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Abstract. Let (X,1) be a double sequence of random variables with zero mean and
finite variances and (Z,,) be a sequence of positive integral-valued random variables
such that for each n, Z,, X,,1, X592, ... are independent. In this paper, we give nec-
essary and sufficient conditions for weak convergence of the distribution functions of
random sums

SZn: n1+Xn2+"'+XnZn

to the standard normal distribution function ®. Moreover, we give a bound of
sup |P(Sz, < z) — ®(x)| and show that it tends to 0 when (Sz,) converges

—oo<r<oo

weakly to .

1. Introduction and Main Results

The convergence of a sequence of distribution functions of random sums was
first investigated by Robins [11] in 1948 and has been discussed many times in
numerous papers. In this work we investigate the case whose limit distribution
function is the standard normal distribution function ®.

In the case of one array, let (X,,) be a sequence of independent random vari-
ables with zero mean (this is not an essential restriction) and finite variances.
Let (Z,) be a sequence of positive integral-valued random variables which are
independent of (X,,). Many authors (e.g. [1, 3, 6,9, 10, 15, 18, 20, 25]) gave con-
ditions for the convergence of the sequence of distribution functions of random
sums X; + Xo + -+ Xz, to ®.
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In this work we consider a double array of random variables. Let (X,)
be a double sequence of random variables with zero mean and finite variances
o2,. For each n, we assume Z,,, X,,1, Xp2, ... are independent. In [8, 12, 22], the
authors investigated the convergence of the sequence of distribution functions of
random sums

SZn: n1+Xn2+"'+XnZn

in case X1, Xp2,... are identically distributed for every n. The aim of our
investigation the case X1, X,2,... are not necessary identically distributed.
Before we give the main results we state one of the most important versions
of central limit theorem of sums.

Theorem 1.1. ([4, Chap.12.2]) Let (k,) be a sequence of positive integers.
kn
Assume that lim Y o2, = 1. Then

(i) the sequence of distribution functions of the sums
Sn :an +Xn2++Xnkn

converges weakly to ® and
(ii) (Xnk), k=1,2, ..., ky, is infinitesimal, i.e.

max P(| X,k >¢)—0
1<k<k,
for every e > 0, if and only if (Xnk),k = 1,2, ..., ky, satisfies the Lindeberg
condition, i.e.

kn

> / 22 dF(z) — 1

k:1|m|<€

for every e > 0, where Fyy, is the distribution function of X,k.

In this work, we will extend Theorem 1.1 to the case of random sums and
will find a bound of the estimation. This paper is organized as follows.

In Sec. 2 we give necessary and sufficient conditions for the convergence of
sequence of distribution functions of random sums Sz, to ®. The following
theorems are main results of Sec. 2.

Zn

Theorem 1.2. Let (X, Zn) be such that Y, 02, % 1 and satisfy random
k=1

infinitesimal condition (RI), i.e.,

max P(| X, >¢)2 0
1<k<Zn

for every e > 0.
Then the sequence of distribution functions of the random sums Sz, converges

weakly to ® zf and only if Kz, (u) 2 K(u) for every continuity point u of K,
where K, ( Z f 22dF,(x) and
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0 for u<0

K(u)_{l for u>0.

Theorem 1.3. Let (Xpk, Zy,) be such that Z 02, 2 1 and satisfy (RI). Then

the sequence of distribution functions of m;:dom sums Sz, converges weakly to
@ if and only if (Xnk, Zn) satisfies random Lindeberg condition (RL), i.e
Zn
> / 22 dFp(z) 2 1
k:1|ac|<€
for every e > 0.

Zn
Theorem 1.4. Assume that Y. 02, % 1. Then
k=1
(i) the sequence of distribution functions of random sums Sz, converges weakly
to ® and
(i1) (Xnk, Zn) satisfies (RI)
if and only if (Xnk, Zn) satisfies (RL).

In Sec. 3, we give a bound of the approximation in Sec. 2. The main theorems
of Sec. 3 are the followings.

Theorem 1.5. If 02, <1 for alln and k, then for ¢ > 0 we have a constant C
such that

sup | Fp(z) = @(x)] < CE(gn(Zn; €)),

—oo<r<oo

where Fy, is the distribution function of Sz, and

J 1 J
. 5 105 2
0= [3 s o2 3ot [ s (S )

k=1

IS

J

1< 4
+[Z / xQank+§|Za,21k—1|} .

k:1|ac|>5 k=1

Zn
Theorem 1.6. Let (X1, Z,) be such that Y, 02, 2 1 and satisfy (RI). If
k=1

Zn

( > Uik) is bounded and 0%, <1 for alln and k, then the sequence of distribu-
k=1

tion functions of the random sums Sz, converges weakly to ® if and only if there

exists a sequence of positive real numbers (ey,) such that E[gn(Zn,en)] — 0.
The following corollary follows directly from Theorem 1.5 and Holder inequality.
Corollary 1.7. Let (X,,) be a sequence of independent identically distributed

random variables with zero mean and variance 0. Assume that (X,) and (Z,)
are independent. Then fore > 0
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,535<0JP(S r) — ()| <
2

( ) (105 (max(%zn,1)))i+(%E(Z)+ EH_Z 1H)%

We also give examples of the convergence in Sec. 4.

2. Convergence Theorems

2.1. Auxiliary Results

In this section we give some auxiliary results for proving the main theorems in
Subsec. 2.2.

Proposition 2.1. [13] For every n, let (ank), be a nondecreasing sequence of

non-negative real numbers and let a > 0 be fized. Then anz, 2oa if and only if

ni, (q) — @ for all g € (0,1) where I, : (0,1) — N defined by

ln(q) =max{k e N|P(Z, < k) <q}.

In what follows, we let F,,, F,S‘” and F,;, be the distribution functions of

SZn - nl + Xn2 + -+ XnZn; 87(111) = an + Xn2 + -+ ann(q) and Xnk
respectively.

Proposition 2.2. [24] Let (X1, Z) satisfy (RI). If F,, = F for some distribu-
tion function F, then there exists a subsequence (n') such that for a.e. g € (0,1),

there exist a distribution function F(q) and a bounded sequence of real numbers
(a(q/)) such that
FTE(/I) * Ea(q) ﬂ) F(q),

where E, stands for the degenerated distribution function with parameter a € R.

Proposition 2.3. [24] If for a.e. q € (0,1), there exists a distribution function
F(9 such that F(q) F9 . Then F, % F, where F is the distribution function

defined by F(x fF<‘1> )dg.

Theorem 2.4. [16] Let (Y,,) be a sequence of random variables and put Hy(r) =
P(Y,, < z). Suppose sup E[Y,?] < co. If H, %> H for some distribution function

neN
H then we have lim E(Y,)= [ zdH(x) < co.

Theorem 2.5. [5, p. 116] For some suitably chosen constants A,, the sequence
of distributions of the sums
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Xn1+Xn2+"'+Xnkn_An

of independent infinitesimal random variables converges to a limit, it is necessary
and sufficient that there exist non-decreasing functions M and N defined on
the intervals (—o0,0) and (0,+00), respectively, such that M(—o0) = 0 and

N(+00) =0 and a constant o > 0 such that
k

(i) lim Z Forp(u) = M(u) for every continuity point u of M ;
k=1
kn
(ii) lim Z(Fnk (u) = 1) = N(u) for every continuity point u of N;
k=1
kn 2
(iit) lim_Jim inf { / w2d Py (z) — ( / xank(x)) }
e—0 n—o0
k=1 |z|<e |z|<e
kn 2
= lim lirnsupZ{ / 22dF () —( / xank(x)) }
e—0t n—oo 1
T zl<e lz|<e
=02,

The constants A,, may be chosen according to the formula

kn
A, = Z / xdFpi(x) — (1),
k:1|ac|<7'

where y(1) is any constant and —1 and T are continuity points of M and N,

respectively.
If the limit distribution function is ®, then M = N =0 and 0 = 1.

Theorem 2.6. [5, p. 98] Let (ky,) be a sequence of positive integers. Assume that
kn
(Xnj)sd=1,2,..., ky, is infinitesimal and lim Y o2, < co. Then the sequence
of distribution functions of Xn1 + Xn2 + -+ -+ Xnk,, converges weakly to a limit
distribution function if and only if the accompanying distribution function of
Xn1+Xno+- - -+ Xk, converges weakly to the same limit distribution function,
where the accompanying distribution function of Xn1+ Xpo+ -+ -+ Xnk,, is the
distribution function whose logarithm of its characteristic function ¢n(t) is given

by

k oo

In @y (t) = / (€' — 1)dF,(z).

k=1

— 00

We also know that the limit distribution function is infinitely divisible [5, p.73].

Proposition 2.7. [13] For a.e. q € (0,1) let F9 = L(ag,02, My, Ny) be an
infinitely divisible distribution function with zero mean. Suppose that ag and the

1
functions M,,|N,| are non-decreasing in q and the integral F(x) = [ F(9(z)dq
0

exists for allz € R. Then we have F = ® if and only if F(9 = ® a.e. q € (0,1).
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Zn

Theorem 2.8. Let (X1, Zy) be such that S, o2, 2 1 and satisfy (RI). Then
k=1

F, 5 ® if and only if F9 % g for every q € (0,1).

Proof. (=) By Proposition 2.2, there exists a subsequence (n') of (n) such that
for a.e. ¢ € (0,1), we have a distribution function F'” and a bounded sequence

(a'?) such that

FO 4B o 5T (2.1)

Zn ln(9)

Since > 02, % 1, by Proposition 2.1, we have Y. o2, — 1 for all ¢ € (0, 1).
k=1 k=1

Then for each ¢ € (0,1)

ln(q)

sup B[(S(¥)?] = sup Y o7, < 0. (2.2)
neN neN 1

Thus, from (2.2) and the boundedness of (a (q)) we have

sup E[(Sflq) + a(q/)) | = sup [E[(S,(ﬂ))Q] + (afﬁ’)Q] <oo ae. qe(0,1).
n’eN n’eN

From this fact and (2.1) we can apply Theorem 2.4 to Y, = S +a{% and then
lim a(q) = lim (E[Sfﬂ) + aflq,)]) = / dF(q)( )

for a.e. ¢ € (0,1). Let al® = f xdF(q)( ). Thus lim a(Q) = al? < o for

a.e. ¢ € (0,1) and
l?é?) L F9D ae qe(0,1),

F(Q)

where F(0) = * E_ . By Proposition 2.3, ®(z f F9(z)dq.

Next, we will show that F(@ is & for every ¢ € (O, 1). First we will show
that F(9 satisfies all conditions of Proposition 2.7. Applying Theorem 2.4 to

Y, S,(ﬂ) , we have

/xﬂmx):1mlm§m

for a.e. ¢ € (0,1). Thus F(9 has zero mean. Since (X,) satisfies (RI), by

Proposition 2.1 we have

lim sup P(|Xu|>e)=0

for all ¢ € (0,1). Applying Theorem 2.6, the sequence of the accompanying
distribution functions of Sfﬂ) converges weakly to F(@ for a.e.q € (0,1). Let
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F@ = L(a,, 07, My, Ny). From monotonicity of the I, (¢) we can use Theorem
2.5 to show that ag, Mg, | N,| are non-decreasing in ¢. Therefore Proposition 2.7

can be applied and it follows that F(? = & for a.e. ¢ € (0,1). So Fé?) = & for
a.e. ¢ € (0,1). Next we will show that F,g?) 2 @ for all ¢ € (0,1). Let ¢ € (0,1)

and A = {t € (0, 1)|FS) Y ®}. Then there exist q; and g in A such that
q1 < q < q2. From Theorem 2.5 and the non-decreasing monotonicity of the
ln(q), we have for u < 0,

Lo (q1) Ly (9) Ly (g2)
0= lim Y Fup(w) < lim > Fop(u) < lim Y Fup(u) = 0.
k=1 T o k=1

n’—oo n’—oo

Hence (Fé‘,z)) satisfies condition (i) of Theorem 2.5 for M (u) = 0. Similarly, we
can show that the conditions (ii) and (iii) of Theorem 2.5 hold for N(u) = 0

and 02 = 1. Hence, F 75‘/1) 2 ®. By the same argument we can show that every

convergent subsequence of (F\?) converges weakly to ® for all ¢. Thus (F\?)
converges weakly to @ for all g € (0,1).

(«=) Follows directly from Proposition 2.3. ]

Lemma 2.9. Let K, K, K, ... be bounded, non-decreasing, right-continuous
functions from R into [0,00) and vanish at —co. Assume that the followings

hold
(i) 7 T _
[ @)~ [ rendR)
for every real number t where f(t,) : R — R defined by
et — 1 —jtx m% if x#0

—% if x=0.

(ii) (Kp(400)) is bounded.

Then K, > K.

Proof. By Helley Theorem [23, p. 133] there exist a subsequence (K, ) of (K,)
and a bounded, non-decreasing, right-continuous function K such that K,,
K. Sincef(t, ) is bounded for every t € R,

[ ek @)~ [ f0dR @),
From this fact and (i) we have

7 f(t, 2)dK (z) = /Oo f(t, 2)dK (2).
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By the uniqueness of Kolmogorov’ formula [8], we have K = K. So K,,, — K.
By the same argument we have that every subsequence of (K,), it contains a
subsequence which converges weakly to K. This implies that (K,,) converges
weakly to K. n

2.2. Proof of Main Results
In this section we prove our main results of convergent conditions.

Proof of Theorem 1.2.
(=) To prove Kz, (u) 2 K(u), by Proposition 2.1 it suffices to show that
K, () =K

for every ¢ € (0,1). By Theorem 2.6, Theorem 2.8 and continuity Theorem,
In @y, (q)(t) — —t?/2 for every real number ¢, where @, (4) is the characteristic

function of the accompanying distribution function of Sflq). This implies

/f(t,x)dKln(q)(x)H /f(t,x)dK(x)

Zn

So (i) of Lemma 2.9 is satisfied. Since Y. 02, % 1, by Proposition 2.1,
k=1

(K3, (q)(+00)) is bounded for every ¢ in (0,1). Therefore the condition (ii) of

Lemma 2.9 is satisfied. Thus K, (4 — K.
(<) To prove the sufficient condition, by Proposition 2.3 and Theorem 2.6 it
suffices to show that ¢y, (q)(t) — e’/2 for q € (0,1) and t € R.

Let ¢ € (0,1) and ¢ be any real number. It follows from (¢) and Proposition
2.1 that

K, (g — K.
Since f(t,-) is bounded and continuous,
[ rewds, ) — [ oK),
i.e., Ingy, (o) (t) — —t2/2 which implies ¢y, () (t) — e~ /2.

Proof of Theorem 1.3.

To prove the theorem, it suffices to show that (RL) is equivalent to the condition
(i) of Theorem 1.2.

(=) Let u be the continuity point of K.

Case 1: u < 0.
Zn Zn Zn

Since >, [ a?dFnk(z) =Y 02, — >, [ 2?dF.k(x) 21-1=0, we
k=125 —u k=1 k=1 |2|<—u

Zn U
have Y. [ 22dFu(z) 5 0 e, Kz, (u) 2 K(u).
k=1—oc0
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Case 2: u > 0.
Zn Zn —u
From the fact that Y. [ 22dF,x(zr) =0 we have Y, [ x2dFni(z) 2 0. So
k:l'x'Zu k=1—00
Z, U Z,
/xank / Z/xank )% 041=1.
k=1_" k=1_" Lpien

That is Kz, (u) 2 K(u).
(<) Assume that (i) of Theorem 1.2 holds. Note that

Zn & Zn
z [ #tarue z/x AFuala) =Y [ adFu(e) > 1-0=1.
=liee k=1_" k=1_"
Thus (RL) is satisfied. ]

Proof of Theorem 1.4.

(=) Follows from Theorem 1.3.
Zn Zn

(<) Since Y 02, & 1and (X1, Z,,) satisfies (RL), wehave >, [ 22dF,i(z) %
k=1

k=1]z|>e
0 for every ¢ > 0. Hence

sup  P(|Xnk| =€) = sup / dFni(z)
1<k<Zn, 1<k<Zn,
|z]>e

/ X ank
z|>e

converges in probability to 0, i.e., (Xpnk, Zy) satisfies (RI). So (i) follows from
Theorem 1.3. [

1
-

TTMN

3. Error of Estimation

To prove main theorems (Theorem 1.5 and Theorem 1.6 ), we need the following
well-known theorem.

Theorem 3.1. [5 p.196-197] Let A, T and € > 0 be constants, F' a nonde-
creasing function and G a function of bounded variation. If

1. F(—o0) = G(—0), F(+00) = G(+00),

2. [|F(z) — G(z)|dx < oo,

3. G’( ) e:L’ists for all x and |G'(z)| < A,

4. f | — 9t )|dt e where f(t) femch () and g(t) = ﬁ{e“de(x),
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then for every number a > 1 there corresponds a positive number c¢(a) depending
only on a such that
€

A
o + ¢(a)

()~ Ga)] < a 4
Proof of Theorem 1.5.
For each n, let Im Z, = {knjlkn; < knG+1)}, @nj = ki:] P(Z, = k) and
qno = 0. Then for q € [g,(j—1), gnj) We have l,,(q) = kn; an§:1
F.(z) = P(Sz, <)

= Y P(S9 <2)P(Z, = k)

kpj €Im Z,,
= D P(SY <a)(gnj — dni-1)
K €lm Z,,

> [ o

kyn;€Ilm Z,
4 €lm (gn(j—1)>qnj)

1
= /F,SQ) (x)dg.
0

Hence

Fo(z) - 0(x)| < / F — & (x)|dg. (3.1)
0

Let ¢y, (q) and @y be the characteristic functions of Sle) and X1, respectively.
Then

2 t?
|1, () (1) — e | < [Ingy, (o) (t) — |

2
In(q) 2 ln (a)
<1 (1= pu®) — 1+ g (1) = S (1= ()

k=1 k=1 (3.2)
In(q) In(q)
= I/f(t,x)d(Kzn@)(x) — K@)+ menk(t) = > (1= pni(t))]
2 k=1 k=1
< A, + By,
where
In(q)
An = I/f(t,x)d(Kzn@)(x) — K(@))| and Bp= Y [Inguk(t) — (1= @nr(t))].
R k=1

Shapiro [17] showed that
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In(q) /2 In(q) In(q)
A, <t2 Z / 2ank )

|m|>5 k=1

Next, we find a bound of B,,. By Taylor formula, we have
1
onk(t) =1+ 590,21@2 for some |6] < 1.

Let 17, (q) = and ¢ be such that [t| < T}, (4. Note that

1
In(ln(q),€) .
lonk(t) — 1| = |9|§0'721kt2
1 2 2
§Unszn(q)
U?zk

= 2(gnlin(), 0))?
(k)

IN

N (=t j
Hence Inp,i(t) = > — (1 — pni(t))? and

[Inonr(t) — (1 — pnr(t))] < Z %

i_( 11— onr(®) )

201 = [1 = oni(t)]
5
<gh- ear()]? (by (3.5))
5
< gffﬁk# (by (3.4))
5 4 2 2
<:Z :
=5 [1<En<%x(q)a 17

So for |t| < Tj, (g),

5
B, <= 2 E 2
] [1<Ikn§aff(q) Onk Unk]

From (3.2)-(3.6) we have

ln(q) ln(q)

1<k<l,(q)

2 5
o) =¥ < gl g ol 3 b 48D [ #taru

k=1 “a|>e

t2 In(q) In(q)

5
+ 5| ; o2 — 1|+ §€|t|3max(z o2, 1)

k=1

2 3l Z K1+ 55|t|3max Z 02,1
k=1

35

- (3.3)

(3.4)
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for |t| < Tj, (q)- Therefore

Tln(‘?) (t) 2
—eT T
/ | wln (‘1) € |dt
t
T, (9)

5 In(q) Tip(a) In(q) Tip(a)
<= t3dt 4 2 22 dFpp( tdt
< Tl o 2 ol w23 [ darue) [

0 Yaj>e 0
In(q) Tin(a) 10 ln(q) Thy(a)
+] Z o2, —1] / tdt + gsmax(z o2, 1) / t2dt
k=1 0 k=1 0

1 ln(q) 1
= 2 2
<[3 1<kehig) ™ kz: O] 1 (2)

4 2 2
[3 1<Ikn<az (q) Unk k2::1 Unk]

l (9) ln(q)

+ Z /xank —|Za ~1]]

|x|>5

In(q) 1 ln(q)
[ Z f w2 dFo(@) + 3| 32 ony = 1]
k=1 k=1

Wl

= gn(ln(q), €)-
Now applying Theorem 3.1 we see that for any a > 1,

swp [F0 () — 0(0)] < - ga(a). ) + S = Cgallala)2).  (37)

—oo<r<oo

where C' = 2i + c(a). Then the theorem follows from (3.1), (3.7) and the fact
7r
that

/lgn(ln(Q),E)dq = > / ,€)dg
0

kn;€Ilm Z,
JE Sl 1) )

= Z gn(knja 5)((]71]' - q"(jfl))

K €lm Z,,
= Y gulkng )P (Zy = kny)
K €Im Z,,
= E(gn(Zn,€)). u
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Proof of Theorem 1.6.

(=) Let (e5) be a sequence of positive real numbers such that 0 < g, < 1
and €, — 0. In order to show E(g(Zn,en)) — 0, it suffices to show that
9(Zn,en) 2, 0. Note that 9n(Zn,en) = Cp + D, + E,, where

Co=[3,mm5 kZ )’
10¢,, Zn 1
Dn:[ 095 1rna;)((20721k,1)}4
Zn 1
Z / w2dF(x ’Zaﬁk—1H3.

|m|>€

By Theorem 1.4, (X,k, Zy) satisfies (RL). From this fact and the fact that

Zn
S 02, 2 1 we have (D,) and (E,) converge in probability to 0. To prove
k=1

C, % 0, it suffices to show max o2, % 0. This is true by Theorem 1.2, (RI)

1<k<Z,
and the fact that

o0
max o2, = max /xQank(x)
1<k<Z, 1<k<Z,

— 00

= max / 2?dF(z) + max / 22dF ()
1<k<Zn 1<k<Zn

lz|<\/E VE<|zI<1

+ max / 22dFy ()
1<k<Zn

|z|>1

§+ max P(|Xnk| > \/é)—FKZn(—l)—FKZn(—FOO)—KZn(l).

for every € > 0.
(«=) This follows directly from Theorem 1.5. ]

4. Examples
Ezample 1. For each n, let Z,, be such that
1
P(Z,=n)=1-— and P(Z,=n+1)=
n?

For each n and k, define X,,; as follows.
Ifk#n+1,let X, be defined by
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In case k = n+ 1, let X, be defined by
1
P(X,,=2")=P X =-2") = 3
Note that p,r =0,
1 .
s { = if k#Fn+1
Onk — .
2 fk=n+1

and

(@) {n if0<q<1—#
T a1 i 1- L <g<l

Zn

for every k € Nand n > 2. Tt is easy to see that Y o2, %> 1. From Proposition
k=1

2.1 and the fact that

ln(q) n

Z /xank Z/ 22dF,(x
“af<e k=1_
zn:( / ?dFyi(z) + / x2ank(x))

k=

—

() ()
S (G- "+ (-

3

we have (Xpk, Zy,) satisfies (RL). Hence, by Theorem 1.4, the sequence of dis-
tribution functions of random sums Sz, converges weakly to ®.

Example 2. Let Z, be such that P(Z, = n+j) = 1/2/, j =1,2,3,... and
for each n, k € N, let X, = Xi/+/n where P(X), = —1) = P(X;, =1) = 1/2.
Then

Q

sup [ Fy(z) — @(z)] <

—oo< T <00 n

ol

for some constant C'.

5. Remarks

1. Theorem 1.1 is a corollary of Theorem 1.4 by using Proposition 2.1 and the
fact that l,,(¢) = ky, for every ¢ € (0,1).
2. In [13], Bethmann gave the conditions of convergence which are similar to

Theorem 1.4 but the assumption “ Z 02, 2 17 is changed to “E( Z o2.) —
k=1
. We note that there exist sequences of random variables which satisfy our

assumptlon but do not satisfy the assumption of Bethmann and conversely.
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Zn »
For examples, (X,k, Z,) in Example 1 satisfy the condition ) o2, — 1 but
k=1
Zn
E(Y 02,) — oc. Conversely, if we let X, = 0 for j # n+ 1, P(X,(n41) =
k=
V2

Zn Zn

see that E( Y 02,) — 1 but E( Y, 02,) does not converge in probability to
k=1 k=1

1.

3. There are other authors (eg. [2,19,24,26-28]) gave a bound of this estima-
tion. But the assumptions and results are different.

—

P(Xpmi1) = —V2) =1/2and P(Z, =n) = P(Z, =n+1) = 1/2 we
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