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Abstract. In this paper we study the method of Lavrentiev regularization to recon-
struct solutions ' of nonlinear ill-posed problems F'(z) = y where instead of y noisy
data y° € X with ||y — y°|| < & are given and F : D(F) C X — X is a monotone
nonlinear operator. In this method regularized approximations are obtained by solving
the singularly perturbed nonlinear operator equation F'(z)+«a(z—T) = y5 with some
initial guess T. Assuming certain conditions concerning the nonlinear operator F' and
the smoothness of the element T — 21 we report on stability estimates which show
that the accuracy of the regularized approximations is order optimal provided that the
regularization parameter o has been chosen properly.

1. Introduction

This paper is devoted to the stable solution of nonlinear ill-posed problems

F(z) =y, (1)
where F' : D(F) — X is a nonlinear operator with domain D(F) C X and X
is a real Hilbert space with inner product (-,) and norm || - ||. Throughout this

paper we assume that F' is a monotone operator, that is, there holds
(F(z2) — F(x1),22 —21) >0 forall zy,20 € D(F) C X. (2)
We further assume throughout that y° € X are the available noisy data with
ly =y’ <6 (3)

and known noise level §, that (1) has a solution 2! and that F possesses a locally

uniformly bounded Fréchet-derivative F’(-) in a ball B,.(z") of radius r around
T

e X.
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Nonlinear ill-posed problems arise in different applications in connection with
nonlinear Fredholm integral equation models, nonlinear Abel integral equation
models or identification problems for ordinary and partial differential integra-
tions. Their numerical treatment requires the application of special regulariza-
tion methods. The standard regularization method is the method of Tikhonov
regularization in which a regularized approximation :L'i is obtained by minimizing
Tikhonov’s functional

Ja() = | F(z) —y°|* + al|lz — 7]

with some initial guess T € X and some properly chosen regularization parameter
a > 0. If 2% is an interior point of D(F), then z° satisfies the normal operator
equation

F'(z)*[F(z) —y°]+ a(z —T) =0

of Tikhonov’s functional J,(z) and may be computed by the Gauss-Newton-
iteration

Thir = 2 — (Ap A+ D) AL (er) — o) + ol - 7))}

with some initial guess zo, where Ay = F'(xy) and A} is the adjoint of Ay.

In the case of monotone operators F the least squares minimization, and
hence the use of the adjoint, can be avoided and one can use the simpler regu-
larized equation

F(z)+alz —T) =1°. (4)

This method is called method of Lavrentiev reqularization [8], or method of sin-
gular perturbation [9]. Here the regularized approximation may be computed,
e.g., by appling Newton’s method which leads to the simpler iteration

Tep1 = 2 — (Ak + o) H{[F(ax) =] + alze —T)}

Since Fréchet-differentiability implies hemicontinuity, from [1] the following re-
sult concerning existence and uniqueness of the regularized approximation of
problem (4) can be obtained:

Theorem 1.1. Let zf € D(F) be a solution of (1) and let F : D(F) — X
be Fréchet-differentiable and monotone in a ball B.(z") C D(F) with radius
r = |[T—x'||4+6/a. Then the regularized problem (4) possesses a unique solution
2% € B,(z)
«@ T ‘

Lavrentiev regularization has been studied by many authors, especially for
solving Volterra integral equations of the first kind, see, e.g., [2,5,7-11,13, 16].
Here the advantage is that Lavrentiev regularization preserves the natural evo-
lutionary structure of Volterra equations and therefore leads to quick and sim-
ple numerical procedures. One important question in the application of the
regularization method (4) is the proper choice of the regularization parameter
a > 0. With too little regularization, the regularized approximations x%, are

highly oscillatory due to noise amplification. With too much regularization, the
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regularized approximations are too close to the initial guess T due to the limit
relation lim z2 = 7. Ideally, one should select the regularization parameter

«@
a—00

a such that the total error [|z° — xT|| is minimized. Since z' is unknown one
has to choose alternative rules which choose « from quantities that arise during
calculations. Among the rules for which order optimal error bounds of Hélder
type |28 —2f| = O(6?/(P+1) can be guaranteed, the most common in the linear
case is the rule of Raus [12] which requires the knowledge of a reliable lower
bound of the noise level 4. For the concept of order optimality see, e.g., [4]. The
proof of order optimal error bounds in the nonlinear case requires some source
condition and some nonlinearity condition. We will distinguish our studies into
different cases p = 1 and p € (0,1]. In the case p = 1 our analysis requires the
two assumptions

Assumption A1l. There exists an element v € X such that with A = F' ()
7T —al = Av.

Assumption A2. The Fréchet-derivative F'(-) is locally Lipschitz in a ball
B,.(z") ¢ D(F) of radius r around z! € X, that is, there exists a Lipschitz
constant L > 0 with

| F'(z) — F'(z0)|| < L|jz — x0| for all z,z¢ € B,(z").

In the case p € (0,1] we don’t know if Lipschitz continuity of the Fréchet
derivative F'(-) is sufficient for guaranteeing order optimal error bounds. In this
case instead of Al, A2 we will exploit a weaker smoothness assumption and a
stronger nonlinearity assumption:

Assumption A3. There exists an element v € X such that with A = F’(z")
7 —al = APy for some p € (0,1].

Assumption A4. There exists a constant ky > 0 such that for all x, zg €
B.(z") ¢ D(F) and w € X there exists some element k(x,r,w) € X with
property

[F"(2) — F'(20)lw = F'(x0)k(z, x0,w) and |k(z, zo, w) < kollw].

The fractional power AP in Assumption A3 is defined by

. o
APy = smpﬂ'/ sPTH A+ sI) P Avds, veX

™ 0

a

and reduces in the selfadjoint case A = A* > 0 to APv = [ A’ dE,v where
0

a
a = ||A|| and A = [AdE), is the spectral decomposition of the operator A.
0

Note that the converse results in [3] for linear ill-posed problems imply that
Assumption A3 is necessary for the convergence rate |20, — zt|| = O(s7/ (1),
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Let us collect two well known estimates which will be applied throughout
this paper. The first estimate

I1F(2) = F(xo) = F'(xo)(z — o) || < gl\x—onQ (5)

follows from Assumption A2. The second estimate (see, e.g., [10]) tells us that
for monotone operators A € £(X) and p € [0, 1],

I(A+al)= AP|| < oP™h. (6)

The paper is organized as follows. In Sec. 2 we derive order optimal error
bounds for method (4) in case of a priori parameter choice which are along the
lines of the paper [13] and improve well known error bounds in [1, 2, 9]. In Sec. 3
we generalize the rule of Raus for choosing « to the nonlinear case and show that
this a posteriori rule provides order optimal error bounds ||z% —zT| = O(67/(P+1))
for the maximal range p € (0, 1].

2. A Priori Parameter Choice
2.1. Preliminary Properties

Throughout this and the next section we will consistently use the notations

A=F'(z), AS=F'(2%), Rao=a(A+al)™', R} =a(A’ +al)™t.

Note that for monotone operators F' the resulting operators A, A%, R, and
R(‘i, respectively, are also monotone. The aim of this section is to derive order
optimal error bounds for the method of Lavrentiev regularization (4) in the case
of a priori parameter choice. Let us start with some preliminary results which

can be obtained by exploiting property (2).

Proposition 2.1. Assume the monotonicity property (2). Let x, be the unique
solution of the singularly perturbed operator equation

Fl)+alx—T) =y (7)

and z? the unique solution of the singularly perturbed operator equation (4).
Then,

) -
Iz — zall < - and o - ol <z —2f. (8)

Proof. Subtracting the equations (4) and (7) yields F(2%) — F(z4) + a(z, —
r,) = y° — y and scalar multiplication by 5‘96@ — Xy gives

(F(x3) = F(za), 2, — va) +allzg = zal® = (4 —y, 2, — za).

« «
Due to assumption (2) the first summand on the left hand side is nonnegative.
By neglecting this summand we obtain o[z, — 24]|? < §||2° — 74| and hence
the first estimate of (8). Furthermore, (7) can be written in the form F(z,) —
F(z") + a(zy — 27) = a(Z — 27). Scalar multiplication by z, — x' yields
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(F(zq) — F(xT),xa — xT) + allze — acT||2 =T — A - xT).

Due to the monotonicity property (2) the first summand on the left hand side
is nonnegative. By neglecting this summand we obtain «||z, — 2| < o7 —
21| |za — =] and hence the second estimate of (8). ]

The second estimate of (8) shows that x, € B,(z) with r = |z — 2f|. In
order to derive error bounds for ||z, — 2| in terms of o some source condition
and some nonlinearity conditions are needed. We divide our studies into the
cases p =1 and p € (0, 1].

2.2. Error Bounds in the Case p =1
In this subsection we exploit Assumptions Al and A2 of Sec. 1 and obtain

Theorem 2.2. Assume (2), Al and A2 with radius r = o|v||. Let 2 be the
unique solution of the singularly perturbed operator equation (4). Then, for all
a >0,

) L
5§ _ i< 2 L2
loa —atll < =+ (||’U|| + 5l )OA 9)
If o is chosen a priori by a ~ /6, then ||z, — 2T = O(V3).

Proof. Let x, be the solution of (7). We introduce the notations z, = z, —
and B = AR, = R,A with R, = a(A+al)~!. Then we have from (7), Al and
aA—aB=AB

F(x,) — F(z' + Bv) + a(zo — Bv) = F(z') — F(2" + Bv) + aAv — aBv
= F(z") + ABv — F(z' + Bu).
Scalar multiplication by z, — Bv yields
(F(x4) — F(z' 4+ Bv), 2o — Bv) + al|ze — Bv|* =
(F(z") + ABv — F(z' 4+ Bv), zo — Bv).

Due to the monotonicity property (2) the first summand on the left hand side
is nonnegative. Consequently,

al|ze — B’UHQ < HF(:L’T) 4+ ABv — F(:EJr + Bo)l|||za — Bv||.

From Assumption A2 one gets (5). We apply this property with z := 2t 4+ Bv
and o := x and obtain due to || B|| < « that

L L
20 - Boll < = Bul? < Zao]?.
Applying the triangle inequality ||zo|| < ||zo — Bv|| + || Bv|| we obtain

L
oo =t < (ol + vl
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From this estimate and the first estimate of (8) we obtain (9). The convergence
rate result ||z — 2| = O(V/9) follows from (9) and the a priori parameter choice
a~ 4.

Error bounds for ||z, — z|| have been given before in the literature under
the Assumptions A1l and A2 and have the form

2]j]]

T Bl 1|
e == 5 ey @

(see, e.g. [1,2]). This error bound requires the smallness condition L|jv|| < 2.
Such a smallness condition is mot necessary for our estimate.

2.3. Error Bounds in the Case p € (0, 1]

Now let us study the case p € (0,1] in Assumption A3. In this case we have not
been able to prove order optimal convergence rate results with the nonlinearity
Assumption A2. Instead we have been successful with Assumption A4 instead
of A2.

Theorem 2.3. Assume (2), A3 and A4 with radius r = ||T —xT||. Let x5 be the
unique solution of the singularly perturbed operator equation (4). Then, for all
a >0,

)
e, = 2t < =+ (1 + ko)[v]| o (10)
If a is chosen a priori by a ~ §Y/PTY then |20 — t|| = O(sP/ (1)),

Proof. Let x, be the solution of (7) and let us introduce the operator
M, = / —zh))dt. (11)

Obviously, F(z,) — F(z') = M, (zs — 27). Hence, equation (7) can be written
in the form
My(zq — 1) + a(zy — 2) = a(T — 27). (12)

Due to Al we have T — 2 = APv. Furthermore, from (2) it follows that the
inverse operators (My+al)~! and (A+al)™!, respectively, exist. Consequently,

To — ' = (M, + al) YT — )
=a(A+al) APy + a[(My + ad) ™' — (A + al) "1 APy
= RoAPv + (Mg + o) (A — M) Ry APv. (13)
Application of Assumption A4 yields
0 — 21| < | RadPol] + koll (Mq + @) My || Ra AP0
Now we use the valid estimate | R, AP|| < of (see (6)) and obtain

lza = 2|l < (1 + ko)l[v]la”.
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From this estimate and the first estimate of (8) we obtain (10). The convergence

rate result |22 — 2| = O(67/(P*1) follows from (10) and the parameter choice
o~ 51/(l)+1) . ]

Let us compare our order optimal error bounds in Theorems 2.2 and 2.3 with
corresponding bounds for Tikhonov regularization. For Tikhonov regularization
instead of Al and A3 the source condition

T—af = [F'()F'(a)P?0, veX, p>0 (14)

is required. Then it can be shown that in case of a priori parameter choice

a ~ %/ (P*+1) order optimal error bounds |28, — z|| ~ §?/(P+1) hold true

(i) for the range p € [1,2] provided A2 and the smallness condition L|jv|| < 1
are satisfied (see [3, 4, 14]),

(ii) for the range p € (0, 1] provided some additional conditions concerning the
nonlinear operator F similar to condition A4 are satisfied (see [6, 14]).
While for Tikhonov regularization with a priori parameter choice order opti-
mal error bounds can be guaranteed for the larger range p € (0, 2], Lavrentiev
regularization is simpler and does not require smallness conditions like L|jv|| < 1.

3. A Posteriori Parameter Choice
3.1. Preliminary Properties

A priori parameter choice is seldom suitable in practice since the choice of a
good regularization parameter « requires the knowledge of the norm |lv|| and
the smoothness parameter p of Assumption A3. This knowledge is not necessary
for a posteriori parameter choice. For the method of Tikhonov regularization
one well known a posteriori rule is Morozov’s discrepancy principle (see [3]) in
which the regularization parameter « is chosen as the solution of the nonlinear
equation ||F(z?) —y°|| = C§ with some C' > 1. However, Morozov’s discrepancy
principle is divergent for Lavrentiev regularization (see [16] for the linear case).
An a posteriori rule for which order optimal convergence rates can be guaranteed
has been proposed by Raus (see [12]) in the linear case with A = A* > 0. This
rule can be extended to the nonlinear case with monotone operators F' and reads
as follows:

Rule R1. Choose the regularization parameter « as the solution of the nonlinear
equation

d(e) == |[RO[F(25) —9°]| = C§  with C > 1. (15)

In our subsequent considerations we will see that rule R1 provides order
optimal error bounds for the maximal range p € (0,1]. We distinguish our
study into the special case p € (0, 1] which requires Assumptions A3, A4, and
p = 1 where Assumptions Al, A2 are necessary. Let us start our study with the
justification of rule R1 for which the Assumptions Al- A4 are not necessary.



36 Ulrich Tautenhahn

Proposition 3.1. Let the monotonicity property (2) be satisfied. If the initial
guess T € X satisfies ||F(T) — y°|| > C93, then there exists a solution a = a(J)
of equation (15) with

S C-1
a>ap = —0.
R R

(16)

The proof of this proposition can be found in [3]. In our forthcoming con-
siderations we always assume that rule R1 is well defined and do not state the
conditions explicitly.

3.2. Error Bounds in the Case p € (0, 1]

In order to prove order optimal error bounds for ||z’ — x| with a chosen from
rule R1 three preparatory propositions are required.

Proposition 3.2. Let (2) and Assumption Ad with ko < 1 and radius r =
| — z'|| be satisfied. Then, for all 0 < ap < a,

[ BalF'(za) — ylll

et 1
e, =), (17)

lza — 2| <

Proof. Due to F(z,) — F(za,) = M(To, — Ta,) with M = fol Fl(zao + t(za —
Za,))dt and (7) we obtain the identity

T~ oy = = R [F(a) = ] + (A+ 00D) ™ (A = M)(za ~ ). (18)

Since || R, R, < 1 for ag < «, we conclude that

a — o —

<

[ RalF(za) = ylll.

Rag[F(z0) - ]

aQo aQn

Consequently, from (18) we obtain due to ag < a and A4 the estimate
1
170 = Zagl| < =l RalF(@a) =yl + Follza = Zay |

Now (17) follows from the triangle inequality || zo —2"|| < [|Ta—Tay ||+ || Tay —2T|-
|

Proposition 3.3. Let (2) and Assumption A4 with radius r = ||T — || + §/a
be satisfied and let o be chosen by rule R1. Then,

[BalF(za) —ylll < (C+1)(1+ko)d. (19)

Proof. We use the notations a = |Ry[F(7,) — F(2)]|| and b = |R2[F(xs) —
F(z")]||, exploit the triangle inequality, apply Assumption A4 and obtain
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a < ||RQ[F(x7) = F(a")]|| + [|(Ra — RY)IF (za) — F(a)]]
= b+ [[(A+al)" (A = ARY[F(za) — F(z)]|
< (1 + ko)b. (20)
In order to estimate b in terms of § we use the equations (4) and (7), the triangle

inequality, the inequality ||R2|| < 1, the first estimate of (8) as well as rule R1
and obtain

b= |R[a(@ - 23) + alz, — o)l
< |RaIF(a0) = )l + allag — za
<(C +1)0. (21)

Now the desired estimate (19) follows from (20) and (21). ]
In the next proposition we obtain a bound for a = «(d) obtained by rule R1.

Proposition 3.4. Let (2), A3 and A4 with radius r = |T— ||+ 5/ be satisfied
and let a be chosen by rule R1. Then

1
o> C -1 1+p51;

> [T mrml (22)

Proof. We use rule R1, the equations (4) and (7), the triangle inequality, the
inequality ||RS|| < 1 as well as the first estimate of (8) and obtain

08 = ||R[a(T — o) + awa — 22)]]
< |IRa(@ — za)lll + aflza — 23|
< | Ra[F(za) = ylll +3. (23)

In order to estimate the first summand on the right hand side of (23) we proceed
along the lines of the proof of (23) and obtain b < (1 + kg)a. Consequently,

(C = 1)8 < (1 + ko)l|Ra[F (z0) — F(a")]||

In order to estimate | Ry [F(24) — F(z1)]|| we use the identity F(z,) — F(x) =
A(xe — 2t + (M, — A)(zq — 2) with M, defined by (11) and obtain due to
|RoA| < a, A4 and estimate (10) with 6 = 0 that

(C =18 < (14 ko) (| RaA(@a — )| + || Ra(Ma — A)(a — 21)]])
(1+ ko)aljza — o]

<
< (1+ ko)?[lofla? ™.

From this inequality we obtain (22). ]

Now we are ready to provide order optimal error bounds for |25 — 27| pro-
vided « is chosen from rule R1.
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Theorem 3.5. Assume (2), A3 and A4 with ko < 1 and radius r = |T — || +
d/a. Let a be chosen by rule R1. Then,

et = 2Tl < e Jol] 77 677 (24)
with a constant ¢, independent of 6 and ||v||.
Proof. Consider a fixed regularization parameter a = «q of the form «g =

1/(p+1)
Co (IITH) with some ¢y > 0 and distinguish two cases. In the first case

we assume that the solution « of rule R1 satisfies @ < «g. In this first case we
obtain from (10), (22) and the choice of ag that

1 é
lzg, = &Ml < llza — 2| + [lzf — 2all
(1+ ko)3||v|q ﬁéL

< P Trp

< (L4 ko)ollad + [ =25 ;

. (1 + k'O)B 141rp 1 >

= (ko + S5 ) i o 5)

In the second case we assume that the solution « of rule R1 satisfies a > ag.
In this second case we obtain from Proposition 3.2, the first estimate of (8),
Theorem 2.3 with a = «g, Proposition 3.3, Proposition 3.4 and the choice of ag
that

o, = o] < ljm, ']+ 1oL =0l 2

< (14 koo + (CE D0 [0 o7y

= (4 kg CF D) ﬁ;”?ﬂﬁﬁmwﬁmﬁém
Now (24) follows from (25) and (26). .

3.3. Error Bounds in the Case p =1

In this subsection we show that under Assumptions Al and A2 our rule R1
provides order optimal error bounds ||z% — zf|| = O(V/9) if L|jv|| is sufficiently
small such that
Livl|
2
and if the constant C' in rule R1 is sufficiently large such that
Lol | 1ol | iy
2 2 8 '

In analogy to Subs. 3.2 we need a preparatory proposition which provides a lower
bound for the regularization parameter « of rule R1.

L2 2.2
cm:QHMM1+ +—J¥ﬂ) <1 (27)

(28)

0>1+me@+
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Proposition 3.6. Let (2), Al and A2 with radius r = ||T — || + 6/ hold and
let o be chosen by rule R1 with C' satisfying (28). Then there exists a constant
k independent of § such that

a > kVe. (29)

Proof. Exploiting (23) we obtain
C8 < ||RG[F (2a) — y)l| + 0 < [|RaRS ||| RalF (2a) — yll| + 6. (30)

From (7) we have (A+al)(T — ) = AT —2) + [F(2s) — F(21) — A(z, — 21)].
Since due to (7) there holds T — x4 = 1 [F(z4) — F(z')] we conclude that

Ro[F(xo) — F(z")] = R2A%0 + R2[F(2,) — F(2') — A(zq — 21)]. (31)

From Assumption A2 we gets (5). We use this property with z := z, and
zo := 2 and obtain from ||R,A| < a, (9) with § = 0 and (31) that

Lipl | Z2lel® |, Lol
|RalF (o) =yl < (1+ 5 + T+ = ) Iolla®. (32)

In order to estimate | RS R, !|| we apply the triangle inequality, Assumption A2,
the first inequality of (8) as well as (9) and obtain

IRGRLM | = [1(AQ +al) ™ (A~ AQ) + 1]
L
< = (e, — wall + e — ') + 1
5 L, .
<L( 5+l + S I0l?) + 1. (33)
We substitute (32), (33) into (30) and obtain due to (28) the estimate (29). m

Theorem 3.7. Let (2), Al and A2 with radius r = |T — || + 6 /a be satisfied
and let a be chosen by rule R1. Suppose the smallness condition (27) and that the
constant C of rule R1 satisfies (28). Then there exists a constant ¢, independent
of 0 such that

g, — 2" < V6. (34)

Proof. From the second part of (13) we have due to (31), (9) and the generalized
moment inequality || Bv|| < 2||B%v||*/?||v||*/? that holds true for monotone B (see
[10]) that

e = 2|l < [|RaAv] + |4 = Mal|| (A + al) ™ Av]
L L _
< [1Rav] + 5 (ol + 5 [0]2)all(A+ o)~ Av]

Lijv L?||v||?
=(1+ —”2 I —'L ” )1 Ao
Lifll , L2]lo]”
2 4

<2(1+ YR A% /2] /2. (35)
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From (31) and ||R2|| < 1 we obtain
L
1REA%0]| < || Ra[F (za) = F(aN)]] + 3 loa — 2T (36)

Substituting (36) into (35), squaring both sides and rearranging terms yields

Lil | L2|lv]?
T

2
(1~ o)l — |2 <41+ 2L ) ol RalP(20) ~ PO (37)
with the constant cq given in (27). For estimating || Ro[F(24) — F(x")]| in terms
of 6 we use equations (4) and (7), the estimates ||Rq| < 1, (8) and the valid
estimate

_ 4] L
|Ra(RD ™M < L(=5 + ol + Flol?) + 1.
which can be obtained in analogy to the proof of (33), apply rule R1 and obtain

1RalF(2a) = Fa]|| < [|Rala(T — 2) + (e, = @a)]]
< ||Ra[F(3) = vl + allzg — zall
< [|Ra(Ro) T IIRAF (22) — y°)]| + 6
J L2||v]?
< (L? F 14 Lol + T)ccs va o (38)
From (29) we know that /a2 is bounded by some constant. We substitute
this constant into (38), substitute the resulting estimate into (37) and obtain

|l za —2T|| < cv/§ with some constant ¢ independent of 6. This estimate, the first
estimate of (8) and (29) provide (34). ]
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