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Abstract. For a consistent linear system Ax = b, where A is a diagonally dominant

Z-matrix, we present the bound on components of solutions for this linear system,

which generalizes the corresponding result obtained by Milaszewicz et al. [3].

1. Introduction and Definitions

In [2, 3] the authors consider the following consistent linear system

Ax = b, (1)

where A is an n×n M -matrix, b is an n dimension vector in rang(A). The study
of the solution of the linear system (1) is very important in Leontief model of
input-output analysis and in finite Markov chain (see [1, 2]). In this article we
will discuss a special M -matrix linear system, when the matrix A in linear
system (1) is a diagonally dominant L-matrix; this matrix class often appears
in input-output model and finite Markov chain (e.g., see [1]).

In order to give our main result we first introduce some definitions and
notations.

Let G be a directed graph. Two vertices i and j are called strongly connected
if there are paths from i to j and from j to i. A vertex is regarded as trivially
strongly connected to itself. It is easy to see that strong connectivity defines an
equivalence relation on vertices of G and yields a partition

V1 ∪ ... ∪ Vk
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of the vertices of G. The directed subgraph GVi with the vertex set Vi of G is
called a strongly connected component of G, i = 1, ..., k. Let G = G(A) be an
associated directed graph of A. A nonempty subset K of G(A) is said to be a
nucleus if it is a strongly connected component of G(A) (see [3]). For a nucleus
K, NK denotes the set of indices involved in K.

A matrix or a vector B is nonnegative (positive) if each entry of B is nonneg-
ative (positive, respectively). We denote them by B ≥ 0 and B > 0. An n × n
matrix A = (aij) is called a Z-matrix if for any i �= j, aij ≤ 0, a L-matrix if A
is a Z-matrix with aii ≥ 0, i = 1, ..., n and an M-matrix if A = sI − B, B ≥ 0
and s ≥ ρ(B), where ρ(B) denotes the spectral radius of B. Notice that A is a
singular M-matrix if and only if s = ρ(B). An n× n matrix A = (aij) is said to
be diagonally dominant if 2|aii| ≥

∑n
j=1 |aij |, i = 1, ..., n.

Let N = {1, ..., n}, A ∈ R
n×n and α be a subset of N . We denote by A[α]

the principal submatrix of A whose rows and columns are indexed by α. Let
x ∈ R

n. By x[α] we mean that the subvector of x whose subscripts are indexed
by α.

Milaszewicz and Moledo [3] studied the above linear system and presented
the following result, on which we make a slight modification.

Theorem 1.1. Let A be a nonsingular, diagonally dominant Z-matrix. Then
the solution of linear system (1) has the following properties:
(i) If NK ∩ N>(b) �= ∅ for each nucleus K of A, then

xi ≤ D, ∀i ∈ N,

where D = max{0, xj : bj > 0} and N>(b) = {i ∈ N : bi > 0}.
(ii) If NK ∩ N<(b) �= ∅ for each nucleus K of A, then

d ≤ xi, ∀i ∈ N.

where d = min{0, xj : bj < 0} and N<(b) = {i ∈ N : bi < 0}.

Remark. Theorem 1.1 is a generalization of Theorem 7 in [2].
In this note we will extend Theorem 1.1; see Theorem 2.4.

2. The Bounds

For the rest of this note we set N>, N<, D and d as in Theorem 1.1. For
consistent linear system (1), by A≥ and A≤ we denote the principal submatrices
of A whose rows and columns are indexed by the subsets {i ∈ N : bi ≥ 0} and
{i ∈ N : bi ≤ 0}, respectively.

Now we give some lemmas which will lead to the main theorem in this note.

Lemma 2.1. Let A be a diagonally dominant L-matrix. Then A is an M-matrix.

Proof. Since A is a diagonally dominant Z-matrix, Ae≥ 0, where e = (1, 1, . . . , 1)t.
Let A = sI − B, where s ∈ R and B is nonnegative. It follows from Perron-
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Frobenius Theorem on nonnegative matrices (e.g., see [1]) that there is a nonneg-
ative nonzero vector y such that ytB = ρ(B)yt. Thus 0 ≤ ytAe = (s−ρ(Bt))yte.
Since yte > 0, we have s ≥ ρ(B). Hence A is an M-matrix. �

Lemma 2.2. Let A ∈ R
n×n be an M -matrix, b ∈ R

n and b(NK) �= 0 for each
nucleus K of A.
(i) If A≥ is a nonsingular M -matrix, then whenever x(N<(b)) > 0 we have

x > 0.
(ii) If A≤ is a nonsingular M -matrix, then whenever x(N>(b)) < 0 we have

x < 0.

Proof.
(i) Follows from Theorem 3.5 of [4].
(ii) By (1) we have

A(−x) = −b. (2)

By (i) it is easy to see that (ii) holds. �

Lemma 2.3. Let A be a diagonally dominant L-matrix. If there exist a vector
x and a positive vector b such that Ax = b, then A is a nonsingular M-matrix.

Proof. By Lemma 2.1, A is an M-matrix. Assume that A is singular. Then
so is At. Let At = sI − B, s ∈ R and B is nonnegative. Then s = ρ(B). It
follows from Perron-Frobenius Theorem of nonnegative matrices that there is a
nonnegative nonzero vector y such that By = ρ(B)y. Thus

ytA = yt(sI − Bt) = (s − ρ(B))yt = 0,

which implies that ytb = ytAx = 0. Since y ≥ 0, y �= 0 and b > 0, we have
ytb > 0, which contradicts the assumption. Hence A is a nonsingular M-matrix.

�

The following theorem is our main result in this note.

Theorem 2.4. Let A be a diagonally dominant L-matrix, b(NK) �= 0 for each
nucleus K. Then the solution of the linear system (1) has the following properties:
(i) If A≤ is a nonsingular M -matrix (or empty matrix) then

xi ≤ D, ∀i ∈ N.

(ii) If A≥ is a nonsingular M -matrix (or empty matrix), then

xi ≥ d, ∀i ∈ N.

Proof. It is enough to show that (i) holds. The proof of (ii) is similar. We
consider the following three cases.
Case 1. If N>(b) = N, then b > 0. It follows from Lemma 2.3 that A is a
nonsingular M-matrix. Hence the result follows immediately from Theorem 3.1
of [3].
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Case 2. If N>(b) = ∅, then A≤ = A is a nonsingular M-matrix. By Theorem
6.2.3 of [1] we have A−1 ≥ 0. Hence x = A−1b ≤ 0, which leads to our result.
Case 3. If ∅ ⊂ N>(b) ⊂ N, then we consider the following two subcases.
Subcase 3.1. If x(N>(b)) < 0, then it follows x < 0 from Lemma 2.2 (ii), which
implies that the theorem holds.
Subcase 3.2. Now we assume that there exists j ∈ N>(b) such that xj > 0. It is
enough to show that xj ≤ max{xi : bi > 0}.

Since ∅ ⊂ N>(b) ⊂ N, the sets α = N>(b) and β = {i ∈ N : bi ≤ 0}
form a partition of the set N. Hence there is a permutation matrix P such that

Pb =
(

b(1)

b(2)

)
, where b(1) = b[α] and b(2) = b[β]. Hence b(1) > 0 and b(2) ≤ 0.

Let

PAP t =
(

A11 A12

A21 A22

)
, (3)

where A11 = A[α] and A22 = A[β] = A≤. By (1) we have (PAP t)Px = Pb. Let

Px =
(

x(1)

x(2)

)
be conformably with the block form (3). Then x(1) = x[α] and

x(2) = x[β]. Hence A21x
(1) + A22x

(2) = b(2). Since b(2) ≤ 0, we have A22x
(2) ≤

A21x
(1). By the assumption that A≤ is a nonsingular M-matrix we have A−1

22 =
A−1

≤ ≥ 0, from which we have

x(2) ≤ −A−1
22 A21x

(1). (4)

Since A is diagonally dominant Z-matrix, Ae≥ 0. Let e =
(

e(1)

e(2)

)
be con-

formably with the block form (3). Then A21e
(1) +A22e

(2) ≥ 0, i.e., −A−1
22 A21e

(1)

≤ e(2). Let xm = max{xi : bi > 0}. Then xm > 0 and x(1) ≤ xme(1). Notice that
−A−1

22 A21 ≥ 0, then by (4) we have x(2) ≤ −A−1
22 A21x

(1) ≤ −xmA−1
22 A21e

(1) ≤
xme(2), from which one can deduce that the theorem holds. �

Corollary 2.5. Let A be a diagonally dominant L-matrix and b(NK) �= 0 for
each nucleus K. If A≥ and A≤ are nonsingular, then the solution of the linear
system (1) satisfies

d ≤ xi ≤ D, ∀i ∈ N.

Proof. The result follows from Lemma 2.1, Lemma 2.2 and Theorem 2.4. �

Corollary 2.6. Let A be a nonsingular, diagonally dominant L-matrix, and
b(NK) �= 0 for each nucleus K. Then the solution of the linear system (1) satisfies

d ≤ xi ≤ D, ∀i ∈ N.

Proof. By Lemma 2.1, A is a nonsingular M-matrix. Since each principal sub-
matrix of a nonsingular M-matrix is a nonsingular M-matrix, the result follows
from Corollary 2.5. �

Corollary 2.7. Let A be an irreducible diagonally dominant L-matrix, and
b �= 0. Then the solution of linear system (1) satisfies
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d ≤ xi ≤ D, ∀i ∈ N.

Proof. The result follows immediately from Corollary 2.6. �

Remark. If NK ∩ N>(b) �= ∅ or NK ∩ N<(b) �= ∅ for each nucleus K of A,
then b(NK) �= 0 for each nucleus K of A on one hand. On the other hand, in
Theorem 2.4 and Corollary 2.5 we need not to assume that A is nonsingular.
Hence from the fact that each principal submatrix of a nonsingular M-matrix
is also a nonsingular M-matrix, we know that Theorem 2.4 and Corollary 2.5
extend Theorem 1.1.
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