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Abstract. In this paper we prove the existence and uniqueness of generalized solutions
of the first initial boundary value problem for strongly Schrodinger systems in infinite
cylinders.

1. Introduction

Schrodinger equations and Schrodinger systems play an important role in physics,
especially in quantum mechanics. Therefore boundary value problems for Schro-
dinger equations and Schrodinger systems have been studied by many
authors. Till now, these problems in a finite cylinder Qr = Q x (0,T) were
studied nearly completely (see [4, 5]).

In this paper we consider the first initial boundary value problem for Schro-
dinger systems in an infinite cylinder Qo = Q x (0,00). We will prove some
results on the existence and uniqueness of generalized solutions of the problem

in the space H"*(Qu) for 4 > 0 big enough.

The paper is organized as follows. In Sec. 2, we will introduce some notations
and functional spaces being used. The main results will be presented in Sec. 3.

2. Notations

Suppose that €2 is a bounded domain in R™ with its boundary 0. Let us
introduce some notations: Qr = Q x (0,T), Sy = 002 x (0,T), Qo = X
(Oa OO), Soo = 082 x (Oa OO), QT = Qoo N {t = T}a €T = ('rla axn) € Qa u(x,t) =
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(uy(z,t),...,us(x,t)) is a vector complex function, o = (ai,...,0n)
(i € N) is a multi-index, |a| = a1 + --- + a,, D* = 9l*l/oz - 9xdn,

S ) ) ) - s - 2
[Duf? = Y [D%, uy = (P ur /O, ..., ug JO), |ul? = 3 ]aﬂui/aﬁ
=1 =1

3

dr =dxy---dx,.
In this paper we use some following functional spaces.

o () - the space of all infinitely differentiable functions which have compact
support in Q.

e H'(Q) - the space of all functions u(z) which have generalized derivatives D®u;
belonging to La(2), |a <1, 1 <i <s, with the norm

l
ey = (32 [ 107uar)

|a|=0

1
2

o IC;TZ(Q) - the closure of 8’00((2) in the space H'(().

o HY%(Q7) - the space of all functions u(z, t) such that D%u; € La(Q7),
Lo(Qr), |la| <1, 1<i<s, 1<j<k,with the norm

8j U;
— €
ot

1
2

l k
Qr j=1 T

|a|=0

In particular

l 1
o 2
HUHHZ,O(QT):(Z/ (D dwdt)
T

|a|=0

o H'*(Qr) - the closure in H¥(Q7) of the set of all infinitely differentiable in
Q7 functions which vanish near Sp.

e H.%(Qx) - the space of all functions u(x, t) which have generalized derivatives
M,
Du;, 8;; o) < 1 <5<k, 1<i<s, satisfying

! k
Hu”iﬁ;"(Qm) = Z /Q | D™ dxdt + Z / lug; |2e” 2 dadt < 4-00.
la=0 “coe j=1 "%ee

In particular

! 1
HuHHZ,D(Qm):(Z/ (Dl dudt)”

|a|=0

o H:¥(Qs0) - the closure in H:F(Qoo) of the set of all infinitely differentiable in

() functions which vanish near S...

o ,>°(0, 00; L2(£2)) - the space of all measurable functions u : (0, 00) — Lo ()
t— u(x,t)

satisfying
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llw(z, )] oo (0,00; Lo () = €SS suI(:)) lu(z, )| 1y0) < +oo.
t>

Let us consider the partial differential operator of order 2m

m

L(x,t,D)= 3. D"(ap(a,1) D7),
[pl,lq|=0

where apq are s X s - matrices, apq = (—1)|p|+|‘1|a;p. Suppose that their ele-
ments are measurable bounded in Q. functions with complex values and (pq
are continuous in € Q uniformly with respect to t € [0, +00), if [p| = |g| = m.
Moreover, assuming that there exists a positive constant ag such that for each
¢ eR"\ {0}, n € C*\ {0} and (z,t) € Q,, we have

D7 apg(w, )EPENT > aol¢)*™ |0, (2.1)
Ipl;lgl=m
where £ = &7 -+ B, €9 =& £l
Put
Bluu)(t)= Y (-D)" [ ap,DWuDrudz, u(z,t) € H*(Qwo)-
[pl,lq|=0 Q

For each fixed t > 0, the function = — u(z,t) belongs to H™ (). So we have

Lemma 2.1. [3] There exist two constants po and \o(po > 0, Ag > 0) such that
(=1)™B(u, u)(t) > pollu(z, t)|[Frm(q) = Aollulz, )17, (2.2)

for all u(z,t) € Ioizl’O(Qoo).
Therefore, replacing L by Lo = L + (—1)™ o[ if necessary, one gets
(=1)™B(u, u)(t) > pollull3pmq) (2.3)

for all u(z, 1) € H™0(Qu0).

Throughout this paper we will assume that the operator L(z,t, D) satisfies
(2.3). The inequality (2.3) is a basic tool for proving the existence and uniqueness
of solutions to a boundary value problem.

3. Main Results

In this section we study the existence and uniqueness of a generalized solution
of the following problem: Find a function u(x,t) such that
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(=)™ L(x,t, D)u — us = f(2,t) in Quo, (3.1)
ul,g =0, (3.2)

& .
% S —0, ]—O,...,m—l, (33)

where v is the outer unit normal to S .
A function u(z,t) is called a generalized solution of the problem (3.1)-(3.3)

in the space ﬁz“o (Qso) if and only if u(z,t) belongs to ﬁz“o (Qs) and for each
T > 0 the following equality holds

m

(=)™ 1 Z (—1)“”'/ aquqqundxdt+/ umdzdt = fndxdt
[pl.lal=0 Qr r Qr

° (3.4)
for all test functions n € H™(Q7), n(x,T) = 0.
First, we prove the uniqueness theorem.

Theorem 3.1. If

Oa
| S22 <0< Jpl, lal < m, = const >0,

then the problem (3.1)-(3.3) has at most one generalized solution in f{zm,o (Qoo)-

Proof. Suppose that the problem (3.1)-(3.3) has two solutions u', u? in H7"(Q).
For T > 0 and b € (0,T) arbitrary, putting

u(z,t) = ul(z,t) — u?(x,t)

t
d <t<b
sy = { I o7 05t2
0, b<t<T.

One can see that n(x,t) € H™YQr), n(z,T) = 0 and n(z,t) = u(x,t), 0 <
t <b. From definition of generalized solution, one gets

m

=™ Y (-l / apg DI DPdadt + i / Ine|?dadt = 0.  (3.5)
Ipl,lq|=0 b b

Adding (3.5) with its complex conjugate and using condition apq:(—1)|p|+|‘1|a:;p,

we have
m

™ Y (- /Q po o (DDl = 0.

[pl,lq|=0

Integrating by parts, we obtain
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m

)™ Z Ipl/ apg D DPyda
Ipllgl=0
= (—1)™ zm: (—1)l#! / 994 i Doyt
ot
Ipl;|q|=0 b
. Dap, . . . .
Since ’ 5t ’ are bounded, by using Cauchy’s inequality and (2.3), we obtain

19z, 0)IZ7m () < Clln(a, )| Fmo(qy): (3.6)
where the constant C depends only on p, fo.

Denoting v,(z, t) / DPu(x,7)dr, 0 <t < b, we have
DPn(x,t) / DPu(x, 7)dr = vp(z,b) — vp(z, t).

Substituting those into (3.6), we obtain

7 Oy = 3 / B <C Y / |DPPddt

|p|=0 |p|=0
<C Z / [lvp(z,b)|* + |vp(z, t)|?] dudt
|p|=0
=Cb Z/|vpxb|d:c—|—c Z/ v (0, )| *dadL.
|p|=0 |p|=0

Putting J(t Z / |vp(z,t)|2dx, we have
[p|=0
(1-Cb)J(b) <C /

Hence

1]'

<2c/ i, Vb € [0, 55

By Gronwall-Bellman’s inequality, this implies that J(¢) = 0 on [0, %] So
0
1
dr=0, Wt
| wlemyir=0. el gl

Therefore u(z,t) = 0 a.e. t € [0, 35], i.e., u! =u? ae. t € [0, 55]. By the same
argument for two functions u',u* on [5,7T] we can show that u! = u?, a.c.
t € [55, %] Continuing in this fashion; after finitely by many steps we have
ul = u? ae. t € [0,T]. Since T > 0 arbitrary, u* = u? a.e. t € [0,00). This

completes the proof. [ |

Denote by m* the number of multi-indexes which have order not exceeding
m, o is the constant in (2.3). We have
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Theorem 3.2. Let
() sup{| %]+ (@.0) € Qoo 0ol ol Sm} = p < +o0.

.
mip
2p0

~—

Then for every v > o = , the problem (3.1)-(3.3) has a generalized solution

u(x,t) in the space H?’O(Qoo) and the following estimates holds
HUHE;M(QW) S C 117 (0.00: o)) F el Eos (0.00:L5 ()

where C' is a positive constant independent of w and f.

Proof. Let {¢k(x)}$2, be a basis of H™(2), which is orthonormal in Ly (€2). We
find an approximate solution u'¥(x,t) in the following form

N
N t) = 3 OV en(),
k=1

where CY (t) satisfies

(=)™ 1 Z (—1)“”'/ aququNDi”wd:c—/uivﬁd:c: forde, 1=1,...,N
[pl.lal=0 “ ¢ ¢ (3.7
8

ch () =o. (3.

 —

Multiplying (3.7) by <4 (C{¥(t)), then taking sum with respect to [ from 1 to N,
we obtain

m

S SRCILY)

Q
[pl,lq|=0

apg DN DPulN da — i/Q uNuNdr = i/Q fuldz. (3.9)

Adding (3.9) with its complex conjugate, then integrating with respect to ¢ from
0 to T, we obtain

(-n™ Z (—1)l! / apq%(unNDpuN)d:cdt:2Im ful dzdt.
[pl.lal=0 or Qr

Integrating by parts

—1)™ —1)l»l apo DIuN DPuNdx =
pq
Ipl.lal=0 r
= (=™ Z (_Ulpl/ %unNDpuNd:cdt

[pl;1q]=0 T

+2Im [ FuNdz — ftu_Nd:cdt] .
QT QT
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Using hypothesis, Cauchy’s inequality and (2.3), we obtain

* T
m-u+ €
I (o, Dy < L [ @Ol e
1 2 2
+ P [HfHLoo(o,oo;Lz(sz)) + THftHLOO(O,oo;Lg(Q))}

for 0 < e < po.
Applying Gronwall’s Lemma [7], we have

1 (m* ut T
N (m*ptar
[u (2, T) |3 @) < o —0) |:Hf”%°°(O,OO;LQ(Q))_FTHftH%00(0700;[/2((1))}e Ho—e
(3.10)
For each v > vy given, choose € > 0 such that
_2~y+7m”+5<0, ie., ~y>7m”+€
Ho —¢€ 2(po —€)
(this always can be done because inf mopte _mp ).

0<e<po 2(#0 - 5) 2110
Multiplying (3.10) with e=277, then integrating with respect to T from 0 to
400, we obtain

HUNHi(;n 0(Qu) = CUIFI1Z 00022 F el Foe 0,002

[e]
Since {uV} is uniformly bounded in H 21’0 (Q), we can choose a subsequence

o
which converges weakly to a function u(x,t) in H7"*(Qu). We will prove that
u(z, t) is a solution of the problem.

It is obvious that u(x,t) € HI"(Qs). For T > 0 arbitrary, since M =

o

{de or(x) | di(t) € HY0,T), dip(T) _o} is dense in H™'(Qr) =

/—H

)€ Hm YQr) | n(x,T) = 0}, it suffices to show that u(z,t) satisfies (3.4)
for all n(x t) € M. Taking n € M arbitrarily, then n can be written in the form
t) = Zdl(tm (z), where d;(t) € H'(0,T), d)(T) = 0. Multiplying both

=1
sides of (3.7) by d;(t), taking sum with respect to [ from 1 to k and integrating
with respect to t from 0 to T', we obtain

m

(=)™ 1 Z (—1)“”'/ aququNDpndxdt—/ ulNpdrdt = fmdxdt.
[pl.la|=0 @r v @r

Since

/ uNTdadt = / (uNﬁ’toT)dx - / w7, dwdt = _/ ™ Tpdacdt,
T Q - QT Qr
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we have
(=)™ 1 Z (—l)lpl/ aququNDpndajdt+/ uN7, dedt = fmdxdt.
Ipl,lal=0 T T @r
(3.12)
Passing to the limit for a weakly convergent subsequence, we obtain
(=)™ 1 Z (—1)l7! / apgDIuDPndxdt —|—/ umdrdt = fmdxdt.
Ipl,lal=0 T T @r

This shows that u(x, t) is a generalized solution of the problem (3.1)-(3.3). More-
over, the weak convergence of {u"} and (3.11) implies that

2 . N2 2 2
HU’HH;WU(QDO) < ]\g—moonu ||H-7L’0(Qoo) < C [Hf”L“’(O,oo;Lg(Q) + ||ft||L°°(0,oo;L2(Q)] :

The theorem is completely proved. ]
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