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Abstract. The problem of calculating the value of the pseudo-differential operator
a(D,y)p,y € [0,1] with unbounded symbol a(i§, y) is ill-posed. If the symbol a (i€, y)
behaves like an exponential function of £, then the problem is severely ill-posed. This
note is devoted to the last case. The mollification method [2] is used to regularize
the problem in the general L, space setting. Error estimates of Hélder type for the
regularized values and the exact values are derived. Applications of the general scheme
to concrete problems from practice are presented.

1. Introduction

Let a(i€,y), £ € R, y € [0,1], be a given function. We define the pseudo-
differential operator

a(D.)e(e) = —= / Z (i, y)plE)e S e (L1)

Here, D stands for d/dx and we use the notation " for the Fourier transform.
Namely, let g € L1(R), we denote the Fourier transform of g by [6, p. 32]

~ 1 T —ix
g(§) = E_/ g(x)e 4 de.

We shall indicate the domain of definition for a(D,y) later on.

Many problems in practice lead to calculating or approximating the operator
a(D,y). In this note we pay attention to the case of the unbounded operators
a(D,y). This situation is frequently met, for example, when one is dealing with
numerical differentiation, analytic continuation, parabolic equations backwards
in time, the Cauchy problem for elliptic equations, etc. (see, e.g., [2]). A serious
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difficulty in this case is that calculating a(D, y) is an ill-posed problem. It means
that a small perturbation in the data ¢ might cause arbitrarily large errors in
the value of the operator. The problem is severely ill-posed when for large |£| the
symbol a(i§,y) behaves itself as an exponential function of |{| (see (2.1), (3.1)).

Now let the operator a(D,y) be defined for some ¢ € L,(R),1 < p < oo.
Let ¢ be approximately given by ¢. € L,(R) such that

o = @ellp <e. (1.2)
Here, || - ||, denote the norm in L,(R). Our problem is to approximate the value
u(@,y) = a(D,y)p(z) (1.3)

from the data ¢, in a stable way.

We shall use the mollification method [2] to regularize our problem. Namely,
we shall mollify the measured data . by convolution with an appropriate kernel
so that the problem (1.3) is well-posed with these new data. We shall show how
to choose the mollification parameter so that the error estimate between the
regularized value and the exact value of a(D, y)y is of Hélder type. To this aim
we impose the following “traditional” constrain: u(-,1) € L,(R) and there is a
positive constant M such that

[[u( Dl < M. (1.4)

We shall separate the case p = 2 from the other ones, since in this case we can
use many nice properties of the Hilbert space Lo(R) rather than the remained
ones. We emphasize that stability results for the case when p # 2, due to its
difficulties, have been very little published in the literature.

In this note we shall make use of the following notation: 9, , (1 < p < oo0)
will denote the collection of all entire functions of exponential type v which as
functions of a real € R lie in L, = L,(R) [6, p. 100]. We shall denote by
E, »(f) the best approximation of f using elements of 9, ,, [6, p. 184], i.e.,

E, = inf — .
2(f) o If —gllz,m®

v,p

2. The Ls-Case

Suppose that a(-,+) is a continuous function of its variables. Furthermore, there
are positive constants c1,ce and 7, p such that

crexp (y[¢]”) < |a(i&,y)| < caexp (Tyl¢]”), (2.1)
Further, at y = 1 we suppose that there is a positive constant c3 such that
czexp (71€]7) < a(i€, 1)]. (2.2)

The condition (2.1) says that the function a behaves as an exponential function
of |£| and thus the problem (1.3) is severely ill-posed.

We assume that the operator a(D,y) is defined for some ¢ € Ly(R) and its
value u(z,y) = a(D,y)p(z) belongs to La(R) for any y € [0, 1]. Because of the
conditions on a(-,-) we see that ¢ must be at least infinitely differentiable. Let
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now ¢ be approximately given by p. € La(R) such that the inequality (1.2) is
valid for p = 2.

It is clear that in general a(D,y) is not applicable to ., and when it is
applicable, its value may be quite different from that of u(z,y). To overcome
this difficulty we mollify ¢. by convolution with the Dirichlet kernel. Namely,
we define

906,1/(33) QDE(Z)dZ

21 Tr—z

Although ¢, in general is not differentiable, the function ¢, , is an entire func-
tion of exponential type v [6, p. 316-318]) and it Fourier transform has compact
support containing in [—v, v]. Furthermore,

()56,1/(5) = X[-v,] (6)3238 (5)

with x_,,,1(§) = 1 for £ € [-v,v] and 0 otherwise.
Set

1 /°° sin(v(z — 2))

— 00

e, (7,Y) 1= a(D, y)pe,p(2).
We have
e, ()2 = [le,n (5 9)ll2 = [lal, y) e l2
< caexp(Tyr’)||pe|2-
Thus, the problem of computing u. ,(x,y) = a(D,y)pe, is stable for fixed v.

Now we estimate the difference between v and u. ,,. We note that the inequality
(2.2) and the equalities

(&, y) = ali€, y)o(&)

and
i(€,1) = alig, 1)$(€) = ¥(§)
yield (i€.)
~ _ allg,y) -+

Further, with

uow(2,y) == u(z,y)dz,

1 /°° sin(v(x — 2))

2T xr—z

—0o0
we have
Uey — U= Ugp — Uo,v + Uo,y — U.

Now, on one hand, by virtue of (2.1), (2.2) and (1.4),

o) 0 )l = N 9) — )
= (D e - S gue| )

alié 1) alié 1)
- (/IEIZV

a(i€, y)
C2
. exp(T(y — 1)v°)M.
3

GRS

a(ig, 1)

N
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On the other hand, because of (2.1) and (1.2),

[t (5 y) = w0 (5 9)ll2 = lltew (- y) = o (- y)l2

~( / " laié,y)(@(6) 2e(©)) e

-V

1/2

< maxlatie.)|( [ 166 - eu(e)ae)

Ty _y

< cq exp(Tyv?)e.

Hence c
e () = u(y)ll2 < caexp(ry?)e + -~ exp(r(y — 1) M.
3

Taking, for example,

1. My
v=v'=(;m_) (23)
T 3
we get
e, (1 y) = ul,y)ll2 < MYl ™Y (2.4)

with ¢ = ¢2 + ¢2/c3.

3. The L,-Case (p € [1,0])

In this section we suppose that

1. for every y € [0, 1], a(z,y) is an entire function with respect to z € C and for
all 7 € RT there are positive constants c4, 7, p such that

max [a(z, y)| < cq exp(ryr”), (3.1)

|2
2. u(x,y) can be represented in the form
u(@,y) = v(y) *P(), v(y) € Li(R), ¢ € Ly(R), (3.2)
3. there exist positive constants cs, , 5 > p such that
E,1(v(-,y)) < csexp(aly — 1)v7) for y € [0,1). (3.3)

We need the following result.

Lemma. (A rough generalization of Bernstein's inequality) Let the function
a(z,y) satisfy the condition (3.1). Then for any ¢ € My, and v > 1, with
ce = ca(37p +37/(3° — e?)), we have the inequality

la(D, y)ellp, < cov” exp(Tyv?)|@llp-

Proof. Since a(z,y) is an entire function for every y € [0, 1], it can be represented
in the form
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a(z,y) ==Y an(y)z".

n=0
The Cauchy inequality and the inequality (3.1) yield

o
lan (y)] < 04%, Vr > 0.

It can be verified that the right hand side of the foregoing inequality attains its
minimum at
n \1/r
o ()
TYp

It follows that

Thus, following Bernstein’s inequality [6, p. 116]), we get
(oo}
la(D,y)elly = 1D an(y) D"l
n=0

00
< 3 lan @)D"l
n=0

IN

> lan@) v el
n=0

= reTyprP\n/p
< callell, Y (=)

n=0

—aalleln Y (4)"

n=0

Here g = erypr”.
The function of p > 0

attains its maximum at p = ¢/e. Hence

ORI RE WO

n=0 n<3q/e n>3q/e
q q e\n/r
<sgen () 2 (3)
(L) 3 (S
n>3q/e
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Thus,

37
la(D.y)elly < eallelly (3mpr” exp(rv?) + =—).

The last yields the inequality in the lemma for v > 1.
We note that the result of this lemma is rather weak. If we impose some more
conditions on the function a, then we may get better estimates. For example, if

a(z,y) = an(y)z"
n=0

with a,(y) > 0, then for ¢ € M, ,

la(D,y)ellp, < alv,y)llellp-
Or with p = 2,

la(D: y)ell> < max|alE, y)llell2:
Now we introduce the de la Vallée Poussin kernel [6, p. 304] which is defined
by
1 cos(vz) — cos(2vx)

ky(x) := — = , v>0.

This kernel belongs to 93, 1 and has many nice properties. In particular, the
convolution of a function ¢ € L,(R) with this kernel belongs to My, ,, [6, p. 304-
306]:

ou(x) = / ky(x — 2)p(2)dz =k, * € Moy,
“0
and
lew = @llp < (1 +2V3)Ey ().
Further,

lewll < 2V3el,-

We are now in a position to regularize our problem. To do that first we
mollify ¢, by convolution with the de la Vallée Poussin kernel:

e u(z) = / ky(z — 2)pe(2)dz := Ky * pe.

From Lemma we see that the problem of calculating
Ue,p = a(D, y)pe ()
is stable in the Lp-norm for fixed v > 0. With
ug,, = ky * u,

we have
Uegy — U = Ugy — U,y + U0,y — U.
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For v > 1, from Lemma and (1.2),
e 9) = w0 (- 9)lp < €62V3(20)” exp(ry(2v)°)e.

On the other hand, by virtue of (3.2), (3.3) and the properties of the de la Vallée
Poussin kernel,

() = ¥llp

= [[(ky * v (- y))

lwow (5 y) —uly)llp = Ik * (v(-,y) x 9
Y(-

) = v(y) + )l
= [I(ky *0(,y) = v( ) * ()l

< Ik x0(sy) = oyl

< csexp(a(y — D) M.

(

Thus,
e, (- y) = ul-y)llp < c62V3(20)° exp(Ty(20)”)e + c5 exp(aly — 1)) M.
Since p < 3,

lue (-, y) —ul,9)llp < 062\/5(21/)” exp(Ty(2v)?)e + 5 exp(a(y — 1)v”) M.

For e small enough, taking, for example,

1 1/
v=v"= (— In %> p, (3.4)
Ty2r +a(l—y) ¢
we arrive at the inequality
te, = (- y) — u( y)llp
< (062—\/§ In % + c5>M177—29yT+yZ[(Jlfy) €T2pf;(+1;(yl)7y) ,
Ty2r +a(l—y) ¢ (3.5)

which is of Holder type.

4. Applications
4.1. Analytic Continuation

1. Problem A. Let 0 > 0 be a given number. We denote the strip z = z+iy € C
with |y| < o by . Let f(z) be analytic in Q. Suppose that f is given only on
the real axis, we have to extend f analytically from this data to the strip 2.

2. Problem B. Let R be a given positive constant greater than 1. Set

1 1 1

1
x(p)=§(p+—)coss0, y(p)=§(p——>sin<p, 1<p<R, 0<p<2m,
p p
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We see that

o i b o 3 ) =50 )

describes an ellipse (denoting by €(p)) in the complex plane with the foci at 1
and the sum of the semi-axes equalling p. Let f(z) be analytic in the interior of
the ellipse with Q(R), and given only in the interval [—1,1]. The problem is to
compute f(z) in Q(R) \ [-1,1].

We note that Problem B can be easily transformed to Problem A.

Suppose that for any y € [—o, o] the function f(-+iy) € L,(R) with 1 <p <
oo. Further, we suppose that f(x) is real-valued and there is a positive constant
M such that [|f(- £ i0)||, < M. Instead of the exact f(z) it is supposed that
fe(z) is given, where f. € Ly(R), and

”f - fe“p <e.

Here, € > 0 is the noise level.
Since f is analytic in €,

Set

We can say that the problem of analytic continuation is in fact an application
of the “complex” translation operator to the function under consideration. The
differential operator of infinite order a(D, y) has not always a meaning for general
functions f and when it has a meaning, it might be unbounded. It is proved
that [4] the problem of analytic continuation is severely ill-possed and belongs
to the class (1.3).

4.2. The Cauchy Problem for Laplace’s Equation

The Cauchy problem

Upa (T,Y) + Uyy(z,y) =0, —oc0o <z <00, 0<y <1,
u(z,0) = p(x), —oo <z < o0,
uy(x,0) =0, —oo<z<o0

is well-known to be severely ill-posed. Formally, the solution of this problem can
be represented in the form [2]

o0 2n M2n
) = Y Losmo(w) = coshlyD)e()
n=0 :

To guarantee the stability of the solution we impose the condition
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ul, Dllp < M.
Consider the problem
Uga +Vyy =0, —00 <z <00, 0<y<l, (4.1)
vy(z,0) =0, —oo <z <00,
v(z,1) =6d(x), —oo <z < o0. (4.3)

Here ¢ is the Dirac function (see, e.g., [6]). It is proved that [3] v(-,y) € L1(R)
for y € [0,1) and for o € (0,1 — y) there is a constant ¢; such that

V’1<8”+mv(~,y)) . (n+m)!

—_— =0,1,2,....
030”0;(/” = 7(1_y_o_)n+m7 n,m ) Ly &y

Furthermore, the solution of the boundary value problem

Uz +Uyy =0, —00 < <00, 0 <y <1,
uy(ac,O) =0, U(I, 1) = w(x)a —00 < x < 00,
with ¢ € L,(R) can be represented in the form of the convolution

Thus, the Cauchy problem for the Laplace equation can be considered as a
special case of the problem (1.3). For more details, the reader is referred to [3].

4.3. The Heat Equation Backwards in Time

Consider the heat equation backwards in time

up(x, 1) = Ugg(m,t), —00 <z <00, 0<t<T, (4.4)
u(z,T) =ur(x), —0o < x < o0. (4.5)

Suppose that, the solution wu(-,¢) of the problem (4.4)-(4.5) and the Cauchy
data urp(-) are to be in L,(R), 1 < p < oo, and instead of the exact up(-) we
have only the measured data u$ € L,(R) such that

[u = urlly < e (4.6)

Formally,
u(z,t) = exp(—tD?*)ur(z).

And to guarantee the stability of the solution, we suppose that
l[u(, 0|, < M.

It is well known that

o0
u(e, ) = / k(e — g, uly,0)dy, for p> 1,

—00
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where )
k(z,t) = L CUR
( ) Vamt

And in [2] it has been proved that

By (k1)) < T, it v > /3]0, (4.7)
Thus, this problem belongs to the class (1.3).
4.4. Inversion of the Laplace Transform

Denote by
£(f)(s) = / e f(2)de == F(s)

the Laplace transform of the function f. We are interested in inverting £ from
F, when it is given only for real s. Following [1] we set

Vf(x) =e"2f(e").

It has been proved in [1] that if F' € H?U L2(0,00) and V LF(x) has an analytic
extension in the strip Q := {|Sz| < 7}, then

L7'F(z) =V Y VLF(x +ir) + VLF(z —im))/(27)).

Here, H? stands for the Hardy space [5].

We see immediately from the last formula that the general scheme (1.3) is ap-
plicable to this particular case of inversion of the Laplace transform.
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