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Abstract. In this paper we prove the existence and uniqueness of generalized solutions

of the first initial boundary value problem for strongly Schrödinger systems in infinite

cylinders.

1. Introduction

Schrödinger equations and Schrödinger systems play an important role in physics,
especially in quantum mechanics. Therefore boundary value problems for Schrö-
dinger equations and Schrödinger systems have been studied by many
authors. Till now, these problems in a finite cylinder QT = Ω × (0, T ) were
studied nearly completely (see [4, 5]).

In this paper we consider the first initial boundary value problem for Schrö-
dinger systems in an infinite cylinder Q∞ = Ω × (0,∞). We will prove some
results on the existence and uniqueness of generalized solutions of the problem

in the space
◦
Hm,0

γ (Q∞) for γ > 0 big enough.

The paper is organized as follows. In Sec. 2, we will introduce some notations
and functional spaces being used. The main results will be presented in Sec. 3.

2. Notations

Suppose that Ω is a bounded domain in Rn with its boundary ∂Ω. Let us
introduce some notations: QT = Ω × (0, T ), ST = ∂Ω × (0, T ), Q∞ = Ω ×
(0,∞), S∞ = ∂Ω× (0,∞), ΩT = Q∞ ∩ {t = T}, x = (x1, ..., xn) ∈ Ω, u(x, t) =



42 Nguyen Manh Hung and Cung The Anh

(u1(x, t), ..., us(x, t)) is a vector complex function, α = (α1, ..., αn)
(αi ∈ N) is a multi-index, |α| = α1 + · · · + αn, Dα = ∂|α|/∂xα1

1 · · ·∂xαn
n ,

|Dαu|2 =

s∑

i=1

|Dαui|
2, utj = (∂ju1/∂tj, ..., ∂jus/∂tj), |utj |2 =

s∑
i=1

∣∣∣∂jui/∂tj
∣∣∣
2

,

dx = dx1 · · ·dxn.

In this paper we use some following functional spaces.

•
◦

C∞(Ω) - the space of all infinitely differentiable functions which have compact
support in Ω.
• H l(Ω) - the space of all functions u(x) which have generalized derivatives Dαui

belonging to L2(Ω), |α| ≤ l, 1 ≤ i ≤ s, with the norm

‖u‖Hl(Ω) =
( l∑

|α|=0

∫

Ω

|Dαu|2dx
)1

2

.

•
◦
H l(Ω) - the closure of

◦
C∞(Ω) in the space H l(Ω).

• H l,k(QT ) - the space of all functions u(x, t) such that Dαui ∈ L2(QT ),
∂jui

∂tj
∈

L2(QT ), |α| ≤ l, 1 ≤ i ≤ s, 1 ≤ j ≤ k, with the norm

‖u‖Hl,k(QT ) =
( l∑

|α|=0

∫

QT

|Dαu|2dxdt +

k∑

j=1

∫

QT

|utj |2dxdt
)1

2

.

In particular

‖u‖Hl,0(QT ) =
( l∑

|α|=0

∫

QT

|Dαu|2dxdt
)1

2

•
◦

H l,k(QT ) - the closure in H l,k(QT ) of the set of all infinitely differentiable in
QT functions which vanish near ST .
• H l,k

γ (Q∞) - the space of all functions u(x, t) which have generalized derivatives

Dαui,
∂jui

∂tj
, |α| ≤ l, 1 ≤ j ≤ k, 1 ≤ i ≤ s, satisfying

‖u‖2
H

l,k
γ (Q∞)

=

l∑

|α|=0

∫

Q∞

|Dαu|2e−2γtdxdt +

k∑

j=1

∫

Q∞

|utj |2e−2γtdxdt < +∞.

In particular

‖u‖
H

l,0
γ (Q∞)

=
( l∑

|α|=0

∫

Q∞

|Dαu|2e−2γtdxdt
)1

2

.

•
◦

H l,k
γ (Q∞) - the closure in H l,k

γ (Q∞) of the set of all infinitely differentiable in
Q∞ functions which vanish near S∞.
• L∞(0,∞; L2(Ω)) - the space of all measurable functions u : (0,∞) −→ L2(Ω)

t 7−→ u(x, t)
satisfying
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‖u(x, t)‖L∞(0,∞; L2(Ω)) = ess sup
t>0

‖u(x, t)‖L2(Ω) < +∞.

Let us consider the partial differential operator of order 2m

L(x, t, D) =

m∑

|p|,|q|=0

Dp(apq(x, t)Dq),

where apq are s × s - matrices, apq = (−1)|p|+|q|a∗
qp. Suppose that their ele-

ments are measurable bounded in Q∞ functions with complex values and apq

are continuous in x ∈ Ω uniformly with respect to t ∈ [0, +∞), if |p| = |q| = m.
Moreover, assuming that there exists a positive constant a0 such that for each
ξ ∈ Rn \ {0}, η ∈ Cs \ {0} and (x, t) ∈ Q∞, we have

∑

|p|,|q|=m

apq(x, t)ξpξqηη ≥ a0|ξ|
2m|η|2, (2.1)

where ξp = ξp1

1 · · ·ξpn
n , ξq = ξq1

1 · · ·ξqn
n .

Put

B(u, u)(t) =

m∑

|p|,|q|=0

(−1)|p|
∫

Ω

apqD
quDpudx, u(x, t) ∈

◦

Hm,0
γ (Q∞).

For each fixed t > 0, the function x 7→ u(x, t) belongs to
◦

Hm(Ω). So we have

Lemma 2.1. [3] There exist two constants µ0 and λ0(µ0 > 0, λ0 ≥ 0) such that

(−1)mB(u, u)(t) ≥ µ0‖u(x, t)‖2
Hm(Ω) − λ0‖u(x, t)‖2

L2(Ω) (2.2)

for all u(x, t) ∈
◦
Hm,0

γ (Q∞).

Therefore, replacing L by L0 = L + (−1)mλ0I if necessary, one gets

(−1)mB(u, u)(t) ≥ µ0‖u‖
2
Hm(Ω) (2.3)

for all u(x, t) ∈
◦
Hm,0

γ (Q∞).
Throughout this paper we will assume that the operator L(x, t, D) satisfies

(2.3). The inequality (2.3) is a basic tool for proving the existence and uniqueness
of solutions to a boundary value problem.

3. Main Results

In this section we study the existence and uniqueness of a generalized solution
of the following problem: Find a function u(x, t) such that
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(−1)m−1i L(x, t, D)u − ut = f(x, t) in Q∞, (3.1)

u
∣∣
t=0

= 0, (3.2)

∂ju

∂νj

∣∣∣
S∞

= 0, j = 0, ..., m− 1, (3.3)

where ν is the outer unit normal to S∞.
A function u(x, t) is called a generalized solution of the problem (3.1)-(3.3)

in the space
◦
Hm,0

γ (Q∞) if and only if u(x, t) belongs to
◦
Hm,0

γ (Q∞) and for each
T > 0 the following equality holds

(−1)m−1i

m∑

|p|,|q|=0

(−1)|p|
∫

QT

apqD
quDpηdxdt +

∫

QT

uηtdxdt =

∫

QT

fηdxdt

(3.4)
for all test functions η ∈

◦

Hm,1(QT ), η(x, T ) = 0.
First, we prove the uniqueness theorem.

Theorem 3.1. If

∣∣∣
∂apq

∂t

∣∣∣ ≤ µ, 0 ≤ |p|, |q| ≤ m, µ = const > 0,

then the problem (3.1)-(3.3) has at most one generalized solution in
◦
H m,0

γ (Q∞).

Proof. Suppose that the problem (3.1)-(3.3) has two solutions u1, u2 in
◦

Hm,0
γ (Q∞).

For T > 0 and b ∈ (0, T ) arbitrary, putting

u(x, t) = u1(x, t) − u2(x, t)

η(x, t) =

{ ∫ t

b
u(x, τ)dτ, 0 ≤ t ≤ b

0, b < t ≤ T.

One can see that η(x, t) ∈
◦
H m,1(QT ), η(x, T ) = 0 and ηt(x, t) = u(x, t), 0 ≤

t ≤ b. From definition of generalized solution, one gets

(−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

Qb

apqD
qηtDpηdxdt + i

∫

Qb

|ηt|
2dxdt = 0. (3.5)

Adding (3.5) with its complex conjugate and using condition apq=(-1)|p|+|q|a∗
qp,

we have

(−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

Qb

apq

∂

∂t
(DqηDpη)dxdt = 0.

Integrating by parts, we obtain
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(−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

Ω

apqD
qηDpηdx

= (−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

Qb

∂apq

∂t
DqηDpηdxdt.

Since
∣∣∣
∂apq

∂t

∣∣∣ are bounded, by using Cauchy’s inequality and (2.3), we obtain

‖η(x, 0)‖2
Hm(Ω) ≤ C‖η(x, t)‖2

Hm,0(Qb)
, (3.6)

where the constant C depends only on µ, µ0.

Denoting vp(x, t) =

∫ 0

t

Dpu(x, τ)dτ, 0 < t < b, we have

Dpη(x, t) =

∫ t

b

Dpu(x, τ)dτ = vp(x, b) − vp(x, t).

Substituting those into (3.6), we obtain

‖η(x, 0)‖2
Hm(Ω) =

m∑

|p|=0

∫

Ω

|vp(x, b)|2 ≤ C

m∑

|p|=0

∫

Qb

|Dpη|2dxdt

≤ C
m∑

|p|=0

∫

Qb

[
|vp(x, b)|2 + |vp(x, t)|2

]
dxdt

= Cb

m∑

|p|=0

∫

Ω

|vp(x, b)|2dx + C

m∑

|p|=0

∫

Qb

|vp(x, t)|2dxdt.

Putting J(t) =

m∑

|p|=0

∫

Ω

|vp(x, t)|2dx, we have

(1 − Cb)J(b) ≤ C

∫ b

0

J(t)dt.

Hence

J(b) ≤ 2C

∫ b

0

J(t)dt, ∀b ∈ [0,
1

2C
].

By Gronwall-Bellman’s inequality, this implies that J(t) ≡ 0 on [0, 1
2C

]. So
∫ 0

t

u(x, τ)dτ = 0, ∀t ∈ [0,
1

2C
].

Therefore u(x, t) = 0 a.e. t ∈ [0, 1
2C

], i.e., u1 ≡ u2 a.e. t ∈ [0, 1
2C

]. By the same
argument for two functions u1, u2 on [ 1

2C
, T ] we can show that u1 ≡ u2, a.e.

t ∈ [ 1
2C

, 1
C

]. Continuing in this fashion; after finitely by many steps we have
u1 ≡ u2, a.e. t ∈ [0, T ]. Since T > 0 arbitrary, u1 ≡ u2 a.e. t ∈ [0,∞). This
completes the proof. �

Denote by m∗ the number of multi-indexes which have order not exceeding
m, µ0 is the constant in (2.3). We have
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Theorem 3.2. Let

(i) sup
{∣∣∣∂apq

∂t

∣∣∣ : (x, t) ∈ Q∞, 0 ≤ |p|, |q| ≤ m
}

= µ < +∞.

(ii) f, ft ∈ L∞(0,∞; L2(Ω)).

Then for every γ > γ0 = m∗µ
2µ0

, the problem (3.1)-(3.3) has a generalized solution

u(x, t) in the space
◦

Hm,0
γ (Q∞) and the following estimates holds

‖u‖2
H

m,0
γ (Q∞)

≤ C
[
‖f‖2

L∞(0,∞;L2(Ω)) + ‖ft‖
2
L∞(0,∞;L2(Ω))

]
,

where C is a positive constant independent of u and f.

Proof. Let {ϕk(x)}∞k=1 be a basis of
◦

Hm(Ω), which is orthonormal in L2(Ω). We
find an approximate solution uN(x, t) in the following form

uN(x, t) =

N∑

k=1

CN
k (t)ϕk(x),

where CN
k (t) satisfies

(−1)m−1i
m∑

|p|,|q|=0

(−1)|p|
∫

Ω

apqD
quNDpϕldx−

∫

Ω

uN
t ϕldx =

∫

Ω

fϕldx, l = 1, ..., N,
(3.7)

CN
k (0) = 0. (3.8)

Multiplying (3.7) by d
dt

(CN
l (t)), then taking sum with respect to l from 1 to N ,

we obtain

(−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

Ω

apqD
quNDpuN

t dx− i

∫

Ω

uN
t uN

t dx = i

∫

Ω

fuN
t dx. (3.9)

Adding (3.9) with its complex conjugate, then integrating with respect to t from
0 to T , we obtain

(−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

QT

apq

∂

∂t
(DquNDpuN)dxdt = 2 Im

∫

QT

fuN
t dxdt.

Integrating by parts

(−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

ΩT

apqD
quNDpuNdx =

= (−1)m

m∑

|p|,|q|=0

(−1)|p|
∫

QT

∂apq

∂t
DquNDpuNdxdt

+ 2 Im
[ ∫

ΩT

fuNdx −

∫

QT

ftuNdxdt
]
.
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Using hypothesis, Cauchy’s inequality and (2.3), we obtain

‖uN(x, T )‖2
Hm(Ω) ≤

m∗µ + ε

µ0 − ε

∫ T

0

‖uN(x, t)‖2
Hm(Ω)dt+

+
1

ε(µ0 − ε)

[
‖f‖2

L∞(0,∞;L2(Ω)) + T‖ft‖
2
L∞(0,∞;L2(Ω))

]

for 0 < ε < µ0.
Applying Gronwall’s Lemma [7], we have

‖uN(x, T )‖2
Hm(Ω) ≤

1

ε(µ0 − ε)

[
‖f‖2

L∞(0,∞;L2(Ω))+T‖ft‖
2
L∞(0,∞;L2(Ω))

]
e

(m∗µ+ε)T
µ0−ε .

(3.10)
For each γ > γ0 given, choose ε > 0 such that

−2γ +
m∗µ + ε

µ0 − ε
< 0, i.e., γ >

m∗µ + ε

2(µ0 − ε)

(this always can be done because inf
0<ε<µ0

m∗µ + ε

2(µ0 − ε)
=

m∗µ

2µ0
= γ0).

Multiplying (3.10) with e−2γT , then integrating with respect to T from 0 to
+∞, we obtain

‖uN‖2
H

m,0
γ (Q∞)

≤ C
[
‖f‖2

L∞(0,∞;L2(Ω)) + ‖ft‖
2
L∞(0,∞;L2(Ω))

]
.

Since {uN} is uniformly bounded in
◦

Hm,0
γ (Q∞), we can choose a subsequence

which converges weakly to a function u(x, t) in
◦

Hm,0
γ (Q∞). We will prove that

u(x, t) is a solution of the problem.

It is obvious that u(x, t) ∈
◦

H m,0
γ (Q∞). For T > 0 arbitrary, since M =

∞⋃

n=1

{
n∑

k=1

dk(t)ϕk(x) | dk(t) ∈ H1(0, T ), dk(T ) = 0

}
is dense in

◦

Ĥ m,1(QT ) =

{
η(x, t) ∈

◦

H m,1(QT ) | η(x, T ) = 0

}
, it suffices to show that u(x, t) satisfies (3.4)

for all η(x, t) ∈ M . Taking η ∈ M arbitrarily, then η can be written in the form

η(x, t) =

k∑

l=1

dl(t)ϕl(x), where dl(t) ∈ H1(0, T ), dl(T ) = 0. Multiplying both

sides of (3.7) by dl(t), taking sum with respect to l from 1 to k and integrating
with respect to t from 0 to T , we obtain

(−1)m−1i

m∑

|p|,|q|=0

(−1)|p|
∫

QT

apqD
quNDpηdxdt−

∫

QT

uN
t ηdxdt =

∫

QT

fηdxdt.

Since
∫

QT

uN
t ηdxdt =

∫

Ω

(
uNη

∣∣t=T

t=0

)
dx−

∫

QT

uNηtdxdt = −

∫

QT

uNηtdxdt,
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we have

(−1)m−1i

m∑

|p|,|q|=0

(−1)|p|
∫

QT

apqD
quNDpηdxdt +

∫

QT

uNηtdxdt =

∫

QT

fηdxdt.

(3.12)
Passing to the limit for a weakly convergent subsequence, we obtain

(−1)m−1i

m∑

|p|,|q|=0

(−1)|p|
∫

QT

apqD
quDpηdxdt +

∫

QT

uηtdxdt =

∫

QT

fηdxdt.

This shows that u(x, t) is a generalized solution of the problem (3.1)-(3.3). More-
over, the weak convergence of {uN} and (3.11) implies that

‖u‖2
H

m,0
γ (Q∞)

≤ lim
N→∞

‖uN‖2
H

m,0
γ (Q∞)

≤ C
[
‖f‖2

L∞(0,∞;L2(Ω) + ‖ft‖
2
L∞(0,∞;L2(Ω)

]
.

The theorem is completely proved. �
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