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Abstract. In this paper, we consider a Cauchy problem for an elliptic equation in a
plane domain. The problem is ill-posed. Using the method of quasi-reversibility, an
approximation to the exact solution is given. Using Carleman’s inequatily, we derive

a sharp error estimate.

1. Introduction

Let Q be a bounded domain in R? and let T' be an open subset of 9. We
consider the problem of finding a function u = u(x,y) satifying the following
equation:

2
Au = Z D;(a;jDju) + biDiu+ baDou + apu = f, V(z,y) € Q, (1)
ij=1
subject to the conditions
Ju 2
ulr = g, %‘F = ”z::I a;jDjuvi|r = h, (2)

where v = (11, 12): unit outer normal vector to 92 and Dy = 9/0z, Dy = 0/0y.

*The work of the first two named authors is supported by the Council for National Science of
Vietnam.
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As is well-known, this is an ill-posed problem. In Lattes—Lions’ book
[2, Chap.4], a special form of (1)-(2) is regularized by the method of quasi-
reversibility (QR method for short). Solutions of (1)-(2) are approximated by
a family (uc), € | 0, of solutions of well-posed problems. Henceforth, we call
u, the quasi-reversibility solution (QR for short). In [2] it is proved that under
the assumption of existence of a solution w, the family (u.) converges to u as
€ | 0 but the case of non existence of a solution is not discussed. It should
be noted however that exact solutions usually do not exist. In fact, the set
of boundary data (g, h) for which the system (1)-(2) has no solution is dense
in L3(T') x L*(T). Indeed, if (1)-(2) has a solution u in H?(Q), say, then g
is in H3/2(T"). Thus if g, h are step functions, then (1)-(2) has no solution in
H?(Q) (which is a natural solution space). Now, in practice g, h are results of
experimental measurements and thus are given as finite sets of points. It is re-
alistic therefore not to assume existence of solutions, and this is the approach of
Klibanov and Santosa [1]. However, in the latter work, the given Cauchy data
are assumed to be highly smooth (as traces of Sobolev functions of higher order),
whereas, as pointed out above, in practice, available data for the exact Cauchy
data are just finite sets of points that are patched up into L2-functions. In the
present paper, we take the available data as L2-functions. For our construction
of QR solutions, we regularize the given data into smooth functions. Thus our
QR approach departs from the usual ones in that not only the equation is per-
turbed but also the given data are regularized. We shall regularize the problem
as it is given, without any existence assumption, and shall derive estimates of
the error between the regularized solution and an exact solution corresponding
to an exact right hand side.

The remainder of the paper consists of two sections. Sec. 2 gives some pre-
liminary results of the Carleman-type estimate. The results are prepared to
the proof of the main theorem (Sec. 3). However, they are also of independent
interest. The final Sec. 3 is devoted to a construction by quasi-reversibility of
regularized solutions and a derivation of error estimates. For the shortness of
the paper, all of proofs of the results in the paper will be omitted and in a
forthcoming paper, we will give the proofs.

2. An Inequality of the Carleman Type and Construction of Boundary
Functions

This section is devoted to derivation of an inequality of the Carleman type and
construction of the boundary functions. Both results are fundamental for the
development of Sec. 3 which deals with regularization by quasi-reversibility (QR
regularization for short).

We first construct the boundary functions. These functions will be used to
prove the existence of QR solutions (i.e. solutions regularized by quasi-reversibi-
lity), and, in particular, to establish error estimates between the exact solution
and a QR solution.

For simplicity, we assume that 2 is a subset of the rectangle
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Q={(z,y):0<z<m0<y<T}
We denoted by T the following subset of 9Q:
'={(z,0):a<zx<m 0<y<T}

Obviously, a general domain Q (with I' smooth enough) can be transformed into
the above form by an appropriate map.

For (¢,%) € (L?*(I'))?, we shall construct a function ®(¢,1)) such that
®(¢,7) € C*(Q) and that under an appropriate condition,

©(¢aw)hb ::¢7 l)2¢(¢7¢)hm ::¢a

where
Top={(z,0):ad <z <p}

with0 <a<ad <f' <p<m.
Since Ty C T C (0,7) x {0}, we can find a function y € C?(R) satisfying

X(Z):il, z G[QCX?L
=0, z¢(a, ).

For each (g,h) € L?(T") x L?(T'), one has the following Fourier expansion:

s

/Xg(:n) sin nzdzx,

0
™

= 1
xh(z) = Z by sinnx, b, = - /Xh(ac)sin nxdz.
n=0

0

1

o0
xg(z) = Z ansinnr, a, = —
n=0 g

For § > 0, we put

o an — b
g(s(l’) = Z m smnx, h,(;(l’) = Z m SIMnNI.
n=0 n=0

Now, for each (¢g,10) € L?(0,7) x L?(0,7) we put

D (o, Vo) (x,y) = Z {an(1 +sinny) + B, sinny/n}e " sinna,

n=0
where

1" 17
Q= —/ ¢o(x) sinnxdx, 0, = — /1/10(:0) sin nazdz.
m™Jo s
0

Then we have the following proposition:

Proposition 2.1. The operator ® has the following properties:
() @(do,v0) € C*(Q) for every (¢o,0) € (L*(0,m))*.

Moreover, if
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(n®lan|* +nlBa|?) < o0,

ilNgk:

~ o

then ®(¢o,v0) € H*(Q) and

©(¢0,%0)l(0,m)x (03 = b0:  D2®(0,%0)| (g 1), (07 = Y0,

and there is a constant C' > 0 independent of ¢g, Vo such that
9 o0
19(¢0,%0) |20y < C S (0ol + nlBal?).
n=0
(i) If
(9o, ho) € H¥?T5(T') x HY/2+3(T) for some 0<s<1/2,

then there is a constant C independent of go, hg such that

o0
Z (n3+28|a0n|2 + n1+2s|b0n|2) < C(||90||§{3/2+s(r) + ||h0||§{1/2+s(r)) (3)
n=0
where
1 . 1 .
aon = — /Xgo(x)smmcdx, bon = — /Xho(x) sin nadz.
s T
0 0

Moreover ®(xgo, xho) € H*(Q) and

®(xg0, xho)|r, = g0, D2®(xg0, xho)|r, = ho-

(iii) If (g, h) € L*(T) x L*(T), then ®(gs, hs) is in H*(Q) for every 6 > 0. For
€ >0 and (go, ho) € H3/2(T') x HY*(T'), we put

n(e) =
o0
1/2
{e+Ve(llgollzry + Mhollfewy) + >, (nPlaonl® +nlbonl*)} .
n=[e~1/6]+1
Then
16%177(6) =0,
and if
llgo — gllzz(ry + [lho — hllL2r) <, (4)

then there is a constant C independent of go, ho, g, h, € such that
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(iv) Let (go, ho) € H3/?+5(T) x HY/?+5(T'), 0 < s < 1/2. If (4) holds then there
is a constant C independent of go, ho, g, h, € such that

19(g 2 hyz) —®(xg0: Xho) lrr2(@) < €© (Ilgoll rarz+sry + [1holl gr/zss () + 1)

Now, we turn to the derivation of an inequality of the Carleman type (cf. [3]).
Consider an elliptic operator

Lv = youy + 10z + f10, + Bovr + v, V(z,t) € D,
where D is a domain such that 0D is smooth and D C (a,b) x (0,1), a < b, and
V1,72 € Cl(D)vﬂla6277 € C(D) and
vi(z,t) > ap >0 V(z,t) €D, i=1,2.

Then we have the following proposition:
Proposition 2.2. Let v € H*(D),
v|lap = vzlop = vlop = 0.

Then there exist C, Ao > 0 depending on ||villcr(py, Billcpy (i = 1,2) and
IVllc(py such that

A3 /1}262/\(t+1/2)77nd2dt + )\/(vz + vf)e”‘(t"ﬂﬂrm dzdt
D D

<cC / | Lo 2D dadt, YA > Ao,
D

where
a1 = 'yl’y;l, Go = inf _ay(z,t),
(z,t)eD

m = max {1,3 sup |ai(z,t)|do”" —2}.
(z,t)eD

3. Regularization by Quasi-Reversibility

Consider the following Cauchy problem for the elliptic equation Au = f, where

2
Au = Z D;(a;jDju) +byDiu+baDau+cu on Q C R? (5)

i,=1
with the Cauchy data

Ju
ule =9, Ova F_h
As pointed out in Introduction, this is an ill-posed problem, that is, solutions do
not always exist and even in the case of existence, there is no continuous depen-
dence on given data. The purpose of this section is to regularize the problem,
that is, to construct a family of approximate solutions depending continuously
on given data. The strategy is as follows. We let ug be the solution of the
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equation with the Cauchy data (go, ho) such that (g,h) is an appoximation to
(g0, ho) with a known degree of accuracy (the data (go, ho) may not be known).
We regularize the problem by a variant of the method of quasi- reversibility,
where both the equation and the “measured” data (g,h) are perturbed. The
regularized solution will be denoted by (ue)eso and an estimate of the error
||uo — ue]| will be derived.

Before proceeding to “construct” the regularized solution we list below our
standing assumptions:
(i) aij € C1(Q),bi,c € C(Q), i,j=1,2,
(ii) there is a Cy > 0 such that

a11(z,y)&7 + (ar2(x,y) + az1 (2, y))61&2 + aza(z,9)& > Co(&7 + £€3)

for every (&1,&) € R? and (z,y € Q).
The main results of this section are Theorems 3.3 and 3.4. To prove these
theorems, we need Lemmas 3.1 and 3.2 below.

Lemma 3.1. Assume that Q is simply connected, bounded by a Jordan curve.
Let

Ty ={(z,0): ' <z < f'},

Iy =002\ .

Then there is a homeomorphism ®; : Q — ®1() C R? such that

®1(Ih) c{(2,1): z € R}, (6)
D1(Q) C{(2,t):0<2<1, t< 1}, (7)

and that there exist functions

V1,72 € Cl(q)l(ﬁ))v 61a6277 € C((I)l(ﬁ))a

satisfying
AU = Y2Vt + Y1Vzz + ﬁlvz + ﬁ2’Ut + YU, (27 t) € q)l(Q) (8)

for all w € H?(Y), where

v=uodyt

We now propose to give an approximation of u,|r,. From the second equality
in (2), we get

as1D1u + assDou = —h on T,
which gives in view of (2):
uy(2,0) = —azy (z,0){h(z) + ¢'(x)az (z,0)}. 9)

If g is not in H'(c,3), Equality (9) does not hold. Hence, we shall use an
approximation of the exact data (go, ho)

uy(2,0) = —ag, (z,0){ho(x) + go(w)az (z,0)}. (10)
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Let ¢ € C°(R) satisfy

© >0, /ga(:c)d:c =1, suppy C (—1,1).

R

Put
w5 =0"tp(xd™h) 3 V8 >0,
ho(z) = — agy (2,0){ho(z) + go(w)azi (z,0)}.
Choose o”, 7 such that
O<a<a’ <d <@ <P <p<m.

Let x1 € C°(R) be a function satisfying

xi(@) =1, z€la”, 77},

=0, z¢(a,0).

Put

h(z) = —ay (2,0){h(z) + (¢ * (x19))' (€)azi (,0).

Then we have

Lemma 3.2. Let € > 0, and
(90, ho) € H*/*(T) x HY*(T),
(9,h) € L*(T) x L*(T),

satisfy
lg = gollL2ry + [[h = hollL2ry <'e,

then there is a positive constant C independent from € such that
lho = Pl L2(ry) < CVeE(l + ligoll a2 (r))

where
Iy ={(z,0):a” <z <"}

and ho, h are as in (11) and (12).

We now construct the regularized equation. Put:
Q5 =07 H(z,y) € 21(Q) :y < 1 —6}.
Let ps be a nonnegative function such that:
ps(x) =1, (z,y) € Qs,
=0, (z,y) € Q2
By the definition of 25
ps(z,y) =0, V(zr,y) €Ty =00\ To.
Put:

15

(11)

(13)
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Vs = {v:ve L*Q), psDjve L*(Q), j=1,2,
psAv € L*(Q) and wv|r,, = Davlr,, = 0},

where
Tos = Q,; NTy.

In Vs, we consider the norm:

2
||”U||%/(S = HU||%2(Q) + Z ||P6Dj””%2(n) + ||P6AU||%2(Q)~
=1

It can be shown (cf. [2]) that Vj is a Hilbert space. Then we have

Theorem 3.3. Let § > 0,¢; > 0, let fo € L*(Q) and let (go, ho) € H??(T') x
HY2(T). Then the system

2

1 * 1 *
=4 (pP3Aue,) = Y Di(pjai;Djuc,) + Sue, = 24 (p3 fo), (14)
1 ij=1 1

“61|F05 = 9o, D2u€1|Foa = h~07 (15)

has a unique solution ue, satifying uc, — ®(go, ho) € Vs, where ® is the operator
defined in Proposition 2.1, hg is in (11).

Now, we consider the following system:

2

1, Lo
EA (p3Au,) — Z Di(psai;Djuc) + due = gA (psf)s (16)
ij=1
U6|F05 = g\/g; D2U6|F05 = ilﬁa (17)

where €; > 0 and the function g f«, h e are defined from g, h as in Proposition
2.1.

We are ready to state the principal result of our paper:

Theorem 3.4. Let K >0, 0<s<1/2, 0<e<1,6>0,¢ = /12 Suppose

fa fO € LQ(Q)7 g7h € LQ(F)7
(907h0) c H3/2+S(F) % H1/2+S(F).
Then the system (16)- (17) has a unique solution u. such that
Ue — (I)(g\/ga E\/E) € %a
and that if ug € H*T(Q) with

lluoll 20y < K
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is the solution of (1) subject to the Cauchy conditions

| ou
Urys = 40,
81/A
TCos

= hOa

then there exists a C > 0, m > 0 independent from € and depending only on K
such that:

1\ -3
lue = wollzay < C(n=) @,
€
where

(3/2 —35)"™ — (3/2 —26)™™
2m — (3/2 — 26)~™

o(d) =

Wl ®
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