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Abstract. In this paper we establish the laws of large numbers for blockwise martin-
gale differences and for blockwise adapted sequences which are stochastically dominated
by a random variable. Some well-known results from the literature are extended.

1. Introduction and Notations

Let {F,,n > 1} be an increasing o-fields and let {X,,,n > 1} be a sequence of
random variables. We recall that the sequence {X,,,n > 1} is said to be adapted
to {Fn,n > 1} if each X,, is measurable with respect to F,,. The sequence
{Xn,n > 1} is said to be stochastically dominated by a random variable X if
there exists a constant C' > 0 such that P{|X,| > t} < CP{|X| > ¢} for all
nonnegative real numbers ¢ and for all n > 1.

Related to the adapted sequences, Hall and Heyde [3] proved the following
theorem.

Theorem 1.1. (see [3], Theorem 2.19) Let {F,,,n > 1} be an increasing o-fields
and {X,,n > 1} is adapted to {F,,n > 1}. If {X,,n > 1} is stochastically
dominated by a random variable X with E|X| < oo, then

1 N (X — E(Xi|Fio1)) & 0as n— . (1.1)
n
=1

In the case, when E(|X|log’ |X|) < 0o or X,, are independent, the convergence
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in (1.1) can be strengthened to a.s. convergence.

Moricz [4] introduced the concept of blockwise m-dependence for a sequence
of random variables and extended the classical Kolmogorov strong law of large
numbers to the blockwise m-dependence case. Later, the strong law of large
numbers for arbitrary blockwise independent random variables was also studied
by Gaposhkin [1]. He then showed in [2] that some properties of independent
sequences of random variables remain satisfied for the sequences consisting of
independent blocks. However, the same problem for sequences of blockwise in-
dependent and identically distributed random variables and for blockwise mar-
tingale differences is not yet studied.

The main results of this paper are Theorems 3.1, 3.3. Theorem 3.1 establishes
the strong law of large numbers for arbitrary blockwise martingale differences.
In Theorem 3.3, we set up the law of large numbers for the so called blockwise
adapted sequences which are stochastically dominated by a random variable X.
Some well-known results from the literature are extended.

Let {w(n),n > 1} be a strictly increasing sequence of positive integers with
w(l) = 1. For each k > 1, we set Ay = [w(k),w(k + 1)). We recall that a
sequence {X;,7 > 1} of random variables is blockwise independent with respect
to blocks [Ag], if for any fixed k, the sequence {X;}ica, is independent.

Now let {F;,i > 1} be a sequence of o-fields such that for any fixed k, the
sequence {F;,i € Ay} is increasing. The sequence {X;,¢ > 1} of random vari-
ables is said to be blockwise adapted to {F;,i > 1}, if each X; is measurable with
respect to F;. The sequence {X;, F;,¢ > 1} called a blockwise martingale differ-
ence with respect to blocks [Ag], if for any fixed k, the sequence {X;, F;}ica, is
a martingale difference. Let

Ny, = min{njw(n) > 2™},
Sm = Nmt1 — N + 1,
o(i) = max s if i € [2™, 2™,
A = [gm oty i >,
A = AL A >0,k > 1,
pm = min{k : A,im) # 0},
qm = max{k : A;cm) #0}.
Since w(Ny, — 1) < 2™ w(Np,) > 2™ w(Nyy1) > 2™ for each m > 1, the
number of nonempty blocks [A,(cm)] is not larger than s, = Npyy1 — Ny + 1.
Assume A,(cm) # 0, let r,(cm) =min{r:r e A,(Cm)}.

Throughout this paper, C' denotes a unimportant positive constant which is
allowed to be changed.

2. Lemmas

In the sequel we will need the following lemmas.
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Lemma 2.1. (Doob’s Inequality) If {X;, 5}, is a martingale difference,
EIX|P <oo (1 <p<o0), then

k N
p
P < P P,
Ehﬁ?f}é?lm (=—7)"El Z§1Xz|

Lemma 2.2. If {z,,n > 0} is a sequence of numbers such that lim x, = 0
n—oo

and q > 1, then

n
lim ¢~" Mgy, = 0.

. €
Proof. Let s =q+ Y .0, q " For any € > 0, there exists ko such that |z;| < %
s

for all k& > kg. Since lim ¢~" = 0, so, there exists ny > ko such that for all

n—oo
n > ng, we have
ko €
|q7nzqk+1xk‘ < 5
k=0
It follows that
n ko =
a7 D e < g Yo dM ] et Y dt
k=0 k=0 fott
€ € 1
< e _ 1 — e
S5t Tty )
:§+§:eforalln2no~

3. Main Results

With the notations and lemmas as above, the main results may now be estab-
lished. The following theorem is analogous to Theorem 1 in [1].

Theorem 3.1. Let {X;,F;,i > 1} be a blockwise martingale difference. If
= F|X;|?
> 1—21 < 00, (3.1)
i=1

then
Z?:l Xi

— 0 a.s. as n — . 3.2
; (
npz(n)

Proof. Let
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n
V;im): max E X, m>0,k>1,
neA{™ (m)
=7-k

qm
=273 2m) 3 ™, m> 0.
k=pm

By using Lemma 2.1 for the martingale differences {X;} we get

ieAl™)
2
Eb{"P <4B| 3 X
ieapm

<4 ) EIX, m=>0,k>1.
ieal™

This implies

Im
Ely,|? <2722 Z E|'ykm)|2 (by the Cauchy-Schwarz inequality)

k=pm
om+1_q
EX 2
<4 Z | | m > 0.
Z 27”

Thus Y o_, E|vm|? < co. By the Chebyshev inequality and the Borel-Canteli
Lemma, we have

lim v, =0 a.s. (3.3)

m— 00

On the other hand, for each k > 1, we have
0<2 My 3 2mzzy"f’<2 mZ2k+1 : (3.4)
k=0 i=pg
. _ _1 m k
Then by (3.3), (3.4) and Lemma 2.2, we get mlgnoo 27T E(2™) Yo 2, ’Yz( ) =
0 a.s. Assume k> 1,n € Afcm), we have

0< ‘n*1g0 2

m q5
< 2_mg0_%(2m) Z Z 'yi(j) — 0 as. (m— o0).

J=01=p;

The proof is complete. [ |

Corollary 3.2. Ifw(k) =21 (orw(k) = [¢*,¢ > 1), k> 1 and {X;, Fi,i >
1} is a blockwise martingale difference with respect to blocks [Ag], then
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1 n
nlggo - ZXi =0 a.s.

i=1

Proof. In that case ¢(i) = O(1), The Corollary follows immediately from Theo-
rem 3.1. [

Theorem 3.3. Let {F;,i > 1} be a sequence of o-fields such that for any fixved
k, the sequence {F;,i € Ay} is increasing and {X;,1 > 1} is blockwise adapted
to {Fi,i > 1}. If {X;,i > 1} is stochastically dominated by a random variable
X with E|X| < oo, then

1
— Z(Xi —a;) L0 as m — oo, (3.5)
nez(n) =

where a; = BEX; if i = r,gm) and a; = BE(X;|Fi—1) if i # r,gm).
In the case, when E(|X|log™ | X|) < oo or the {X,,,n > 1} is blockwise inde-
pendent, then the convergence in (3.5) can be strengthened to a.s. convergence.

Proof. Let X, = X,I{|Xi| < i}, b; = EX, if i = r\™ and b; = E(X||F_1) if
i # r,(cm) for kK > 1 and m > 0. We have

=1
o 7 k

= ch?Z/ zP(|X| > x)dx
i=1 k=17k—1

<CY i?Y kP(X[>k-1)
i=1 k=1

=CY kP(X|>k-1)> i?
k=1 i=k

since E|X| < co. Note that {X, — b;, Fi,i > 1} is a blockwise martingale
difference, by using the proof of Theorem 3.1, we get
n

lim —— > (X, —bi) =0 as. (3.6)

n—=o0 nep2 (n)

i=1
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Next,
> P(X; # X)) ZP|X|>’L
§CZP(|X|>Z‘)<00,
=1

so that the sequences {X,,} and {X, } are tail equivalent, and hence from (3.6),
1 n

lim ———— X; —b;))=0as. . 3.7

fm s T (37)

Now, since
E[|XnlI(|Xa] > n)] :/ P(|X,| > z)dx

o0
< C/ P(|X]| > z)dx — 0,
it follows that "

n
n_lE‘ z:(az
i=1

n 'Y CE[IXGI(X,] > d)] — 0.

i=1

Therefore
nt Z(ai — b;) — 0 in probability,

implying (3.5). If {X,,,n > 1} is bockwise independent, we let F; = o{ X}, r,(cm) <
j<itifie A,(cm) for m > 0 and k > 1. Then each a,, — b,, is a constant, and

so the a.s. convergence version of (3.5) holds. To complete the proof we now
suppose that E(|X|log™ | X|) < co. Tt suffices to prove that

n~ Z(ai—bi)‘ <n 7t ZE[|X¢|I(|X¢| > i)|Fic1] — 0 as., as n — oo. (3.8)
' i=1
Since

> 0T B[ X (| Xa| > n)] =

n=1

—1/°° (1> n)is

/ P(|X]| > z)dx

oo

n*lz/ P(|X| > z)dz
: <x<i+l

P(IX]| > 1) Zn

(I1+1logi)P(|X]| >1i) <

l I/\
D%ES [ MX : ng

3
Il
-

/\

A
hE HMg

-
Il
-
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it follows that -
> 0 E[| XA I(1X0| > n)|Fuoa] < 00 aus.

n=1
Thus using Kronecker’s Lemma, we get (3.8). The proof of theorem is completed.
|

The following corollary is a strong law of large numbers for sequences of
blockwise independent and identically distributed random variables.

Corollary 3.4. Let {X;,i > 1} be a sequence of blockwise independent (with
respect to blocks [A]) and identically distributed random variables. If E|X1| <
oo, then

1 n
lim X, =0 a.s.
=% ne3 (n) ;

Similar to Corollary 3.2, we have the following.

Corollary 3.5. Let w(k) = 281 (or w(k) = [¢*"1],q > 1), k > 1, and let
{Xi,© > 1} be a sequence of random variable, {F;,i > 1} a sequence of o-fields
such that for any fized k, the sequences {F;,i € A} is increasing and each X;
is measurable with respect to F;. If {X,,n > 1} is stochastically dominated by
a random variable X with E|X| < oo, then (1.1) holds.

In the case, when E(|X|log™ |X|) < oo or {X,} is blockwise independent
with respect to blocks [Ay], the convergence in (1.1) can be strengthened to a.s.
convergence.

Note here that Corollary 3.5 extends Theorem 1.1. The next corollary ex-
tends a classical result of Kolmogorov.

Corollary 3.6. Let w(k) = 2871 (or w(k) = [¢*"'],¢ > 1), k > 1 and
{X;,i > 1} be a sequence of blockwise independent (with respect to blocks [Ay])
and identically distributed random variables. If E|X1| < oo, then

1 n
nlggo - Z;Xi =0 a.s.

Acknowledgments. The authors are grateful to the referee for his careful reading of
the manuscript and his valuable comments. The authors also are grateful to Professor
Nguyen Duy Tien of Vietnam National University, Hanoi for his helpful suggestions
and valuable discussions during the preparation of this paper.

References

1. V.F. Gaposhkin, On the strong law of large numbers for blockwise independent
and blockwise orthogonal random variables, SIAM Probability and its applications
39 (1995) 677-684.



62

Le Van Thanh and Nguyen Van Quang

V.F. Gaposhkin, On series of blockwise independent and blockwise orthogonal
systems, Matematika 5 (1990) 12-18 (in Russian).

P. Hall and C. C. Heyde, Martingale Limit Theory and its Application, Academic
Press, Inc. New York, 1980.

F. Moricz, Strong limit theorems for blockwise m-independent and blockwise
quasi-orthogonal sequences of random variables, Proc. Amer. Math. Soc. 101
(1987) 709-715.



