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Abstract. The paper is concerned with the L,-convergence of some weighted depen-
dent sequences random variables.

1. Introduction

Let {X,,,n > 1} be a sequence of random variables and let S, = X1+ Xo+-- -+
X,. Pyke and Root (1968) showed that if {X,,, n > 1} is an independent and
identically distributed (i.i.d) sequence of random variables and E[|X1|P] < oo
for some 0 < p < 2, then n " E[|S,, — a,|?] — 0 asn — oo where a,, = 0 for 0 <
p <landa, =nFE[X;]|for 1 <p < 2. Considering {X,,, n > 1} to be dominated
in distribution by a random variable X such that E||X|P|] < oo and taking

an = Y, E[Xk|X1, Xa,..., Xk_1], Chatterjee (1969) proved the above result

k=1

for 1 < p < 2. Chow (1971) strengthened this result by replacing the domination
condition by the condition of Uniform Integrability (UI) of {| X, |7, n > 1}.

Chandra (1969) introduced a new condition called Cesaro Uniform Integra-
bility (CUI) to establish L;-convergence in the weak law of large numbers. This
is weaker than the usual UI condition and yet was shown to be sufficient enough
to derive the result.

Bose and Chandra (1992) proved L,-convergence (0 < p < 2) for some
pair-wise independent and dependent sequences under the condition of Cesaro
uniform integrability. In this paper we establish L,-convergence (0 < p < 2)



2 S. K. Acharya and C. K. Tripathy

for some weighted dependent sequences of random variables under more gen-
eral condition. The different sequences under consideration include martingale
difference, *-mixing, mixingale difference and martingale transforms.

2. Definition and Preliminaries

This section is devoted to the background materials which have been used in
this paper. Let {X,, n > 1} be a sequence of random variables defined on a
probability space (2, S, P).

Definition 1. Given a sequence of random variables {Xy, k > 1}, let G;; =
B{Xy,i <k <j} foralll <i<j<oo. {Xg, k>1} is said to be x-mixing if
there exist an integer M and a function ¢ for which ¢ (m) — 0 as m — oo and
A€ Gin, Be ngrn,ern implies

|P(AN B) = P(A)P(B)| < o(m)P(A)P(B)

for allm > M and alln > 1.

Definition 2. Let {Xj, S, k > 1} be a martingale difference sequence and vy,
be Sk_1-measurable for each k > 1. Then {T,,, n > 1} defined by T,, = > vp Xk
k=1

is called a martingale transform and {vg, k > 1} is called the transforming
sequence.

Let {X,,n > 1} be a sequence of random wvariables on (Q,S, P) such that
E(|X,|?) < o0 for somep > 1 and each n> 1 and {8, :n=0,4£1,+2,...} be
an increasing sequence of sub-sigma fields of .

Definition 3. The pair {(X,,n >1), S, :n=0,£1, £2,...} is called an L,-
mizingale difference sequence if there exist two sequences of constants {c,, n >
1} and {m, m > 0} such that ¥y, — 0 as m — oo and

(@) [E[Xn|Snml]ll, < cntpm,

(b) [[Xn — E[X, | C\\yner]Hp < g,

where || X|, = [E|X|P]Y/? for p > 0.

We assume that the following conditions hold.
(A1) Let (ank, k =1,2,...,n) represent a double sequence of real numbers such
that
(i) ankx — 0 as n — oo for every k,
(ii) for M >0, a constant, > ,_; |ank|” < M < oo for all n and 0 < r < 1.
(A2) For 0 < p < 2,

1imsupz |anklPE[| Xk P I x4 |>a(n)]] = O,

where a(n) is a function of n such that a(n) — oo as n — oo.

Remark 1. If {X}} is uniformly integrable then it satisfies Condition (A2).
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Remark 2. Condition (A2) implies that for 0 < p < 2,

tim supla(n)]?la.el Pl Xe| > a(n)] = 0.
Lemma 1. Let {X,,n > 1} and {Y,,n > 1} be two sequences of random vari-
ables on (2,3, P). Then the following results hold.
(i) If {|Xn|, n > 1} satisfies condition (A2) and |Y,| < |X,| a.s. then, {|Ya],
n > 1} satisfies condition (A2).
(i1) If for some p > 0, {X,, n > 1} and {Y,, n > 1} satisfy condition (A2),
then so also {| Xn, + Y|P, n > 1}.
(iii) Let {Sn,n > 1} be a sequence of sub-sigma fields of S and p > 0. If
{|Xn|, n > 1} satisfies condition (A2), then so also {Yy, = E[|Xn|P|Sn-1],
n> 1}

Proof.
(i) is trivial. Again

E|| Xk + YalP I x, 1 vi >aty) < 2P{E Xk PIxc > aey)) + ELUYelPIyviisamy] }

and | Xg|P, |Yi|P satisty (A2) for some 0 < p < 2 and so (ii) is also trivial.
To prove (iii), we have

E|Yullyy,>amn) = E[|E(1Xal’1Sn—1) [ Tjv>a(an ]
/ B(X,P180)dP < [ B(X.?[300) P
[[Yn|>a(n)] (| Xn|>a(n)]
= [ 1XPdP = UK P Tk, o)
(| Xn|>a(n)]

Hence if |X,, [P satisfies (A2), then so also E(|X,[?|Sn_1).

Lemma 2. If f, : R — RT where 0 < f,, <1 for alln > 1 and sup [ajfn(aj)] —
neN
0 as x — oo then,

Proof. Put f*(z) = sup [z fn(z)]. Then
n%N

y
1 1
sup [— /xfn(x) — /f* )dx for all y > 0.
neN LY y

0 0
Thus it is sufficient to show that — / ff(z)dx — 0 as y — oo.

Since f*(z) — 0 as z — oo, for any fixed € > 0 there exists a 2o(g) > 0 such
that if x > zo(e) and y > zo(e ) then 0 < f*(z) <e. Again
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1 IQ(E)
- /f*(x)d:c—>0 as Yy — 00,
Y 0
and
y y
1 N €
- /f(x)d:cg— /d:c<€ as y — 0o.
Y Y
z0(€) z0(€)
The result follows, since
Yy IQ(E) Yy
r@a=[ [ r@des [ el
= z)dr = |- z)dx + — z)dzx|.
Y Y Y
0 0 z0(€)

3. L,-Convergence of Martingale Difference Sequence

Theorem 1. Let 0 < p <1 and {X,,,n > 1} be a martingale difference sequence
n

satisfying condition (A2). Then E||Sp|P| — 0 asn — oo where Sy, = Y, ankpXk.
k=1

PTOOf. Let Ynk = anka I(le|§|ank|’r) and an = anka I(le|>|ank|’r) for
n>1land 0 <7 <p. So

Bl = £ S ] = E[3 0+
= DGR e

k=1

} (3.1)

Now
]

< lan klpE[lelpf<|Xk|<|ank| r)]

EHan Y|
k=1

} = EHZ ank Xk L (| x4 |<|ank| ")
=1

:pZ|ank|p / 2P P(|Xy| > x) da

(0<z<|ank|™")

<pYlewl [l PN > ) d
(0<z<L]ank|~")

< pe Z |ank|?  (by Lemma 2)
k=1

<peM (3.2)
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and

p] < 1imsupz E[|an|p]

k=1 k=1

limsup & HZ ik

n—oo

= 1imsupz E [|anka I(|Xk|>|ank|*r)|p]
=0 (by condition (A2)) (3.3)

Hence the result follows from relations (3.2) and (3.3).

Theorem 2. Let {X,,n > 1} be a martingale difference sequence satisfying
condition (A2). Then E[|S,|] — 0 as n — oo, where Sy, = > _; ankXk-

Proof. Put X, = a"kaI(|Xk|§|ank|’(l/2)) and Z, = Z [Xnk — E(Xnk|c\\ykfl)]-
k=1
Now
2 n 9
Xk = E(XarlSe-1)]) = E( 3 [Xor = B(Xar|Sk-1)]?)
k=

&
=

Il

=
—
NE

—
—

E{[Xnx — B(Xnk|Sk-1)][Xn; — BE(Xn;]S5-1)]}

E

+
[\
JAN
&M= =

—

Il

=
—
WE

Xk = (XS0

—

E{[ Xk — E(Xnk|Sk—1)][Xnj — E(Xn;|S5-1)]|Sk}

E

+

[\
JAN
&M= =

—

Il

S|
—
WE

(X — B[S 1))

—

E[{Xnk — BE(Xnk|St—1)}E{[Xn; — E(X0;1S5-1)] | S}

E

+

[\
JAN
&M= =

—

Il

S|
—
WE

[ Xk — E(Xnk | C\\kal)]Q)

—

E[{ Xk = E(Xuk | Sk-1)} {E[Xnj | Sk] = E[E(Xn;[S5-1)|Se] }]

E

+

[\)
A
&MYs =

—

Il

S|
—
WE

[ Xk — E(Xnk | C\\kal)]Q)

—

+
[\)
INGER

E[{Xuk = EXni | Sk-)} {E[Xn [Sa] = E[Xn; | S]]

Ea
A
<

Il
—

Il

S|
—
WE

[ Xk — E(Xnk | C\\kal)]Q)

>
Il
—
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(B[X%] — E[E(Xui | Sr-1)]"}

[
NE

e
Il
—

E[X7]

WE

e
Il
—

[
WE

E[ailegjﬂXﬂ §|ank|71/2)]

k=1
" 1
<> DQ”'“'W / |ani |22 P[| Xy| > @]da
k=1 n 0<z<|ank|~1/2
<eM

(by Remark 2 and Lemma 2).
So

E[|Zn|) < EY?[|Z,)?] = 0 as n — oc. (3.4)

Again E(Xj | Sk—1) = 0 as X, is a martingale difference sequence. So

E[ka(m'g'ansz) | %,H] n E[ka( |<5,H} —0

|Xk|>ank|~1/2)

- E[X’“I(|Xk|§|ank|71/2) S| = _E[X’“I(|Xk|>|ank|71/2)|%’H}' 35)
Now
E’ kzn:_lE(Xnk | %k,l)’ — E’ kzn:_lE(“"kaI(|xk|>|ank|1/2) | %k,l)’
= kzi; E('“"’“' ’E[X’“I(|Xk|§|ank|ﬂ/2) | Sk ’)
< kzn:_lE(|ank|]E[XkI(|Xk|>|ank|1/2) | Sk_1] ]) (by Relation (3.5))
<

|ank|E[XkI(|Xk|>|ank|7l/2) | C\\ykil]

L1

0 as n— o0 (by condition (A2)).

Hence >}, E(Xyk | Sk—1) — 0in Ly as n — oco. Also from relation (3.4), we
have E'| Z,| — 0 asn — oo.

i.e. n
EH 3 X
k=1

}—>0 as n — o0o.

i.e.

EHZa"kaI(lelglankI*W) ] —0 as n — oo. (3.6)

k=1
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Thus

B(15,0) = E[| 3 0w
k=1

}

< E_ ;&nkaI(|Xk|§|ank|—1/2) } + kzlankE[|Xk|I(|Xk|>|ank|1/2):|

— 0 as n— oo (using condition (A2) and realtion (3.6)).

= E_ kzilankaI(|Xk|§|a"k|il/2) + kzﬂankaI(lxk|>|ank|71/2)

Theorem 3. Let 1 < p < 2 and {X,,n > 1} be a martingale difference
sequence satisfying condition (A2). Then E||Sp|P| — 0 as n — oo, where
Sn = ZZ:l anka.

Proof. Using Burkholder’s inequality (cf. [7, Th.2.10]), we have
- P

Z anka’ }

k=1

M e p/2
<cFE ’ Z a?, X ,f’ ] (where ¢ denotes a generic constant)
S k=1

E[|S,["] = E

—

_ n n p/2
:cE’ZY3k+Zzgk }
k=1 k=1
where
Yor = ankaI(leISIankI*W) and Z,, = ankaI(le|>|ank|*1/2) for n>1.
So
- p/2 - p/2
B[|S,7] < cEH Sovall] +0EH Szl
k=1 k=1
- P - p
chHZY,fk }+0EH2Z3,€ ] (3.7)
k=1 k=1
Now

E[Z |Ynk|p] = E[Z ’a'nkaI(|Xk|§|ank|7l/2) ’p:|
k=1

k=1

[
NE

ansEIXeP Ty o -o2)

e
Il

1
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=p>_ lankl” / P[|Xk| > z]da
kf

(0<z<]ank|=1/2)

—pZmnu[ ol e P > e
(0<z<]ank|~1/2)

<pMe (using Remark 2 and Lemma 2).

Again E[Y)_; | Zuk |?] — 0 as n — oo by condition (A2).
Hence the result follows from relation (3.7).

Theorem 4. {X, Sy, k > 1} be a martingale difference sequence having trans-
forming sequence {vg, k > 1} with sup | vk < 0o, and Xy, satisfying the condition
(A2). Then for S, = > p_, ankve Xk and 0 < p < 2, E[|S,[P] — 0 as n — .

Proof. Fix L > 0. Let

. { inf{n>1:>}]_, Xx >L}

00, if no such n exists

and Rk = VkaI(tZk)I(|uk|§L) for k > 1. Here VkI(tZk)I(|uk|§L) is C\\kal—
measurable.
Hence

E[Rg|Sk—1] = E|\viXi L1yl (1<) |Sk—1] = vilg>1) L (0,1 <0) B[ Xk|Sk-1] = 0

(since X}, is a martingale difference sequence).

So, {Ry, k > 1} is a martingale difference sequence.

But since |Rk| = |VkaI(t2k)I(|uk|§L)| < L|XkI(t2k)| < L|Xk| and X, satis-
fies condition (A2), |Ry| also satisfies condition (A2) by Lemma 1.
Hence

n P
EHZQ"’“R’“H—)O as n—oo for 0<p<2 (3.8)
(by Theorems 1, 2 and 3.), and
P
EHZanka’ }—>0 as n — 0o (3.9)
k=1

(by Theorems 1, 2 and 3.).
Since sup |vg| < oo, for 0 < p < 1 we have

E(ls, "] = B]| Zankukxk] }

P - P
< EH Z arnkaXkI(tZk)I(|uk|§L)’ } + EH Z ankaXk[(t<k)I(|uk|§L)’ }
k=1 k=1
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IN

n p n P
EH Z ankRk’ } + LpEH Z CbnkaI(t<k)’ }
k=1 k=1

n P n P
Bl Y anru| |+ £7B[| S ami ]
k=1 k=1

— 0 as n— oo (byrelations (3.8) and (3.9)). (3.10)

IN

Now for 1 < p < 2, we have
" p
E(ISuP] = B[] > ammXa| |
k=1
" p
< {El/pH ZankaXkquk)Ing)’ }
k=1

n P1yP
+ El/pH ZankaXkI(t<k)I(|Vk|§L)’ ]}
k=1

n P n Py P
< {BV[|S aneki| | + LEVP[| S ansXidian| ] }
k=1 k=1

< {5 3 ancR| | + LEV? || , anXe| ]}
(S ]+ ][ 3
— 0 as n— oo (by relations (3.8) and (3.9)). (3.11)

Hence the result follows by combining (3.10) and (3.11).

4. L,-Convergence of Mixing and Mixingale Difference Sequences

Theorem 5. Let { Xy, k > 1} be a x-mizing sequence with respect to a function
¢ and an integer M such that E[Xy;] = 0 and E[|Xi|] < K < oo for each k.
Further suppose that { Xy, k > 1} satisfies condition (A2) for some 0 < p < 2.
Then E|[|S,|P] — 0 as n — oo and for 0 < p < 2, where S, = > ankXk.

Proof. Fix € > 0. As in the proof of Theorem 1

|E[X stk X (ne1) ks X(ne2)adiaks - - - » Xan k]| < €K (4.1)

for M; sufficiently large .

NOW ﬁX 0 S k S Ml. Let gn = B(Xan+k,X(nfl)Ml+k,X(n72)Ml+k, ceey
Xar, +k) for each n > 1 and Gy = {6, Q}.

Denote Zpnr,+x = Xnari+k — E(Xnay+k | Gn-1). S0 {Znrsy 4, Gn,n > 2} s
a martingale difference sequence.

As {|Xna4x|P, n > 1} satisfies condition (A2), then so also { E(| X nr, 1x[P
|Gn—1),n > 1} by Lemma 1(iii).

But by Lemma 1(ii) {|Z,ar,1&|?, n > 1} satisfies condition (A2) for 0 < p <
2. Thus by Theorems 1, 2 and 3
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N p
E’ZaNynZanJrk’ 0 as N —oo for 0<p<2.

n=2

ie. . . p
EH Z AN XnM+k — Z an B [ Xnn, +k |gn71]’ } —0
n=2 n=2

as N > ooforO<p<2and0<k< M.
Since € > 0 was arbitrarily chosen, by using relation (4.1),

N p
E’ZQNWX"MM 0 as N oo for 0<p<2

n=2

and hence the result follows.

Theorem 6. Let {(X,,n > 1),8, : n = 0,£1,£2,...} be an Ly-mizingale
difference sequence and {|X,|P,n > 1} satisfy condition (A2) for 1 < p < 2.
Further assume that limsup|ZZ:1 ankCr| < 00, for ci as in the definition of

mizingale difference sequence. Then E|[|S,|P] — 0 asn — oo for 1 < p < 2,
where Sy, =Y p_y ankXk-

Proof. Forn>1andi=0,+1,42,..., let
Yoi = E[Xi|Snti] — B[ Xi|Snpi-1]-

So E[Yn:i|Snti—1] = 0 and hence {Y,;, Spti,m > 1} is a martingale difference
sequence for each 1.
Define Sy; = > p—; @nkYki- So by Theorems 1, 2 and 3

E||Snil?] =0 for 1<p<2.
Therefore

H ZankaH = H Zank (X — B(Xk | Stgm)]
k=1 P k=1

+ > @k EXe | Skoml + Y S

k=1 i=—m+1 P
< H Zank [ Xk — E(Xk | Sktm)] H + H ZankE[Xk | St H + H Z Shi
k=1 P k=1 P i=—m+1 P
< D ot [Xi = B S, + 2 ane | B 1 Sum] |, + | 2 ]|
k=1 k=1 i=—m+1

WE

<

n m
ankckmerl + Z ankckwm + H Z Shi

1 k=1 i1=—m+1

P

>
Il
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Now since limsupyzzzl ankck| < 00, ¥y — 0 as m — oo and E[|Sm-|]1” — 0

n
as n — 00, the result follows.
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