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Abstract Let GG be a finite group and n.X a conjugacy class of elements of order n
in G. G is called nX —complementary generated if, for every © € G — {1}, there is a
y € nX such that G =< z,y >.

In [20] the question of finding all positive integers n such that a given non-abelian
finite simple group G is nX-complementary generated was posed. In this paper we
answer this question for the sporadic group Ru. In fact, we prove that for any element
order n of the sporadic group Ru, Ru is nX-complementary generated if and only if
n > 3.

1. Introduction

A group G is said to be (I, m, n)-generated if it can be generated by two elements
x and y such that o(z) = I, 0(y) = m and o(xy) = n. In this case G is the quotient
of the triangle group T'(I, m,n) and for any permutation 7 of Ss, the group G is
also (()w, (m)m, (n)m)-generated. Therefore we may assume that [ < m <n. By
[5], if the non-abelian simple group G is (I, m, n)-generated, then either G = Aj
or % + # + % < 1. Hence for a non-abelian finite simple group G and divisors
l,m,n of the order of G such that % + % + % < 1, it is natural to ask if G
is a (I, m,n)-generated group. The motivation for this question came from the
calculation of the genus of finite simple groups [26]. It can be shown that the
problem of finding the genus of a finite simple group can be reduced to one of
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generations(for details see [23]).

In a series of papers, [16-21] Moori and Ganief established all possible
(p, q, 7)-generations and nX-complementary generations, where p, g, r are dis-
tinct primes, of the sporadic groups Ji, Jo, J3, HS, McL, Cos,Coz, and Fys.
Also, the first author in [2-4] and [8-14] (joint works), did the same for the
sporadic groups Coy, Th, O'N, Ly, Suz and He. The motivation for this study
is outlined in these papers and the reader is encouraged to consult these papers
for background material as well as basic computational techniques.

Throughout this paper we use the same notation as in [1,8,10,11]. In
particular, A(G) = A(IX,mY,nZ) denotes the structure constant of G for
the conjugacy classes [X,mY,nZ, whose value is the cardinality of the set
A = {(z,y)|zy = z}, where z € [X,y € mY and z is a fixed element of
the conjugacy class nZ. Also, A*(G) = AL(IX,mY,nZ) and £(H) denote the
number of pairs (x,y) € A such that G = (x,y) and (x,y) C H, respectively.
The number of pairs (z,y) € A generating a subgroup H of G will be given by
¥*(H) and the centralizer of a representative of /X will be denoted by C¢(1X).
A general conjugacy class of a subgroup H of G with elements of order n will
be denoted by nz. Clearly, if A*(G) > 0, then G is (IX, mY,nZ)-generated and
(IX,mY,nZ) is called a generating triple for G. The number of conjugates of a
given self-normalizing subgroup H of G containing a fixed element z is given by
XNe(#)(2), where X ng(my is the permutation character of G with action on the
conjugates of H (cf. [24]). In most cases we will calculate this value from the
fusion map from Ng(H) into G stored in GAP [22].

Let G be a group and nX a conjugacy class of elements of order n in G.
Following Woldar [25], the group G is said to be nX-complementary generated
if, for any arbitrary non-identity element € G, there exists a y € n.X such that
G = (z,y). The element y = y(z) for which G = (x,y) is called complementary.

It is an easy fact that, for any positive integer n, T(2,2,n) = Ds,, the
dihedral group of order 2n. This shows that a non-dihedral group cannot be
2X-complementary generated.

Now we discuss techniques that are useful in resolving generation type ques-
tions for finite groups. A useful result that we shall often use is a result from
Conder, Wilson and Woldar [6], as follows:

Lemma 1.1. If G is nX -complementary generated and (sY)* = nX, for some
integer k, then G is sY -complementary generated.

Further useful results that we shall use are:

Lemma 1.2. ([19]) Let G be a (2X,sY,tZ)-generated simple group then G is
(sY, sY, (tZ)?)-generated.

Lemma 1.3. Let G be a finite simple group and H a mazximal subgroup of G
containing a fized element x. Then the number h of conjugates of H containing
x is xu(x), where xg is the permutation character of G with action on the
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conjugates of H. In particular,
ICG

h =
Z Cnla

where x1,Ta, -+ , Ty are representatives of the H-conjugacy classes that fuse to
the G-conjugacy class of x.

We calculated h for suitable triples in Table 3. Throughout this paper our
notation is standard and taken mainly from [1, 6, 8]. In this paper, we will prove
the following theorem:

Theorem. The Rudvalis group Ru is nX -complementary generated if and only
ifn > 3.

2. nX-Complementary Generations for Ru

In this section we obtain all of the nX-complementary generations of the Rud-
valis group Ru. We will use the maximal subgroups of Ru listed in the ATLAS
extensively, especially those with order divisible by 29. We listed in Table 1, all
the maximal subgroups of Ru and in Table 3, the fusion maps of these max-
imal subgroups into Ru (obtained from GAP) that will enable us to evaluate
A%, (X, qY,rZ), for prime classes pX, ¢Y and rZ. In this table h denotes the
number of conjugates of the maximal subgroup H containing a fixed element z
(see Lemma 1.4). For basic properties of the group Ru and information on its
maximal subgroups the reader is referred to [7]. It is a well known fact that Ru
has exactly 15 conjugacy classes of maximal subgroups, as listed in Table 1.

Table 1. The Maximal Subgroup of Ru

Group Order Group Order
2F,(2) .2 212335213 | 20:U5(3):2 | 212337
(22 x Sz(8)): 3 | 28.3.5.7.13 238 1 [5(2) | 214.3.7
Us(5).2 25.32.5%.7 22476 Gy 21435
Ly(25).22 25.3.5%.13 Ag 20.32.5.7
L5(29) 22.3.5.7.29 52 :48; 25.3.53
3.44.22 25.33.5 51+2 . 25 25.53
Ly(13).2 23.3.7.13 Ag.22 25.32.5
5: (4 x As) 24.3.52

In [25], Woldar proved that every sporadic simple group is pX-complementary
generated, for the greatest prime divisor p of the order of the group. Also, by
another result from [25], a group G is nX-complementary generated if for every
conjugacy class pY of prime order elements in G there is a conjugacy class tZ
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such that G is (pY,nX,tZ)-generated. By the mentioned result of Woldar Ru
is 29X -complementary generated, for X € {4, B}.

Lemma 2.1. The sporadic group Ru is not 4Z-complementary generated, for
Z € {A,B,C,D}. It is not 2X -complementary generated, for X € {A, B}.

Proof. Since Ru is simple and every finite simple group is not isomorphic to
some dihedral group, Ru is not (2X, 2X, nY')-generated, for all classes of involu-
tions and any Ru-class nY. Thus, Ru is not 2X —complementary generated. Set
V ={A, B,C, D} and consider the conjugacy class 29B. If Z € V and pY is an
arbitrary prime class of Ru, then by Table 1 and Table 3, there is no maximal
subgroup of Ru that contains (pY, 47, 29 B)-generated proper subgroups. There-
fore, A%, (pY,4Z,29B) = Ar,(pY,4Z,29B) > 0, and so Ru is (pY,4Z,29B)-
generated. This shows that the Rudvalis group Ru is 4Z-complementary gener-

ated, for Z € V.

Table 2. The Structure Constants of the Group Ru

pX A(24,3A,pX) |A(24,3B,pX) |A(2A,5A,pX) |A(2A4,5B,pX)
TA 252 56 504 1911
13A 364 260 1456 2405
29A 203 29 551 1914
pX A(2A,TA, pX) |A(24,13A,pX) |A(2B,3A,pX) | A(2B,3B,pX)
TA - - 560 168
134 19695 - 520 52
29A 21489 10904 609 232
pX | A(2B,5A,pX) |A(2B,5B,pX) |A(2B,7A,pX) |A(2B,134,pX)
TA 1232 4144 - -
13A 728 4680 45136 -
29A 1537 5191 44486 25955
pX A(3A,5A,pX) |A(BA,5B,pX) |A(BA,7TA,pX) |A(BA,134,pX)
TA 67704 225036 - -
13A 71656 226460 2414620 -
29A 67512 227679 2411669 1298997
pX A(BATA, pX) |ABA,13A,pX) |A(BB,7A,pX) |A(5B,134,pX)
134 5050552 - 17170439 -
29A 5212025 2850613 17375176 9502923
pX |A(TA13A,pX) - - -
29A 100214894 - - -

Theorem 2.2. The Rudvalis group Ru is pX-complementary generated, if p is

an odd prime divisor of |Ru|.
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Proof. By Woldar’s result, mentioned above, the group Ru is 29 X -complementary
generated for X € {A, B}. So, it is enough to investigate the prime divisors of
|Ru| distinct from 2 and 29. Set A = {2A4,5A,13A} and consider the conjugacy
class 29A. Our main proof will consider a number of cases:

Case 1. Ru is 3A-complementary generated. If pY € A then by Table 1 and Ta-
ble 3, there is no maximal subgroup of Ru that contains (pY, 34, 29 A)-generated
proper subgroups. Therefore, A%, (pY,34,29A4) = Ag,(pY, 34, 294) > 0, and
so Ru is (pY,3A,29A)-generated. On the other hand, by Lemma 1.3, since Ru
is (24,34,29A)—generated, it is (3A4,3A4,(294)? = 29B)-generated. We now
assume that pY is a prime class of Ru, different from 24,3A4,5A4 and 13A.

Table 3. The Partial Fusion Map of L3(29) into Ru

L2(29)-class 2a 3a 5a 5b 7a  7b  Tc 29a 29b
— Ru 2B 3A 5B 5B TA  TA TA 29A 29B
h 6 1 1

By Table 3, L2(29) is the only class of maximal subgroups containing ele-
ments of order 29. Consider the triple (2B,3A4,29A). Thus Ag,(2B,3A4,29A) =
609 and 3(L2(29)) = 29. From Table 3, we calculate further that A*(Ru) >
609 — 1(29) > 0 and the generation of Ru by this triple follows. We now
consider the triple (5B,3A4,29A). By Table 2, Agr,(5B,34,294) = 227679
and X(L2(29)) = 116. From Table 3, we calculate further that A*(Ru) >
227679 — 1(116) > 0 and the generation of Ru by this triple follows. For
the conjugacy class 7TA, using a similar argument as in above, we can see that
(TA,3A,29A) is a generating triple for Ru. On the other hand, there is no max-
imal subgroup containing the conjugacy classes 34,13A and 29A. This shows
that A%, (134,3A4,29A) = Agr.(134,34,294) > 0.

For the cases 294 and 29B, we apply the Woldar’s result and the fact that
the relation R introduced above is symmetric.

Case 2. Ru is pX -complementary generated, for pX € {5A,13A}. Using Table
3, we can see that there is no maximal subgroup containing the conjugacy classes
5A and 294 or 134 and 29A. This shows that A*(Ru) = A(Ru) > 0. Thus, the
Rudvalis group Ru is 5A4- and 13 A-complementary generated.

Case 8. Ru is 5B-complementary generated. If pY € A then by Table 1 and Ta-
ble 3, there is no maximal subgroup of Ru that contains (pY, 5B, 29 A)-generated
proper subgroups. Therefore, A}, (pY,5B,29A) = Ag,(pY, 5B, 294) > 0, and
so Ru is (pY,5B,29A)-generated. On the other hand, by Lemma 1.3, since Ru
is (2A4,5B,29A)-generated, it is (5B,5B, (294)% = 29A)-generated. Suppose
that pY is an arbitrary prime class of Ru, different from 2A4,5A,5B and 13A.
Amongst the maximal subgroups of Ru with order divisible by 29, the only
maximal subgroups with non-empty intersection with any conjugacy class in
this triple are isomorphic to L2(29). By tedious calculations, similar to those in
Case 1, we can see that A%, (pY,5B8,294) > 0 and so Ru is 5B-complementary
generated.
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Case 4. Ru is TA-complementary generated. If pY € A then by Table 1 and Ta-
ble 3, there is no maximal subgroup of Ru that contains (pY, 74, 29 A)-generated
proper subgroups. Therefore, A%, (pY,7A,29A) = Ag,(pY, TA, 29A4) > 0, and
so Ru is (pY,7A,29A)-generated. On the other hand, by Lemma 1.2, since
Ru is (2A4,7A,29A)-generated, it is (7A,7A, (294)? = 29A)-generated. Sup-
pose that pY is an arbitrary prime class of Ru, different from 2A4,5A,7A and
13A. Amongst the maximal subgroups of Ru with order divisible by 29, the only
maximal subgroups with non-empty intersection with any conjugacy class in this
triple are isomorphic to L2(29). Using a similar calculations, as in Case 1, we
can see that A%, (pY,7A4,294) > 0 and so Ru is 7A-complementary generated.
This completes the proof. n

We are now ready to prove the main result of this paper:

Theorem. The Rudvalis group Ru is nX -complementary generated if and only
if n > 3.

Proof. If nX is a conjugacy class of Ru with n ¢ {1,2}, then n is divisible by
at least one of 3,4,5,7,13,29. So the result follows from Lemma 2.1, Theorem
2.2 and elementary considerations. [ |
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