (2) is obvious.

(2) = (1). Let # = zyx for some y € R. Then 2R + (1 — zy)R = R since
2y + (1 — zy) = 1. By assumptions we have that x + (1 — 2y)z = w is onesided
unit-regular for some z € R. Hence, x = zyz = zy(x + (1 — zy)z) = zyw. Now
the conclusion follows from Theorem 3. ™

Following a similar route above we give the following characterizations of
exchange rings with weakly stable range one. Our result is also a generalization
of [5, Theorem 3.1].

Theorem 7. Let R be an exchange ring. The following are equivalent:
(1) R has weakly stable range one.



446 Wei Jiaqun

(2) Whenever aR+bR = R there exists an onesided unit-regular element w € R
such that aw + by = 1 for some y € R.

(3) Whenever aR+ bR = R there exist onesided unit-regular elements wy,ws €
R such that awy + bwy = 1.

(4) Whenever aiR+ - -+ amR = R there exist onesided unit-reqular elements
wy, ... Wy € R such that aywy + - - - + apw,y, = 1, where m > 2.

(5) Whenever aR+bR = dR there ezists an onesided unit-reqular element w € R
such that aw + by = d for some y € R.

(6) Whenever aR+bR = dR there exist onesided unit-reqular elements wy, we €
R such that aw; + bws = d.

(7) Whenever a1 R+ - -+ am R = dR there exist onesided unit-regular elements
Wi, ..., Wn € R such that aywy + - - - + amw.,, = d, where m > 2.

Proof.
(7) = (4) = (3) = (2) and (7) = (6) = (5) = (2) are obvious.
(1) = (7). Assume that aiR+---4+a,, R =dR. Thena; € dR,i=1,... ,m. Let
a; = du;, 1 = 1,...,m. Obviously we have duyxi + - - 4+ dux, = d for some
z; € Ryi=1,...,m. It follows that dg = 0, where g = 1 — (w11 + - - + U T ).
Since u1x1 4+ -+ Um Ty +9g = 1 we obtain that u1 R+ - -+u,, R+gR = R. Note
that R is an exchange ring, so there exist idempotents e; € R, =1,... ;m and
an idempotent f € R, where e;, i = 1,--- ,m, and f are orthogonal satisfying
e1+---+em+ f =1, such that e; = u;y;, 1 =1,... ,m, and f = gz for some
yi,z€ R,i=1,... ,m. Let w; = y;e;, 2 =1,... ,m. Then w,w; = w;y;e; = e;
and w;uw; = y;e;e; = y;e; = w;. By assumptions and Theorem 3, every w; is
onesided unit-regular. Observing that ujwi+- - -+UmwWm+9y = €1+ - -+em+f =
1 we obtain that aqw; +- + -+ amwy, = d(ugwi +- - -+ umwy, +9y) = d, as desired.
(2) = (1). Let ¢ = zyz. Since yr+(1—yz) = 1 we have that yR+(1—yz)R = R.
By assumptions there exists an onesided unit-regular element w € R such that
yw+ (1 —yx)z = 1 for some z € R. Hence, x = xyx = z(yw+ (1 —yx)z) = zyw.
|

The following proposition may be viewed as a supplement of Theorem 7 in
case m = 1, which also generalizes [5, Proposition 3.5].

Proposition 8. Let R be an exchange ring. The following are equivalent:
(1) R has weakly stable range one.
(2) Whenever aR = bR there exists an onesided invertible element u € R such
that b = au.
(3) Whenever aR = bR there exists an onesided unit-regular element w € R
such that b = aw.
]

Proof.

(1) = (2). Let ax = b and by = a for some z,y € R. Since zy + (1 —zy) =1
and R has weakly stable range one, we have that  + (1 — zy)z = u is onesided
invertible for some z € R. It follows that b = ax = a(z + (1 — zy)z) = au.

(2) = (3) is trivial.
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(3) = (1). For any regular element © = zyx € R, we have xR = zyR. Hence,
x = zyw for some onesided regular element w € R by assumption. It follows
that * = xyxr = xyw. By Theorem 3 we obtain that R has weakly stable range
one. n

Corollary 9. Let R be an exchange ring. The following are equivalent:

(1) R has weakly stable range one.

(2) Whenever ¢ : aR = bR, where a,b € R, there exists an onesided invertible
element w € R such that b = (a)u.

(3) Whenever ¢ : aR = bR, where a,b € R, there exists an onesided unit-reqular
element w € R such that b = (a)w.

Proof.

(1) = (2). If ¢ : aR = bR, then b = ¢(az) and a = ¢~ (by) for some z,y € R.
Then b = Y(azx) = (1 (by)x) = byz. Since yz + (1 — yz) = 1 and R has
weakly stable range one, we have that y + (1 — yx)z = w is onesided invertible
for some z € R. It follows that ¢ (a) = by = b(y + (1 — yx)z) = bu.

(2) =(3) is trivial.

(3) = (1). By Proposition 8. ]

Let R be a ring. A regular element € R is said to be (onesided) unit-
regular-regular if * = zwz for some (onesided) unit-regular element w € R.
For example every element in the unit-regular ring is unit-regular-regular. It
is well known that an exchange ring has stable range one if and only if every
regular element in R is unit-regular [2]. Also, an exchange ring has weakly stable
range one if and only if every regular element in R is onesided unit-regular by
Theorem 3. Now we generalize these results by characterizing these stable range
conditions in terms of the (onesided) unit-regular-regularity.

Theorem 10. Let R be an exchange ring. The following are equivalent:
(1) R has weakly stable range one.
(2) Every reqular element is onesided unit-reqular-regular.

Proof.
(1) = (2). Of course, every onesided invertible element is onesided unit-regular
and every onesided unit-regular is onesided unit-regular-regular.
(2) = (1). By assumptions we may assume that x = zwz for some onesided
unit-regular element w € R.

Suppose first w = wvw, where v is right invertible. Then w = eu, where
e? = e =wv and uwv = 1. Since wr + (1 — wz) = 1, eur + (1 — wz) = 1. Then
eur(l—e)+ (1 —wz)(l1—e)=1—e. Hence, e+ (1 —wz)(l —e) = 1 —eux(l—e)
is a unit of R. Note that p := w+ (1 — wz)(1 — e)u = eu + (1 — wz)(1 —
eJu=(e+ (1 —wz)(l—e))u=(1--ceux(l—e))u is left invertible, so we have
z=zwz =z(w+ (1 —wz)(l —e)u)z = xpz.

Now assume that w = wvw, where v is left invertible. Then w = ue, where
e? = e =vw and uv = 1. Since zw + (1 — 2w) = 1, zue + (1 — zw) = 1. Then
(1—e)azue+(1—e)(1—2w) = 1—e. Hence, e+(1—e)(1—zw) = 1—(1—e)zueis a
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unit of R. Note that w+u(l—e)(1—2w) = ve+u(l—e)(l—zw) = u(e+(1—e)(1—
zw)) = u(l — (1 — e)zue) is right invertible, so we have z + (1 — zw)z = p is left
invertible for some z € R. It follows that z = zwz = zw(z + (1 — 2w)z) = zwp.

Combining the arguments above we then obtain the desired result by Lemma
2 and Theorem 3. [ ]

Applying the above result to rings with stable range one, we have the fol-
lowing.

Corollary 11. Let R be an exchange ring. The following are equivalent:
(1) R has stable range one.
(2) Every reqular element is unit-regular-reqular.

Proof.

(1) = (2) is obvious.

(2) = (1). From the proof of Theorem 10 we derive that whenever x € R is
unit-regular-regular there exists a unit p € R such that z = xyx = zyp for some
y € R. Now the result follows from the following lemma. n

Lemma 12. Let R be an exchange ring. The following are equivalent:

(1) R has stable range one.

(2) For every regular element x € R there exists a unit p € R such that x =
xyx = xyp for some y € R.

(2)" For every regular element x € R there exists a unit p € R such that x =
xyx = pyx for some y € R.

Proof.

(1) = (2). Since every regular element in R is unit-regular for R with stable
range one, the assertion (2) follows from the proof of Theorem 10.

(2) = (1). Let z € R be regular. By assumptions z = zyx = xyp for some unit
p € R and some y € R. An argument similar to the second part of (2) = (1)
in the proof of Lemma 2 shows that = is unit-regular. Hence the result follows
from [2, Theorem 3.

(1) & (2)’. It is similar to the proof (1) < (2). ]
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