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Abstract. This paper consists of two parts. In the first part, it is proven that a ring
R is right PP if and only if every right R-module has a monic PZ-cover, where PZ
denotes the class of all P-injective right R-modules. In the second part, for a non-
empty subset X of a ring R, we introduce the notion of X-P P rings which unifies PP
rings, P.S rings and nonsingular rings. Special attention is paid to J-PP rings, where
J is the Jacobson radical of R. It is shown that right J-P P rings lie strictly between
right PP rings and right P.S rings. Some new characterizations of (von Neumann)
regular rings and semisimple Artinian rings are also given.

1. Introduction

A ring R is called right PP if every principal right ideal is projective, or equiva-
lently the right annihilator of any element of R is a summand of Rpr. PP rings
and their generalizations have been studied in many papers such as [4, 9, 10, 12,
13, 21].

In Sec. 2 of this paper, some new characterizations of PP rings are given. We
prove that a ring R is right PP if and only if every right R-module has a monic
PZ-cover if and only if PZ is closed under cokernels of monomorphisms and
E(M)/M is P-injective for every cyclically covered right R-module M, where
PZL denotes the class of all P-injective right R-modules.

In Sec. 3, we first introduce the notion of X-PP rings which unifies PP
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rings, PSS rings and nonsingular rings, where X is a non-empty subset of a ring
R. Special attention is paid to the case X = J, the Jacobson radical of R. It
is shown that right J-PP rings lie strictly between right PP rings and right
PS rings. Some results which are known for PP rings will be proved to hold
for J-PP rings. Then some new characterizations of (von Neumann) regular
rings and semisimple Artinian rings are also given. For example, it is proven
that R is regular if and only if R is right J-PP and right weakly continuous if
and only if every right R-module has a PZ-envelope with the unique mapping
property if and only if PZ is closed under cokernels of monomorphisms and every
cyclically covered right R-module is P-injective; R is semisimple Artinian if and
only if R is a right J-PP and right (or left) Kasch ring if and only if every right
R-module has an injective envelope with the unique mapping property if and
only if every cyclic right R-module is both cyclically covered and P-injective.
Finally, we get that R is right PS if and only if every quotient module of any
mininjective right R-module is mininjective. Moreover, for an Abelian ring R, it
is obtained that R is a right P.S ring if and only if every divisible right R-module
is mininjective, and we conclude this paper by giving an example to show that
there is a non-Abelian right PS ring in which not every divisible right R-module
is mininjective.

Throughout, R is an associative ring with identity and all modules are uni-
tary. We use Mg to indicate a right R-module. As usual, F(Mg) stands for the
injective envelope of Mg, and pd(Mg) denotes the projective dimension of Mg.
We write J = J(R), Z, = Z(Rg) and S, = Soc(Rpg) for the Jacobson radical,
the right singular ideal and the right socle of R, respectively. For a subset X of R,
the left (right) annihilator of X in R is denoted by I(X) (r(X)). If X = {a}, we
usually abbreviate it to I(a) (r(a)). We use K <. N, K <™ N and K <% N to
indicate that K is an essential submodule, maximal submodule and summand of
N, respectively. Hom(M, N) (Ext™(M, N)) means Homg (M, N) (Ext% (M, N))
for an integer n > 1. General background material can be found in [1, 6, 18, 20].

2. New Characterizations of PP Rings

We start with some definitions.

A pair (F, C) of classes of right R-modules is called a cotorsion theory [6]
if £ = C and +C = F, where F* = {C : Ext!(F,C) = 0 for all F € F}, and
L ={F :Ext}(F,C) =0 forall C € C}.

Let C be a class of right R-modules and M a right R-module. A homomor-
phism ¢ : M — F with F' € C is called a C-preenvelope of M [6] if for any
homomorphism f : M — F  with F' € C, there is a homomorphism g : F — F'
such that g¢ = f. Moreover, if the only such g are automorphisms of ' when
F' = F and f = @&, the C-preenvelope ¢ is called a C-envelope of M. Following
[6, Definition 7.1.6], a monomorphism « : M — C with C' € C is said to be
a special C-preenvelope of M if coker(a) € +C. Dually we have the definitions
of a (special) C-precover and a C-cover. Special C-preenvelopes (resp., special
C-precovers) are obviously C-preenvelopes (resp., C-precovers).

Let M be a right R-module. M is called cyclically presented [20, p.342] if it
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is isomorphic to a factor module of R by a cyclic right ideal. M is P-injective
[14] if Ext!(N, M) = 0 for any cyclically presented right R-module N. M is
called cyclically covered if M is a summand in a right R-module N such that
N is a union of a continuous chain, (N, : a < A), for a cardinal A\, Ny = 0,
and N,41/N, is a cyclically presented right R-module for all & < A (see [19,
Definition 3.3]).

Denote by CC (PZ) the class of all cyclically covered (P-injective) right
R-modules. Then (CC, PZ) is a complete cotorsion theory by [19, Theorem
3.4] (note that P-injective modules are exactly divisible modules in [19]). In
particular, every right R-module has a special PZ-preenvelope and a special
CC-precover.

To prove the main theorem, we need the following lemma.

Lemma 2.1. Let PZ be closed under cokernels of monomorphisms. If M € CC,
then Ext®(M,N) =0 for any N € PZ and any integer n > 1.

Proof. For any P-injective right R-module N, there is an exact sequence 0 —
N — E — L — 0, where E is injective. Then Ext!(M, L) — Ext*(M,N) — 0
is exact. Note that L is P-injective by hypothesis, so Ext!(M,L) = 0. Thus
Ext?(M, N) = 0, and hence the result holds by induction. n

We are now in a position to prove

Theorem 2.2. The following are equivalent for a ring R:

(1) R is a right PP ring;

(2) Every quotient module of any (P-)injective right R-module is P-injective;

(3) Every (quotient module of any injective) right R-module M has a monic
PL-cover ¢ : F — M;

(4) PZI is closed under cokernels of monomorphisms, and every cyclically cov-
ered right R-module M has a monic PZ-cover ¢ : F — M,

(5) PT is closed under cokernels of monomorphisms, and pd(M) < 1 for every
cyclically covered (cyclically presented) right R-module M ;

(6) PI is closed under cokernels of monomorphisms, and E(M)/M is P-injective
for every cyclically covered right R-module M .

Proof.

(1) & (2) holds by [21, Theorem 2].

(2) = (3). Let M be any right R-module. Write FF =Y {N < M : N € PZ}
and G = ®@{N < M : N € PI}. Then there exists an exact sequence 0 —
K — G — F — 0. Note that G € PZ, so F' € PZ by (2). Next we prove that
the inclusion i : FF — M is a PZ-cover of M. Let 1 : F' — M with F' € PT
be an arbitrary right R-homomorphism. Note that ¢/(F') < F by (2). Define
¢:F — Fvia ((z) = (z) forz € F'. Then i =, andsoi: F — M is a
PZL-precover of M. In addition, it is clear that the identity map Ir of F is the
only homomorphism ¢ : F' — F' such that ig = i, and hence (3) follows.

(3) = (2). Let M be any P-injective right R-module and N any submodule
of M. We shall show that M/N is P-injective. Indeed, there exists an exact
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sequence 0 - N — E — L — 0 with F injective. Since L has a monic PZ-cover
¢ : F — L by (3), there is « : E — F such that the following exact diagram is
commutative: 0

|

F
0 N E L 0

Thus ¢ is epic, and hence it is an isomorphism. Therefore L is P-injective. For
any cyclically presented right R-module K, we have

0 = Ext’(K, L) — Ext*(K, N) — Ext*(K, E) = 0.

Therefore Ext?(K, N) = 0. On the other hand, the short exact sequence 0 —
N — M — M/N — 0 induces the exactness of the sequence

0 = Ext' (K, M) — Ext!'(K, M/N) — Ext?(K, N) = 0.

Therefore Ext! (K, M/N) = 0, as desired.

(3) = (4) and (2) = (6) are clear.

(4) = (2). Let M be any P-injective right R-module and N any submodule
of M. We have to prove that M/N is P-injective. Note that N has a special
‘PI-preenvelope, i.e., there exists an exact sequence 0 - N — E — L — 0 with
E € PZ and L € CC. The rest of the proof is similar to that of (3) = (2) by
noting that Ext?(K, E) = 0 for any cyclically presented right R-module K by
Lemma 2.1.

(6) = (2). Let M be any P-injective right R-module and N any submodule of
M. Note that N has a special CC-precover, i.e., there exists an exact sequence
0 - K —L— N — 0with K € PZ and L € CC. We have the following
pushout diagram

0 0

0 K = L N = ()

00— K —— F(L) - H 0

0 0
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Since K and E(L) are P-injective, so is H by (6). Note that E(L)/L is P-
injective by (6). Thus (6) = (2) follows from the proof of (3) = (2) and Lemma
2.1.

(2) = (5). Let M be a cyclically covered right R-module. Then M admits a
projective resolution

-—-P,—-P,1—--PL—->FP—M-—0.
Let N be any right R-module. There is an exact sequence
0—-N—-F—L—Q0,

where F and L are P-injective. Therefore we form the following double complex

0 0 0
T T T

0 —- Hom(M,L) — Hom(Py,L)— --- — Hom(P,,L)—
T T T

0 - Hom(M,E) — Hom(Fy,E)— --- — Hom(P,,FE)—
T T T

0 — Hom(Py,N) —» .-+ — Hom(P,,N) —
T T
0 0

Note that, by Lemma 2.1, all rows are exact except for the bottom row since
M is cyclically covered, E and L are P-injective, also note that all columns are
exact except for the left column since all P; are projective.

Using a spectral sequence argument, we know that the following two com-
plexes

0 — Hom(Py, N) — Hom(P;, N) — - -+ —» Hom(P,,N) — - --

and
0 — Hom(M, E) — Hom(M, L) — 0

have isomorphic homology groups. Thus Ext?(M,N) = 0 for all j > 2, and
hence pd(M) < 1.

(5) = (1). For any principal right ideal I of R, consider the exact sequence
0—TI— R— R/I — 0. Since pd(R/I) <1 by (5), I is projective. So R is a
right PP ring. This completes the proof. ]

If R is an integral domain, then R is a Dedekind ring if and only if every
cyclic R-module is a summand of a direct sum of cyclically presented modules
[20, 40.5]. Here we generalize the result to the following

Proposition 2.3. Let R be a ring such that every cyclic right R-module is
cyclically covered. Then the following are equivalent:

(1) R is a right PP ring;

(2) R is a right hereditary ring.
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Proof.

(2) = (1) is obvious.

(1) = (2). Let N be a P-injective right R-module and I a right ideal of R.
Since (CC, PI) is a cotorsion theory, Ext'(R/I, N) = 0 by hypothesis. So N is
injective. Note that R is right hereditary if and only if every quotient module
of any injective right R-module is injective, and so (2) follows from (1) and
Theorem 2.2 (2). [

3. Generalizations of PP Rings

Recall that R is called right PS [13] if each simple right ideal is projective.
Clearly, R is right PS if and only if S, is projective as a right R-module. R
is right nonsingular if Z,. = 0. It is well known that right PP rings = right
nonsingular rings = right P.S rings, but no two of these concepts are equivalent
(see [11, 13]).

In this section, we introduce the notion of X-PP rings which unifies PP
rings, PSS rings and nonsingular rings, where X is a non-empty subset of R.

Definition 3.1. Let X be a non-empty subset of a ring R. R is called a right
X-PP ring if aR is projective for any a € X.

Proposition 3.2. A ring R is right Z,.-PP if and only if R is right nonsingular.

Proof. Suppose R is a right Z,-PP ring. Let x € Z,, then r(z) <. Rg. By
hypothesis, R is projective. So the exact sequence 0 — r(z) - Rg — 2R — 0
is split, thus r(z) is a summand of Rg. It follows that r(z) = R, and so « = 0.
Thus R is a right nonsingular ring. The other direction is obvious. ]

Obviously, R is right PP if and only if R is a right R-PP ring, and R is right
PS if and only if R is a right X-PP ring, where X = {a € R : aR is simple}.
Hence the concept of X-PP rings subsumes PP rings, PS rings and nonsingular
rings.

It is clear that right PP-rings are right J-PP, but the converse is false as
shown by the following example.

7 7 0 1
0 Z>' Then J = ei;oR, where ejo = <O 0>. Note
that Z/2Z is not a projective Z-module. Hence R is not a right PP ring by [21,
Theorem 6]. Let 0 # o € J. Then it is easy to verify that r(z) = e11 R is a

(1) 8) So R is a right J-PP ring.

Ezxample 1. Let R = (

summand of Rg, where e1; = (

It is known that every right PP ring is right P.S. This result can be gener-
alized to the following

Proposition 3.3. Let R be a right J-PP ring. If a € R such that aR (or Ra)
is a simple right (or left) R-module, then aR is projective. In particular, a right
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J-PP ring is right PS.

Proof. 1If aR is simple and (aR)? # 0, then aR = eR for an idempotent e € R
by [20, 2.7], and so aR is projective. If Ra is simple and (Ra)? # 0, then Ra =
Rf for an idempotent f € R. So aR is also projective. If (aR)? = 0 or (Ra)? =
0, then a € J. By hypothesis, aR is projective. n

The next example gives a right PS ring which is not right J-PP. So right
J-PP rings lie strictly between right PP rings and right PS rings.

m n
0 m
addition and the multiplication as those in ordinary matrices. Note that J =

(0 Z) and S, = 0 by [22, Example 3.5], so R is a right PS ring. Let x =

Example 2. Let R = { :m,n € Z}. Then R is a ring with the

0 0

0 0
generated by an idempotent, hence R is not a right J-PP ring.

(0 2 . Then =z € J. But zR is not projective since r(z) = J can not be

It is known that right P P-rings are right nonsingular. However, right J-PP
rings need not be right nonsingular. Indeed, there exists a right primitive ring
R (hence J = 0) with Z, # 0 (see [3, p. 28-30]). The next example gives a right
nonsingular ring which is left semihereditary (hence, left J-PP) but not right
J-PP.

Ezample 3. (Chase’s Example) Let K be a regular ring with an ideal I such
that, as a submodule of Kk, I is not a summand. Let R = K/I, which is also
a regular ring. Viewing R as an (R, K)-bimodule, we can form the triangular
R R
0 K
by the argument in [11, Example 2.34]. Moreover, since Z(Rg) =0, Z(Kk) = 0,
it follows that Z(Tr) = 0 by [8, Corollary 4.3].

Recall that a right R-module Mg is mininjective [15] if every homomor-
phism from any simple right ideal into M extends to R. Mg is divisible [18,
20] if Mr = M for any r € X where X = {a € R: r(a) = l(a) = 0}. Mg is
said to satisfy the C2-condition if every submodule N of M that is isomorphic
to a summand of M is itself a summand of M. A ring R is said to be right
P-injective (mininjective) if R is P-injective (mininjective). R is called a right
C2 ring if Rp satisfies the C'2-condition.

matrix ring T = . Then T is left semihereditary but not right J-PP

Definition 3.4. Let R be a ring and M a right R-module. For a non-empty
subset X of R, M is said to be X -P-injective if every homomorphism aR — M
extends to R for any a € X. R is said to be right X -P-injective if Rp is X -P-
injective. R is called a right X -C2 ring if Rr satisfies the C2-condition only for
N =aR,a€ X.

Clearly, Mg is P-injective if and only if Mp is R-P-injective, Mg is minin-
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jective if and only if My is X-P-injective, where X = {a € R : aR is simple},
Mp, is divisible if and only if Mg is X-P-injective, where X = {a € R : r(a) =
l(a) = 0}. We also note that right J-P-injective rings here are precisely right
J P-injective rings in [22].

Recall that an element a in R is said to be (von Neumann) regular if a =
aba for some b € R. A subset X C R is said to be regular if every element in X
is regular.

Proposition 3.5. The following are equivalent for a non-empty subset X of R:
(1) Ewvery right R-module is X -P-injective;

(2) aR is X-P-injective for any a € X;

(3) R is a right X-P-injective and right X-PP ring;

(4) R is a right X-C2 and right X-PP ring;

(5) X is regular.

Proof.

(1) = (2) is clear.

(2) = (5). Let a € X. Then aR is X-P-injective. It follows that the inclusion
t:aR — R is split. Therefore aR <® Rpg, and hence a is regular.

(5) = (1) and (3). Since X is regular, aR is a summand of Rg for any a € X.
Hence (1) and (3) hold.

(3) = (4). Using [22, Lemma 1.1] and the proof of [17, Lemma 2.5 (3)], it is
easy to see that a right X-P-injective ring is right X-C2.

(4) = (5). Let a € X. Since R is a right X-PP ring, aR is projective. So aR is
isomorphic to a summand of Rg. Since R is a right X-C?2 ring, it follows that
aR is a summand of Rg. Thus a is a regular element, and so X is regular. m

Letting X = {a € R : aR is simple} in Proposition 3.8, we get some char-
acterizations of right universally mininjective rings studied by Nicholson and
Yousif (see [15, Lemma 5.1]).

Recall that R is called a left SF ring if every simple left R-module is flat.

Lemmma 3.6. If R is a left SF ring, then R is a right C2 ring.

Proof. Let I = Ra; + Ras + - - - + Ra,, be a finitely generated proper left ideal.
Then there exists a maximal left ideal M containing I. Tt follows that R/M is a
flat left R-module. By [18, Theorem 3.57], there exists u € M such that a;u = a;
(1=1,2,---,n). Thus I(1 —u) = 0 and hence r(I) # 0. Now suppose aR = K
where K <% Rpg, then aR is projective. Hence aR <® Rpr by [2, Theorem 5.4].
So R is a right C2 ring. n

In what follows, o : M — PI(M) (epr : P(M) — M) denotes the PZ-
envelope (projective cover) of a right R-module M (if they exist). Recall that
a PZ-envelope oy : M — PI(M) has the unique mapping property [5] if for
any homomorphism f : M — N, where N is P-injective, there exists a unique
homomorphism g : PI(M) — N such that gops = f. The concept of an injective
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envelope (projective cover) with the unique mapping property can be defined
similarly.

Recall that a ring R is said to be semiregular in case R/J is regular and
idempotents can be lifted modulo J. R is a right weakly continuous ring if R is
semiregular and J = Z,. By [16, p.2435], a right PP right weakly continuous
ring is regular. This conclusion remains true if we replace right PP by right
J-PP as shown in the following

Theorem 3.7. The following are equivalent for a ring R:

(1) R is regular;

(2) Every (cyclic) right R-module is P-injective;

(3) R is a right PP right C2 (or P-injective) ring;

(4) R is a right PP left SF ring;

(5) R is a right J-PP, right J-C2 and semiregular ring;

(6) R is a right J-PP right weakly continuous ring;

(7) Every right R-module has a PZ-envelope with the unique mapping property;

(8) PZI is closed under cokernels of monomorphisms, and every cyclically cov-

ered Tight R-module has a PZI-envelope with the unique mapping property;

(9) PZ is closed under cokernels of monomorphisms, and every cyclically cov-
ered right R-module is P-injective.

Proof. The equivalence of (1) through (3) and (5) = (1) follow from Proposition
3.5, (1) < (4) holds by Lemma 3.6 and Proposition 3.5, (6) = (5) follows from
[16, Theorem 2.4], and (1) = (6) through (9) is obvious.

(7) = (2). Let M be any right R-module. There is the following exact commu-
tative diagram

0—> M —2PI(M) —— L 0
H"‘«-H_H_ \\" LY o
0 ‘:}\ l :
PI(L)

Note that oryoa = 0 = 0oy, so oy = 0 by (7). Therefore L = im(y) C
ker(or) = 0, and hence M is P-injective.
(9) = (2). Let M be any right R-module. Note that M has a special CC-
precover, i.e., there exists an exact sequence 0 — K — L — M — 0 with
K € PZ and L € CC. Thus L € PZ, and M € PZ by (9).
(8) = (9). Let M be a cyclically covered right R-module. By (8), there is an
exact sequence

0— M 2% PI(M) - L — 0,

where L is cyclically covered by Wakamatsu’s Lemma [6, Proposition 7.2.4].
Thus M is P-injective by the proof of (7) = (2). ]
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The following two examples show that the condition that R is right J-PP
(or right J-C2) in Theorem 3.7 is not superfluous.

Ezxample 4. Let V be a two-dimensional vector space over a field F' and R =
{ Tg :1) :m € Fn € V}. Then R is a commutative, local, Artinian C2
ring, but R is not a P-injective ring by [16, p.2438]. Hence R is a semiregular
J-C?2 ring, but it is not regular.

F F

Ezxample 5. Let F be a field and R = ( 0 F

). Then R is a left and right

0 F
0 0
ring which is not regular. However R is a right J-PP ring. In fact, let 0 # x € J.

Then it is easy to verify that r(z) = <€ g) = (é 8) R is a summand of

Rpg, and so zR is projective, as required.

Artinian ring with J = ( ) by [16, p.2435]. Clearly, R is a semiregular

A ring R is said to be right Kasch if every simple right R-module embeds in
Rpg, equivalently Hom (M, R) # 0 for any simple right R-module M. Tt is known
that R is semisimple Artinian if and only if R is a right PP and right (or left)
Kasch ring (see [16, p. 2435]). Here we get the following

Theorem 3.8. The following are equivalent for a ring R:
(1) R is a semisimple Artinian ring;

(2) R is a right J-PP right Kasch ring;

(3) R is a right J-PP left Kasch ring;

(4) R is a right PS right Kasch ring;

(5) Every right R-module has an injective envelope with the unique mapping
property;

(6) Ewvery right R-module has a projective cover with the unique mapping prop-
erty;

(7) Every cyclic right R-module is both cyclically covered and P-injective.

Proof.

(1) = (2) through (7) is obvious.

(2) = (4) follows from Proposition 3.3.

(4) = (1). It suffices to show that every simple right R-module is projective.
Let M be a simple right R-module. By [13, Theorem 2.4], M is either projective
or Hom(M, R) = 0 since R is right PS. Now Hom(M, R) # 0 by the right Kasch
hypothesis. So M is projective.

(3) = (1). It is enough to show that every simple left ideal is projective. Let Ra
be a simple left ideal. By Proposition 3.3, aR is projective. Let r(a) = (1 —e)R,
€2 =e € R. Then a = ae, so Ra C Re, and we claim that Ra = Re. If not, let
Ra C M <™®* Re. By the left Kasch hypothesis, let 0 : Re/M — R be monic
and write ¢ = o(e+ M). Then ec = cand c € r(a) = (1 —e)R (for ae = a € M)
and hence ¢ = ec = 0. Since o is monic, e € M, a contradiction. So Ra = Re is
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projective, as required.
(6) = (1). Let M be any right R-module. There is the following exact commu-
tative diagram

P(K) i
] T~ 0
€5 T
e g ~—
H'Qh
0 K - P(U)T VI —=0
0

Note that epraex = 0 = €p0, so aeg = 0 by (6). Therefore K = im(ex) C
ker(a)) = 0, and so M is projective, as required.

The proof of (5) = (1) is similar to that of (7) = (2) in Theorem 3.7.
(7) = (1). By the proof of Proposition 2.3, every P-injective right R-module
is injective. Thus every cyclic right R-module is injective by (7), and hence (1)
follows from [11, Corollary 6.47]. ]

Note that semiprime rings are always right PS. So we have

Corollary 3.9. [7, Proposition 5.1]. A semiprime right Kasch ring is semisimple
Artinian.

By a slight modification of the proof of [21, Theorem 2], we obtain the
following

Proposition 3.10. Let X be a non-empty subset of a ring R. The following

are equivalent:

(1) R is a right X-PP ring;

(2) Every quotient module of any (X -P- )injective right R-module is X - P-injective;

(3) Every sum of two (X-P)-injective submodules of any right R-module is X -
P-injective.

Let X = {a € R: aR is simple} (resp., J) in Proposition 3.10, we obtain
the next corollary.

Corollary 3.11. The following are equivalent for a ring R:

(1) R is a right PS (resp., J-PP) ring;

(2) Every quotient module of any mininjective (resp., J-P-injective) right R-
module is mininjective (resp., J-P-injective);

(3) Ewvery sum of two injective submodules of any right R-module is mininjective
(resp., J-P-injective).

We note that P-injective modules are always divisible, but the converse is
not true in general. For example, let R = Z/47Z, and note that R has exactly
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three ideals: 0,2R, R. It is clear that 2R is a divisible R-module, but it is not
P-injective.

Recall that R is called an Abelian (or normal) ring if every idempotent of
R is central. If R is an Abelian ring, then R is a right PP ring if and only if
every divisible right R-module is P-injective ([9, Theorem 8]). Here we have

Theorem 3.12. Let X be a right ideal of an Abelian ring R. Then the following
are equivalent:

(1) Every divisible right R-module is X -P-injective;

(2) R is a right X-PP ring.

Proof.
(1) = (2). Let M be an injective right R-module, then it is divisible. Thus
every quotient module of M is divisible, and so it is X-P-injective by (1). Hence
R is a right X-PP ring by Proposition 3.10.
(2) = (1). Assume M is a divisible right R-module. Let a € X and f: aR — M
be a right R-homomorphism. Since R is a right X-PP ring, r(a) = eR where
e? = e € R. We claim that a + e is a non-zero-divisor. In fact, let = € r(a + ¢),
then (a+e)x = 0. It follows that ex = 0 and az = 0 since R is an Abelian ring,
thus z € r(a), and so © = ex = 0. Therefore r(a +€) =0. Next, let y € l[(a +€).
Then y(a +¢e) = 0, so ye = 0 and ya = 0. Thus ay € r(ay). Since X is a right
ideal, ay € X. By hypothesis, there exists f2 = f € R such that r7(ay) = fR. So
ay = fay =ayf =0. Thus y € r(a) and so y = ey = ye = 0. Hence [(a+e) = 0.
Since M is divisible, there exists m € M such that m(a + €) = f(a). Note
that f(a) = f(a(l —e€)) = f(a)(1 —e), so f(a) = m(a+ €)(1 —e) = ma, and
hence f: aR — M extends to R. This completes the proof. n

Corollary 3.13. If R is an Abelian ring, then R is a right PS (resp., right
J-PP) ring if and only if every divisible right R-module is mininjective (resp.,
J-P-injective).

The ring R in the next example is a non-Abelian right P.S ring, but not every
divisible right R-module is mininjective. So the condition that R is Abelian in
Corollary 3.13 cannot be removed.

Example 6. Let R = Ly Iy = { a b a,b,c € ZQ}. It is clear
0 Zs 0

11 11 11 11 . 1 1Y\.
that <0 0> <0 1>7£<0 1> <0 O> with (O O> idempotent. Hence

1 0 1 1
01 and 0 1) e
the only two non-zero-divisors of R, it follows that Ry is a divisible R-module.

Now let z = (0 1 ) It is easy to see that xR is a simple right ideal, r(z) =

R is not an Abelian ring. Since invertible elements

(22 %) =(3 D)ot e= (5 %) 4 (3 %) =t o

is not mininjective by [15, Lemma 1.1]. However, R is a right PP ring and
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hence it is right PS. In fact, it is easily checked that every element of R is
either nilpotent or idempotent or invertible. Note that z = <8 (1)> is the only

10

non-zero nilpotent element and r(z) = <O 0

> R is a summand of Rp, and so

xR is projective, as required.
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