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Abstract. We consider the problem of recovering the temperature u(z,y) in a body
represented by the half-plane RxR™ from measurements performed at interior points
of the body. The function u(x,y) satisfies the nonlinear elliptic equation

Au:f(x,y,u(:v,y)), r €R, y>0

The problem is ill-posed. Using the method of Fourier transforms and the method
of truncated, we shall prove the uniqueness and give a regularization result. Error
estimate is given.

We consider the problem of determining the temperature u(z, y) in a body repre-
sented by the half-plane R x RT from measurements performed at interior points
of the body. The temperature u(z,y) satisfies the following equation

Au:f(x,y,u(:v,y)), LL‘ER, y>0 (1)
subject to the conditions
u(@,1) = p(a) TR (2)
d
o u(z,y) — 0 when |z|,y — oco. (3)

The paper consists of two parts. In Part I, we determine u(z,y) in the
half plane z € R, y > 1. In Part II, we determine u(z,y) in the strip = € R,
0<y<1.

*This work was supported by the Council for Natural Sciences of Vietnam.
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Part I
Put 2 2
1 (z-8"+w—mn)
G(x,y,&n) =——1 . 4
For y > 1, = € R, integrating the identity
0 0
— (uGe — Gug) + — (uG, — Guy) = —Gf (5)

23 on

over the domain (—m, m) x (1,n)\B((z,y),€), where B((z,y), €) is the ball with
center at (z,y) and radius € > 0 and letting n — oo, m — o0, € — 0, we get,
after some rearrangements,

u(z,y) = Au(z,y), (6)
where

+o0o +o0

+oo

Then, we readily get the following result:

Theorem 1. Suppose that for all (§,1,() € Rx Rt x R

|fe(&m, Q)] < p(&,m), (8)

where p(&,n) € LY(R x (1,4+00)), p > 0 satisfies

+00 +00
K= sup ‘/ /G(x,y;«ﬁ,n)p(&n)dédn‘ <1 (9)
(eerx(tro0) | )
Put
J = {u e C(R x (1, +oo))‘ lim u(z,y) = 0}. (10)
z2+y2—+oo

Then A : J — J is a contraction and hence u is uniquely determined and can be
found by successive approximation.

Part 11

0
In Part I (Theorem 1), we found u(z,y),x € R, y > 1. Therefore, 8—u(ac, 1) is
Y

determined. Consider the equation
Au:f(:c,y,u(x,y)), IL’ER, /RS (Oal)a (11)
subject to the conditions (12)-(13) below

u(z,1) = p(x), = €eR, (12)

ou
a—y(x, 1) =9Y(x), ze€R. (13)
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Let Cs(R x [0,1)) denote the Banach space of bounded complex valued
continuous functions w on R x [0, 1) with the norm

[wlleo = sup fw(z,y)|
(.9)eRx[0,1)

1. Uniqueness of Solution
We first consider the uniqueness problem for (11)—(13)

Theorem 2. We write u)(z) = u(z,y).
Let b > 0.
Let T be the set {u € Coo(R x [0,1))|ug,) € LY(R) N L2(R) and supp iy
C [~b,b] Vy € [0,1)} where
+oo
1

’ﬂ(y)(g) = \/—2_71_ /u(y)(x)eﬂ(zdm (14)

Suppose that [ satisfies

| f(&mui(€n) — F(&mua(é,m)| < p(&m)|ui(€n) —ua(&,m)l, (15)
for all (§&,m) € R x [0,1) and u1, us € Z, where p is a nonnegative function

satisfying

2beb [t [T

2 [ emdean <1 (16)
0 —o00

Then (11)—(13) has at most one solution in T.

Proof. Let uy,us be two solutions of (11)—(13). Putting v = u; — ug, we have

A’U:f($7yau1(xay)) _f(xayaUQ(xay))a IER; ye (071)5 (17)
v(z,1) =0, z€R, (18)
0
a—:(x, 1)=0, z€R (19)

Let 1
D(z,y:6m) = — = [(z =€+ (v — )],
G(z,y;:6m) =z, y:&m) — T, —y; &, m).
For z € R, 0 < y < 1, integrating the identity

%(wg T Gue) + aﬁn(wan T Guy) = GLFEmun(Em) — F(En, us(Ean))]
(20)

over the domain (—n,n) x (0,1)\B((z,y),e) and letting n — co,e — 0, we get,
after some rearrangements,
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+
§l-
o _

93*2*2
J/ hlﬁ——f?—j—gi—ﬂl—[f(s,n,ul<s,n>>f(f,n,u2<s,n)>]d5dn. (21)

1
_/ o(E0) gy
LT )
w5 [ [ VE e ~ Sl = @
Put
2 + _ 2
Fiy () = %W,L(my)(x) - mM (0<yn<1,z€R)
Then,
Fyy(©) = \/gey'C

and

Ly () = \/g% [e= @Il o=ly=nl I}, (23)

We write v(y)(z) = v(z,y). Put

H(n,ul—uz)(f) - f(fa n,u1 (ga 77)) - f(fa n, u2(€7 77)) (24)
By (23), Eq. (22) can be rewritten as

1

1
U(O)(-) * F(l)(IL') + Z /L(UJ) * H(n,ul—ug)(m)dn =0
0

+oo
where o (z) = < [ o(z — £)Y(€)de with ¢ € L'(R), ¢ € L2(R).
—o0
Taking the Fourier transform, we have

1

. 1 A N
00O F (O + 5 [ Lo(©Hinan-an (€ =0
0

and by (23)
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1
1 .
90 (¢ ,,5/ (eI — ] Ly ) (). (25)
0

From (21), we have

1

1
2\/%/11(7“/) *H(n,ulfuz)(x)dn' (26)
0

Uy () = %U«n(-) * Fy) () +

Taking the Fourier transform, we have

1
X V2 - 1 . .
() (€) = —=00) (O F(5) (O) + 5= | Liny) (O H(nur—uz) (C)dn- (27)
VLS 2v2m 0/
By (23) and (25), Eq. (27) takes the form

1 - IR A~
ﬂ[em DIl el K1 £, o (C)d. (28)

for ¢ € [-b,b]. By (15), we get

1
Uw)(€) =5

o _

\/—_‘/ (& m,u(€,m)) — f(&,n,uQ(f,n))]@_Mdf‘

/ £ (o un(Em)) — F(Eom un(€m))|dé

ﬁ\

+oo (29)
< \/%—F /p(E,n)|u1(€,n)—uz(«E,n)Id&

+oo
< \/12_F||v|oo / p(€,m)de.

enl¢l _g—nlcl

7 ‘ < 2el¢l < 2¢b for ¢ € [~b,b] and 1 € [0,1)

‘ < 2el¢l < 2¢b for a, 3 € [0, 2], we can prove that
1 +o0

2
< =l / / p(€, m)dedn

for all ¢ € R,y € [0,1). Hence

Using the inequalities |
e—alcl _o—BIC|

and ]

194 ()



136 Pham Hoang Quan and Dang Duc Trong

9 1 +o0
By (Voo < ebvoo// ,n)dédn. 30
o) O < o]l J p(&,m)d&dn (30)
Likewise
1 / 1
vy (2)] = — [ 0 eCde < ——=2b||6 (. Vz e R, y<[0,1).
o) @) ﬁ/b Qe < =205 yen)
Thus 1
V||oo < ——=2b |0 (. . 31
Iolloo < =200y Ol 31
The inequalities (30)-(31) imply
9 1 40
ol < 206 ol [ [ plénpdedn
0 —oo
Hence u; = us and the proof is complete. [ ]

2. Nonlinear Approximation and Regularization

In this section, we determine an approximation of the solution of (11)—(13) in
the form
Ue = Ve + We,

where v, is an approximation to the solution v of the problem

Av=0, z€R, ye(0,1), (32)
’U(’JJ, 1) - SD(Z); zr €R, (33)
ov
a_y(ma]-) :w(m)a ZERa (34)

and w,. is an approximation to the solution w of the problem

Aw = g(z,y,w), zeR, ye(0,1), (35)
w(z,1) =0, xR, (36)
Z—Z’(x, 1)=0, z€R, (37)

in which g(z,y,w) = f(x,y,w+vy) with vg being the exact solution of Problem
(36)—(38).

2.1. Regularization of Problem (32)—(34)

For x € R, 0 < y < 1, integrating the identity
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a(vG +G’u)+a(’uG + Guv,) =0
ag 3 € 877 n n;

over the domain (—n,n) x (0,1)\B((z,y),e) and letting n — co,e — 0, we get,
after some rearrangements,

+oo +oo
U(:L', y) == / [cp(f)Gn (Z’ Y, 57 1) - G(:L'a Y, 57 1)1/}(5)} d€+ / Gn(l‘, Y, ga O)U(ga O)dg
Letting y — 1 in (38), we have
LT '
> | gt et [ 06, @ 1.61) + Gla 1 DUO]dE = o)
This equation can be rewritten in operator form as follows
Fay x vy () (x) = mKqy(x) + %(p(x), (40)

where

+oo
Kip@) = -—= [ [0, (e D+ Glap s D0O]de. (1)

Put . .
-y +y
M = — .
w1(@) 2+ (y—12 22+ (y+1)2
We have .
M(%l)(o = §7r[e(y—l)ICI _ e—(y+1)\4\]_ (42)
On the other hand, in view of (41), (42) and (23), we get
1
Ky (@) = =~ [20 % My (@) + ¢ % L) (@) (43)

By (23) and (40), we have
9(0)(€) = €!I(V2rK 1) (¢) + ¢(0)). (44)

Applying the Fourier transform with respect to the variable x in the relation
(38), we get, in view of (44),

() (€) = N(C, ) (45)

where

N(Gy) = ellFy (O (2K 0)(Q) + %@(4)) = V27K () Q).
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We get the following result, the proof of which is immediate (and is not
reproduced here).

Proposition 1. Suppose v(,)(.) € L*(R) N L'(R) and 9, (.) € L*(R) for y €
[0,1). Let vg be an exact solution of (45) with exact data Ng in the right hand
side and let N be measured data such that ||N — Noll2 < &, ||.||2 the norm in
L?(R x (0,1)). Then there exists a reqularized solution ve such that

lvo — vell2 < e.

2.2. Regularization of Problem (35)—(37)

Let vg € L?(R x (0,1)) be an exact solution of (45) and let v. € L?(R x (0, 1))
be a regularized solution.
For z € R, 0 < y < 1, integrating the identity
0 0
0—§(—UG§ + Guge) + 8—77(7an + Guy) = Gg
over the domain [(—n,n) x (0, 1)\B((z,y),¢) and letting n — oo,e — 0, we get,
after some rearrangements,
—+oo

W) = [ w606, (05,6 00
(oo}
+oo

o0
+oo

w(z, ) = / w(E,0)Gy (1, , £, 0)d€

- ) (46)
- /G(xayagan)g(&naw(&n))dfdn-
0

This gives

(47)

+oo 1
- / /G(Zay7§7n)f(§vn71)0(£an) er(faﬂ))dfdﬂ
—oo 0

We write w(y,)(z) = w(z,y).
Suppose that f satisfies the following conditions

f(€77770) =0, (48)
‘f(ganagl) - f(§a77aC2)| < |p(§an)| |€1 - C2| (49)

for all (£,1,¢) € R x [0,1) x R, where p € L*(R x (0,1)).
Under the foregoing condition on f, we state (and prove) the following
Lemma 1, which will be used in the proof of Theorem 3.

Lemma 1. Suppose that f satisfies the conditions (48)—(49) and that v. €
L3R x (0,1)).
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Let T,y : L*(R x (0,1)) — L*(R x (0,1)) be defined by
1 b 1 4oo 1
Troyw(a, y) 4_// / m [e(n*y)lCl _ e~ ly—ml ‘C‘]f(n,w,va)(5)6’i£<ei@d€dndc
U
—-b 0 —oc0

(50)
where

f(n,w,va)(f) = f(fvn,vs(&??) + w(fﬂ?))

and b is a fized positive number such that
4
a=—be?|p|3 < 1.
T
Then T(,y is a contraction.

Proof. Put

1 +o0

Qu(©) = Q. 0) = ﬁ / / ﬁ[em—y”CI — el K p o (€)e € dedn,
0 —©

C € [7bab]ay € [Oal)

and
Qu)(€) =0, ¢¢&[-bbl,ye]0,1).

Using the inequalities

1
|€(n—y)|C| — e~ ly=ml \<\| < 4¢b v,y € [0,1),¢ € [~b, b]
and

| 00 ()] < P& ([0=(€, )] + [w(€, )]) V() € Rx[0,1),w € L*(Rx[0,1)),

we get Q) € L?(R) and T(@ YW, (C) Q) (€)-
It follows that
Tipyw € L*(R x (0,1)),

1Ty w1 = Tooywall3 = [T, () = Toywy (I3
1 40

b 1
1 - d¢dndcad
< 87//// |<|22 (n=v)icl _ g=tm—vl 1] "9 (€ mdednacay 12
20 (51)

— 00

IN

4
—be®[[plI3lwn — w3

< af|wy — walf3

Hence T,y is a contraction. This completes the proof. n
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Theorem 3. Let vy € L?*(R x (0,1)) be an exact solution of (45) and let
ve € L*(R x (0,1)) be a regularized solution.

Suppose that f satisfies the conditions (48)—(49).
Assume the exact solution wo € L*(R x (0,1)) of (35)—(37) satisfies

o) (eI € L2(R x (0,1). (52)

Then there exists a function we. such that

18E2||pl|3
e = unl < B g,

where

E = ||@o(n) (Q)e!“!V/ICT (53)

Proof. Let b be the positive solution of the equation

8
—be?||p|)3 = <. 54
~be? )3 = 3 (54)
Let T(,,y : L*(R) — L*(R) be defined by
1 b 1 +o<>1
Tioyw(z,y) =0 // / R em=vI¢l _ o—ly—nl ICINW ,UE)(é)e%ECeiCzdédndC.
71'
—b 0 —oc0
(55)
Since T{,.) is a contraction, there exists a unique w € L?(R) such that
T(UE)U}E = W¢
and w, can be obtained by successive approximation.
As in the proof of Theorem 2, we have
1 400
1 1 .
(77 ISl _ o= ly—nl <] —i€C J¢d
W e wo. v e .
o(y) (€ 2\/%0/ i | 1 fnw0,00) (6) €dn
—00

Furthermore
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lwo — we 3 = [|@ocy — @e(y I3

< //|@0<y>(C)*@E(y)(ofdydg

/ e )
/1@

. 2
%[ Finaso:00)(€) = feneron) (€ eﬂ“dgdn\ dyd¢

ICI
Woy) (O)V/I¢]e
<2 / VI dyac
I¢]>b 0
b 1 1 40
L//‘/ e )
4r
IS ICI
) 2
X [f(n,wg,vo)(g) - f(n,wg,va)(g)} e—lﬁCdgdn‘ dydC
2E2 1 9
< beQb §(||wo — we +vo — Vel2)”,
therefore
1 16E2(|pl|3
g”wo —well3 < TQ + gHUO — vell3
Hence

48F2 2
lwo — well2 < \/% + 2[Jvo — ve|[3.

This completes the proof.

Regularization of Problem (11)—(13)

From Proposition 1 and Theorem 3 we readily get the following result:

Theorem 4. Let N((,y) be defined in (45).

141

Let ug be an exact solution of (11)—~(13) corresponding to the exact data No(C,y)

and let N be a measured data such that

||N — N()HQ < €.

Under assumptions in Proposition 1 and Theorem 3, there exists a reqularized

solution
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Ue = Ve + We
such that

e2.

48E?2 2
||u€fu0||2§€+ %+2
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