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Abstract. In this paper, infinite-dimensional Ito processes with respect to a symmet-
ric Gaussian random measure Z taking values in a Banach space are defined. Under
some assumptions, it is shown that if X} is an Ito process with respect to Z and g(t, x)
is a C%-smooth mapping then Y; = g(t, X;) is again an Ito process with respect to Z.
A general infinite-dimensional Ito formula is established.

1. Introduction

The Ito stochastic integral is essential for the theory of stochastic analysis.
Equipped with this notion of stochastic integral one can consider Ito processes
and stochastic differential equations. However, the Ito stochastic integral is in-
sufficient for application as well as for mathematical questions. A theory of
stochastic integral in which the integrator is a semimartingale has been devel-
oped by many authors (see [1, 4, 5] and references therein). The Ito integral with
respect to (w.r.t. for short) Levy processes was constructed by Gine and Marcus
[3]. In [11, 12], Thang defined the Ito integral of real-valued random function
w.r.t. vector symmetric random stable measures with values in a Banach space,
including Gaussian random measure.

Let X,Y be separable Banach spaces and Z be an X-valued symmetric

*This work was supported in part by the National Basis Research Program.
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Gaussian random measure. In this paper, we are concerned with the study of
processes X; of the form

t t t

X =Xo+ /a(s,w)ds + /b(s,w)d@(s) + /c(s,w)dZS o<t<T), (1)

0 0 0

where a(s,w) is an Y-valued adapted random function, b(t,w) is an B(X, X;Y)-
valued adapted random function and ¢(s,w) is an L(X,Y)-valued adapted ran-
dom function on [0,7]. Such a X is called an Y-valued Ito process with respect
to the X-valued symmetric Gaussian random measure Z. Sec. 2 contains the
definition and some properties of X-valued symmetric Gaussian random mea-
sures which will be used later and can be found in [12]. As a preparation for
defining the Y-valued Ito process and establishing the Ito formula, in Secs. 3
and 4 we construct the Ito integral of L(X,Y)-valued adapted random func-
tions w.r.t. an X-valued symmetric Gaussian random measure, investigate the
quadratic variation of an X-valued symmetric Gaussian random measure and
define what the action of a bilinear continuous operator on a nuclear operator
is. Theorem 4.3 shows that the quadratic variation of a symmetric Gaussian
random measure is its covariance measure. Sec. b will be concerned with the
definition of Ito process and the establishment of the general Ito formula. The
main result of this section is that if X,Y, E are Banach spaces of type 2, X is
reflexive, g(t,z) : [0,T] x Y — E is a function which is continuously twice
differentiable in the variable z and continuously differentiable in the variable ¢
and X; is an Y-valued Ito process w.r.t. Z then the process Y; = g(t, X;) is
again an F-valued Ito process w.r.t. Z. The differential dY; is also established
(the general infinite-dimensional Ito formula). The result is new even in the case
X,Y, E are finite-dimensional spaces.

2. Vector Symmetric Gaussian Random Measure

In this section we recall the notion and some properties of vector symmetric
Gaussian random measures, which will be used later and can be found in [12].
Let (Q, F,P) be a probability space, X be a separable Banach space and (S, .4) be
a measurable space. A mapping Z : A — L% (Q,F,P) = L% (Q) is called an X-
valued symmetric Gaussian random measure on (.5, A) if for every sequence (A,,)
of disjoint sets from A, the r.v.’s Z(A4,) are Gaussian, symmetric, independent
and

Z(U An> =Y Z(A,) in L%(Q).
n=1 n=1

For each A € A, Q(A) stands for the covariance operator of Z(A). The mapping
Q: A Q(A) is called the covariance measure of Z.

Let G(X) denote the set of covariance operators of X-valued Gaussian sym-
metric r.v.’s and N(X’, X) denote the Banach space of nuclear operators from
X’ into X. Let NT(X’, X) denote the set of non-negatively definite nuclear
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operators. It is known that [12] G(X) € NT(X’, X) and the equality G(X) =
N*(X’, X) holds if and only if X is of type 2.

A characterization of the class of covariance measures of vector symmetric
Gaussian random measures is given by following theorem.

Theorem 2.1. [12] Let @ be a mapping from A into G(X). The following

assertions are equivalent:

1. @ is a covariance measure of some X -valued symmetric Gaussian random
measure.

2. Q is a vector measure with values in Banach space N(X', X) of nuclear
operators and non-negatively definite in the sense that:
For all sequences Ay, Ag,--- , A, from A and all sequences ai,as,--- ,ay
from X' we have

(Q(A; N Aj)ai,aj) > 0.

n
= 1

n

(2

1

Given an operator R € G(X) and a non-negative measure p on (S5,.4),
consider the mapping @ from A into G(X) defined by

Q(A) = p(A)R.

It is easy to check that @ is o-additive in the nuclear norm and non-negatively
definite. By Theorem 2.1 there exists an X-valued symmetric Gaussian random
measure W such that for each A € A the covariance operator of W(A) is u(A)R.
We call W the X -valued Wiener random measure with the parameters (u, R).

In order to study vector symmetric Gaussian random measures, it is useful
to introduce an inner product on L% (€2). For &, n € L% (), the inner product
[€,7] is an operator from X' into X defined by

aHmm@:/amwmmﬂa
Q

The inner product have the following properties

Theorem 2.2. [12]
1. [&,1] s a nuclear operator and

& nlllnue < N€llLellnllL.-
2. If the space X is of type 2 then there exists a constant C' > 0 such that
1€ Elllnue < M1ENIZ, < CIIE Ellnue-
3. Iflim¢&, = ¢ and limn, = n in L% (Q) then im[¢,,n,] = [€, 1] in the nuclear
norm.
Let @ be the covariance measure of an X-valued symmetric Gaussian random

measure Z. It is easy to see that

Q(A) = [2(4), Z(A)].
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From Theorem 2.2 we get

Theorem 2.3. [12] If the space X is of type 2 then there exists a constant
C > 0 such that for each X -valued symmetric Gaussian random measure Z with
the covariance measure ) we have

E[|Z(A)|I” < CllR(A)] < ClQI(A),
where |Q| stands for the variation of Q.

3. The Ito integral of Operator-Valued Random Functions

Let S be the interval [0,T], A be the o-algebra of Borel sets of S and let Z
be an X-valued symmetric Gaussian random measure on S with the covariance
measure Q.

From now on, we assume that |Q| < A, where A is the Lebesgue measure
on S. Let L(X,Y) be the space of all continuous linear operators from X into
Y. The Ito integral of the form [ fdZ, where f is an L(X,Y)-valued adapted
random function is constructed as follows.

First, we associate to Z a family of increasing o-algebra F; C A as follows:
Fi is the o-algebra generated by the X-valued r.v.’s Z(A) with A € ANJ0,¢.

Let N (S, Z, E) be the set of E-valued functions f(¢,w) satisfying the follow-
ing:

1. f(t,w) is adapted w.r.t. Z, i.e. it is jointly measurable and F;-measurable

for each t € S.

2. & [ f(t.0) Pl < .
S
Let M(S, Z, E) be the set of E-valued functions f(¢,w) such that f(¢,w) is
adapted w.r.t. Z and P{w c [ If(Ew)?dQl(t) < oo} =1and §(S,Z,E) be
5
the set of simple functions f € N (S, Z, E) of the form

f(ta w) = Z fz(w)]-AL (t)v (2)
=0

where 0 =ty <t <ty < s < bpg1 =T, AOZ{O}, Ai:(ti,tiJrl] 1<i<n, fz
is Fi,-measurable.

In this paper, we deal with the spaces N := N(S,Z,L(X,Y)), M :=
M(S, Z, L(X,Y)), S :=S8(S, Z, L(X,Y)).

N is a Banach space with the norm

171 =& [ 15(e.w) i,
T

M is a Frechet space with the norm

1 1/2
7], —E irael) "
H{ﬂﬂ%@WpU‘ )
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I £lls = 0 if and only if [ || f(t,w|[2dQ|(t) = 0.

Lemma 3.1.
1. S is dense in N (with norm || - |).
2. S is dense in M (with norm || - ||5).

Proof. We re-denote spaces S, N', M, by S§(S, F, |Q|, L(X,Y)),
NS, Fi, Q1 L(X, Y)), M(S, Fi, [Ql, L(X, Y) respectively.

Put a(t) = |Q|[0,t],0 < ¢t < T. Since 0 < |Q] < A, a(t) is a non-decreasing
continuous function. It is easy to check that the mapping

a: (S, A Q) — ([0,a(T)], %, A)

is surjective, measurable and measure-preserving, where 3 is the o-algebra of
Borel sets of [0, a(T)]).

Now we prove that « is injective a.s. in the sense that for almost all x €
[0, (T)], the set a~1(x) consists of only one point.

Indeed, assume z is a number such that the set {¢ : a(t) = z} consists
of more than one point. Because « is continuous and non-decreasing the set
{t : a(t) = z} is some segment [a,b] with a < b. Moreover « is measure-
preserving so |Q|{t : a(t) = z} = |Q|[a,b] = A({t}) = 0. The number of these
segments [a,b] on [0, 7] must be finite or countable so their |Q|-measure is also
zero. We conclude that « is bijective a.s. and measure-preserving between the
spaces

a: (5, A Q) — ([0, a(T)], 2, m),
t— aft).

We establish the mapping

f(t,w)ogcecr «— g(s,w) = f(ailsaw)ogsga(T)v
<T

«— (Gs) = (Fa-1(s))ogs<a(T)-

This mapping is one to one between spaces

S(Sv}—ta|Q|vL(XaY)) ‘—>S(Evgt7>‘aL(X7Y))
N(S, F, |Ql, L(X,Y)) «—— N(Z,G:, A\, L(X,Y)),
M(Safta |Q|7L(Xa Y)) — M(E7gt7)‘aL(X7Y))

It is not difficult to check that this mapping is norm-preserving.

By a proof similar to that in [6] we obtain S(3, G, A, L(X,Y)) is dense in
N, G, A, L(X,Y)) and S(%, G, A, L(X,Y)) is dense in M(2,G, A, L(X,Y))
so the lemma is proved. ™

From now on, if f € L(X,Y),z € X then we write fz for f(x) for brevity.
If f € S is a simple function of the form (2), we define
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[ 1z =3 .z,
S =1

Lemma 3.2. Let X,Y be Banach spaces of type 2. Then there exists a constant
K > 0 such that for every f € S:

M/&MW<K/MWW@L

Proof. Assume that f is of the form (2). Put Z; = Z(A;), Fi = F,.
Since Y is of type 2, by Theorem 2.2, there exists a constant Cy such that

EIY. £zl* <ll[X 2 Y £ 2] |
i=0 i=0 §=0

<Oy ZZ "[fiZivijj]||nuc

i=0 j=0
=C4 Z |1f:Zi, fiZi]Hmw +2C; Z |1f:Zi, ijj]Hmw-
i—1 i>i

If j > ithen f; € Fj,f; € Fj,Z; € Fj. Let a € X' be arbitrary. We have
(fiZi,a) € F; and

(fiZi, £;Z;)(a) = E({f:Zi, a)(f;Z;)) = EE((fiZs, a)(f; 2;)|F;).
E((fiZi,a)(f;Z))|F;) = (fiZi, )E(f; Z;|F;) = (fiZ:, a) fE(Z;|Fy).
Because Z; is independent of F; then E(Z;|F;) = 0. It follows that
[fiZi, [iZ;)(a) =0 ,Va € X'
That is
[fiZi, fiZ;] =0,

which implies the sencond term in (3) is zero.
If j =i, we have

n n
Z \lfiZs, 12, < ZE||fz‘ZiH2
=1 =1
n n

(TR VARE A [P
i=1 i=1

Since X is of type 2, by Theorem 2.3, there exists a constant Cy such that
E||Zi]]* < C2|Q|(Ay).

Hence, we obtain
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E| ZfiZiHQ < 01022E||fi||2|Q|(Ai)
i=0

=0

= K/E||f||2d|Q| (where K = C1C5).

From Lemmas 3.1 and 3.2 we get

Theorem 3.3. Let X,Y be Banach spaces of type 2. Then there exists a unique
T
linear continuous mapping f — [ fdZ = [ f(t,w)dZ(t) from N into L3 (Q) such

5 0
that for each simple function f € S given by (2) we have

/ftde /de Zfl

By using technique similar to the proof of Lemma 3.2 and the Ito’s method
n [6] we can define the random integral [ fdZ for random functions f € M.

Theorem 3.4. Let X,Y be Banach spaces of type 2. Then there exists a unique
linear continuous mapping f — [ fdZ from M into LY. () such that for each
s

simple function f € S given by (2) we have:
[ 1z =Y sz
% i=1

Put @Q; = Q[0,t]. By Theorem 2.3, there exists a constant C' such that
E|Z(A)||? < C|Q|(A). From this inequality together with the assumption that
|Q| < A, it follows that the process Q; has a continuous modification (see [13]).
Hence, from now on, we may assume without loss of generality that the process
@; is continuous.

By a standard argument as in the proof of Lemma 3.2 and the Ito’s method
we can prove the following

Theorem 3.5. (Continuous modification) Let X, Y be Banach spaces of type 2.
Put

T
X, = /fsde :/fswl[OtdZ()
0

where f € M. Then X; has a continuous modification.

Theorem 3.6. Suppose f,, f are random functions such that f, — f in the
space M = M(S,Z,L(X,Y)), i.e
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/an — fI?d|Q| — 0 in probability.
s

Then we have

t t
sup || /fn dz — /deH — 0 in probability.
0I<T Y J

4. Quadratic Variation of X-Valued Symmetric Gaussian Random
Measures

First, let us recall some notions and properties of tensor product of Banach
spaces which can be found in [2]. Let X ® Y be the algebraic tensor product of
X and Y. Then X ® Y become a normed space under the greatest reasonable
crossnorm <y given by

y(u) = inf{z lzilllly:ll : zi € X,y: € Y,u= in ®yi}-

i=1 i=1

The completion of X ® Y under ~ is denoted by X®Y and call the projective
tensor product of X and Y. Thus, u € X®Y if and only if there exists sequences
() € X, (yn) € Y such that >0 ||zn]/||yn]] < 00 and u = Y07, x; @ y; in
~-norm.

Let B(X,Y; E) be the Banach space of continuous bilinear operators from
X xY into E and L(X RY, E) be the Banach space of linear continuous operators
from X®Y into E. Then we have

Theorem 4.1. [2, p. 230 B(X,Y; E) is isometrically isomorphic to L(X®Y, E).
In particular, (X®Y) is isometrically isomorphic to L(X,Y").

Suppose that X is reflexive. For each u € X®X, let J(u) be an operator
from X’ into X given by
T(w)(a) =Y (@n,a)yn

i=n

ifu=3"" 2, Qy. R
It is plain that J(u) is well-defined, J(u) € N(X’,X) and J : XX —
N(X'’, X) is surjective. The following theorem shows that J is injective.

Theorem 4.2. The correspondence u +— J(u) is injective.

Proof. Suppose that u = Y z;®y; and J(u) = 0. Let b € L(X, X') be arbitrary.
n=1
By Theorem 4.1, L(X, X') is the dual of X®X with (u,b) = > o0 | (Yn, bxy) s0

it is sufficient to show that Y.~ (yn,bz,) = 0. Indeed, for each z € X, we
have > 7 | (xn, b*z)yn = 0 or > 7, (z,bzy)yn = 0. Because X is reflexive, by
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Grothendieck’s conjecture proved by Figiel ([2, p. 260]), X has the approximation
property. Because Y.~ [|bx,||||yn|| < oo, by applying Theorem 4 ([2, p.239]),
we obtain Yo", (yn, bz,) = 0 as desired. =

Note that if £,n € L% (Q) then £ ® 7 is a random variable taking values in
X ® X and the inner product [£,n] = E(£ ® n).

From now on, assume that X is reflexive. For brevity, for each T € N(X’, X)
and ¢ € B(X,X;Y) ~ L(X@X, Y), the action of ¢ on T is understood as
#(J71T) and is denoted by ¢T', which is an element of Y.

Before stating a new theorem we recall some integrable criteria for vector
-valued functions with respect to vector-measures with finite variation, which
we use in this paper

Suppose that f is an B(X, X;Y)-valued deterministic function on [0,T].
Then the following assertions are equivalent

T
1. fis Q-integrable (i.e. there exists integral [ fdQ).
0

2. fis |Q|-integrable (Bochner-integrable).
3. || fll is |Q|-integrable.

Let A be a partition of S =[0,T] : 0=1o <t; < -+ <tpp1 =T, Ay = {0},
A; = (t;,tiy1]. For brevity, we write Z; for Z(A;). The following theorem is
essential for establishing the infinite-dimensional Ito formula.

Theorem 4.3. Suppose that X is reflexive, X,Y are of type 2 and Z is an
X -valued symmetric Gaussian random measure on [0,T] with the covariance
measure Q. Let f(t,w) be a B(X, X;Y)-valued random function adapted w.r.t.
Z satisfying

E / 1 (1) 21Q|(1) < oo.
S

Then we have

n T

S f)Ziw 2) — [ f0deu) i 13(@)
i=1 0
as the gauge |A| = max; |Q|(A4;) tends to 0.

Theorem 4.3 can be expressed formally by the formula

dZ @ dZ = dQ.
T
We call [ f(t)dQ(t) the value of quadratic variation of Z at f(t).
0

Proof. Put f; = f(t;), Fi = Fu,, 22 = Z; @ Z;, Qi = Q(A), |Ql: = |Q|(As).

Because Y is of type 2 there exists a constant C7 such that



232 Dang Hung Thang and Nguyen Thinh

n T
B| Y- £(6)(Z 9 2) - [ rwaQu)
i=1 J
=E| ZfiZf - ZfiQiH2 =E| Zfi(Ziz - Qi)H2
=1 =1 P

<C||[3 522 = Q). Y 1528 = Q)| e
j=1

i=1

= CuE(Y 122 - Q@Y 112 - Q)|

i=1 =1

<O Y E(fi(Z2 - QiR) @ £;(22 - Q).

ij=1

If j > i then f;, Z? — Qi, f; are Fj-measurable, Zj2 is independent of Fj, which
implies

E(fi(Z27 — Qi) ® fi(ZF — Q))|F;)
= [i(Z} - Q) @ E(£;(Z] — Q)| F;)
= (fi(ZF - Q) © (;E(Z] - Q;1F;))
= (fi(Z} - Q) ® (ij(Zj2 - Q) =0.

If i = j then
|E(fi(Z7 — Qi) ® fi(ZF — Qu))]|
<Ellfi(Z} — Qu)lI* <E(Ifill*I1Z7 - Qil1?)
=E| fill*E[ 2} - Qill*.
Hence
El|Z7 - Qill* <E(| 22| + llQil)?
<E[Zi||* + 2|QLE| Zi||* + Q-

Because Z; is an X-valued Gaussian random variable, there exists a constant Cy
such that

2
E|Zi||* < Ca (B[ Zi]*)"

Moreover, E| Z;||? < C1|Q|;. Consequently,
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n T
B3 £(6)(@: 0 Q) - [ f0dQ)
=1 0

n
<Y CENGIP(EBIZ +21QLENZ:)1? + Q1)

i=1

<D CiCIC + 20 + DIIFIPIQE = K Y IIflIPIQIF
i=1

i=1

< K max Qs Z I1£:l1%1Q1s,
i=1

which tends to K -0 [ E[|f]|?d|Q| = 0 when |A| — 0. [

5. Ito Processes and Ito Formula
Definition. Let X,Y be separable Banach spaces, Z is an X -valued symmetric

Gaussian random measure on [0, T] with the covariance measure Q. An'Y -valued
random process Xy is called an 'Y -valued Ito process w.r.t Z if it is of the form

t t ¢
X =Xo+ [ a(s,w)ds+ [ b(s,w)dQ(s) + [ e¢(s,w)dZ: (0<t<T),
[ [reemac« |

where a(s,w) is an Y -valued adapted random function, b(t,w) is an B(X, X;Y)-
valued adapted random funtion and c(s,w) is an L(X,Y)-valued adapted random
function w.r.t. Z satisfying

T
Piw: [ |lat,w)|dt < cop =1,
(o frona<
T
Plw: [ [b(t,w)[[d|Q[(t) < oo =1,
o+ s <)

T
P{w : /Hc(t,w)||2d|Q|(t) < oo} - 1.
0

In this case, we say that X; has the Ito differential dX; given by
dXt = Cldt + bth + CdZt.

Theorem 5.2. (The general infinite-dimensional Ito formula) Assume that
X,Y, E are separable Banach spaces of type 2, X is reflexive, Z is an X -valued
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symmetric Gaussian random measure on [0,T]| with the covariance measure Q
and Xy is an Y -valued Ito process w.r.t Z

dXt = adt + bth + CdZt.

Let g : [0,00) X Y — E be a function which is continuously differentiable in the
first variable and continuously twice differentiable in the second variable (strongly
differentiable).

PutY; :=g(t, X¢). Then'Y; is again an E-valued Ito process and

dg9 | 9y 9g 10% 9g
dY, = | 5 + goa | di+ | 520 b+§a— | Qi+ 52 o cdz.
where ¢ € L(X,Y), ¢* stands for the mapping from X x X into Y x Y defined

by ¢*(z,y) = (cz,cy) and uov denotes the composition of mappings u and v.

Proof. We have to prove
¢

L9
g(t, Xt) = / 5‘x (s,Xs)a(s)} ds
0
dg 10%g

+ | 52(s. X0 0 b+ 5505, X,) 0 *(5)|dQ

+ %(s, Xs)oce(s)dQs as. (4)
We divide the proof into 2 step.

2

Step 1. We consider the case where g, g‘(z % % are bounded.

First, we prove (4) for the simple functions a, b, c. Clearly, it suffices to prove
for functions a, b, ¢ of the form a(s,w) = a(w), b( w) = b(w), c(s,w) = c(w).
Let {t;} be a partition of [0,¢]. By Taylor formula we have

99 99
9(t, X1) = 9(0, Xo) + EjjAg@j,Xj) = 9(0. Xo) + Z 50+ Z 0. 0%

l\9|’—‘

g g 39
zj:a— B0 L) (AX;) + 4 +ZR],

dg dg 0%*g 0%

where 55 50 Bios’ 922

are values of these maps at (;, X¢,) and
At =tjp1 — ),
AX; = Xt — Xy,
Ag(tja Xj) = g(tj-l-la th-f-l) - g(tja th)a
Rj:O<|At|2+|AXj|2), Vi,

Put AZ] = Z[ti, tiv1], AQ] = Qlti, tix1]. We have AX] = aAtj+bAQj+cAZj.
When max |At;| — 0 then
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Zagm gg(s X,)ds.

Z 5. A% Z —alt; +Z—obAQJ+Z(%OC)AZj
J

t t
_>/g ads+/ i ob)dQer/(%(s,Qs)oc)dzs,
0 0 0
02 9%g
_ 8—£(AXJ-)2: ‘ W(am )(aAt;) +Z bAQj)(bAQj)
J J

42 Z I (aAt;) (bAQ;) +2 Z S (alrt;)(eAZ;)
+2 Z @(bAQj)(CAZj)
+ Z %(cAzj)(cAzj). (7)

We shall show that all the terms in the right-hand side of (7), except the last
2g
I (bAQ))(cAZ,)),

term, converge to 0. Indeed, for example, for the term > . i 92

we have

HZ (bAQ;)(eAZ;) < ZH? [ 1oneinae;iaz;)

82
<Y s SEGa)| @) el Az, 1QI(A,)
, st J
[zl <sups Xs(w)

— lQI([0, 1) |

0%g
sup =2 (5,2) | 16(@)]l lew)]| sup |1AZ;,
0<s<t X j
]| Ssups Xs(w)

2
which tends to 0 when max|At;| — 0, (because 8—g is bounded and Z; is
x
uniformly continuous on [0, ¢]).
- d%g d%g .
Similarly, the terms W(At»)2 P e T (At;)(AX;) and >, R; in the
right-hand side of (5) converge to 0.
By Theorem 4.3, the third term
0%g
82(cAZ )(cAZ)) ZZ *)(Zi ® Z;)
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¢
2

converges in probability to /(%(S,XS) o 02(8))dQ when max |At;| — 0.
x

0
Hence, (4) holds for a, b, ¢ being simple functions.
Choose a sequence of X-valued simple random functions a(™ (s, w) satisfying

t
/ |a™ (s,w) — a(s,w)| ds — 0 for almost w,
0
a sequence of B(X, X;Y)-valued simple random functions b(™ (s, w) satisfying
t
/Hb(n)(s,w) —b(s,w)|| d|Q| — 0 for almost w,
0

and a sequence of L(X,Y)-valued simple random functions ¢(™ (s, w) converging
to ¢(s,w) in the space M, i.e.

t
/ ™ (s) = ¢(s)||*d|Q| — 0 in probability. (8)
0

t t t
Put X = [a™(s)ds + [b™)(s)dQ, + [ ™ (s)dZ, .
0 0 0

Clearly, X, is continuous. From (8) and Theorem 3.6 we get that xM o<
s < t uniformly converges to X in probability, i.e

sup || X(™ — X,|| — 0 in probability. (9)
0<s<t

Because (4) holds for simple functions a, b, ¢ we get

g(t,Xt( )) :/[8—5(3,X§ ))ds+8—i(s,Xs)a( )(s) | ds

T 2 Ox2
[0
+/—g(s,XS)oc(”)(s)dZs. (10)
X
0

The boundedness of % together with (9) imply that the left-hand side of (10)

x
converges to the left-hand side of (4) in probability.
From (8) and (9), we can choose a sequence ny — oo such that

/Hc(nk)(s) - C(S)||2 d|Q|(s) — 0 a.s.
0

sup [|[ X" — X, || =0 as.
0<s<t



Infinite-Dimensional Ito Processes and the Ito formula 237

Moreover,
t
/ 10t (s) — a(s)| ds — 0 a.s.
0

t
/||b(”)(s,w) Cb(s, @) dIQ] — 0 as.
0

Consequently, the first and second integral on the right-hand side of (10) con-
verges a.s., so converges, in probability to the first and second integral on the
right-hand side of (4), respectively (when nj tends to co). Now we shall show
that the third integral on the right-hand side of (10) also converges in probability
to the third integral on the right-hand side of (4). Indeed,

/ [ 3265, xes) = S5, xeto) | alcs)

/ H 5 X0 16 () - el Qs

+O/H%<SaXs) - %(S,X@)H2 le(s)[2 dIQ(s). (1)

0
From (8) together with the boundedness of 8_g it follows that the first integral

x
on the right-hand side of (11) converges in probability to 0.
2
From (9) together with the boundedness of % it follows that H = Xg”))—
x
2

0
g9 converges uniformly on [0, ¢] to 0 in probability. Moreover, [ |lc(s)]|

ox

d|Q|(s) < oo then the second integral on the right-hand side of (11) converges
in probability to 0 and then the left-hand side of (11) converges to 0 in proba-
bility. Thus, by Theorem 3.6, the third integral on the right-hand side of (10)
converges in probability to the third integral on the right-hand side of (4). Both
sides of (10) converge to both sides of (4) respectively, so (4) holds in case
89 dg 0%g
—, =, — are bounded.

T ot Ox’ D2
Step 2. g is an arbitrary function satisfying the conditions of the theorem. For
each N, we choose the function gn(t,x) such that gy is identical with g on

dgn Ogn PPgn
|zl < N, 0 <t < T and gn, TR ) B2

x
the step 1, the equation (4) holds for gy .

5 (5, X5) ’

are bounded. From the proof in
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Put Ay = {w : sup [|[Xs(w)|| < N}. Note that on Ay, the functions

0<s<t
0 0 0? dg 0g 0?
9N, gN7 gN, iév (s, Xs) are identical with g, a—i, a—i, 5‘—xg

tively. Hence (4) holds for almost all w € Ay.
On the other hand, P{UX¥_;An} = 1 then (4) holds for almost all w € Q.
That completes the proof of the Ito formula. n

(s, Xs) respec-

Let us now specialize Theorem 5.2 to the case when the symmetric Gaus-
sian random measure Z is the X-valued Wiener random measure W with the
parameter (A, R) (A is the Lebesgue measure). In this case d@QQ = Rdt, and

dX; = adt + bRdt + cdW; = (a + bR)dt + cdW4,

so the Ito process X; with respect to the X-valued Wiener random measure W
is of the form

dXt = adt + det;

where a(s,w) is an Y-valued adapted random function and b(s,w) is an L(X,Y)-
valued adapted random function with respect to W on [0,7]. From Theorem
5.2 we get

Theorem 5.3. Assume that X,Y, E are separable Banach spaces of type 2, X
is reflexive, W is the X -valued Wiener random measure with parameter (\, R)
and Xy is an Y -valued Ito process

dXt = adt + det

Let g : [0,00) XY — FE be a function which is continuously differentiable in the
first variable and continuously twice differentiable in the second variable (strongly
differentiable). PutY; := g(t, Xt). Then Y; is again an E-valued Ito process and

_[90g  Og 1
dy, = [E+%a+§(

9%
0x2

ob?) - R | dt + (% ob)dW;.

Now we go on to specialize Theorem 5.3 to the case X, Y, E are finite dimen-
sional spaces.

Suppose X = R", Y = R4 E =R* R = (r;;) is a non-negatively definite
n X n matrix. W is an X-valued Wiener random measure with the parameters
(A R).

Let X; be a d-dimensional Ito process given by

dX; = adt + bdWy,

where a = (a;(t)) is a d-dimensional random function, b = (b; ;(t)) is a d x n
random matrix satisfying
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Plw : /|ai(t,w)|dt < oo} =1,
0

Pl : /|bi,j(t,w)|2dt <o) = 1.
0

Then we have

Theorem 5.4. (The multi-dimensional Ito formula) Suppose that g(t,z) :
[0,00) x R® — R* is a function satisfying the conditions of Theorem 5.2 and
put Yy = g(t, Xi). Then Yy is an Ito process and we have

dg 1 R dg
_— — ! E—
dYt—[at e +3 E: El 8:5] (bx R'xb'); ; dt+a x bxdWy. (12)

Proof. R is an operator in N(X', X) = X ® X, whose action is given by

R:(R") — R"

Z1

X9 n
x:(xlax27"' 7xn)’_>R . :Z<rk7x>ek7

: k=1

LTn

where 7, = (rg,i)i=1,n € R™ (the k-th row vector of matrix R). Thus, R =
n n

Zrk ®er and so fR = Zf ri, ), for any f € B(R™,R"; E). We have
k=1
n
( ) Z—ob Tk ek 2—9ka bek
022 ’ =0z

d d 2
Z Z 858gx ((bri)i, (beg);) ((bri); is i-th element of vector bry)
. 7 7

d n )
Z &iang (birk, bjk) (b; is i-th row vector of matrix b)

(be’xb)”,

I
M=
Q
]
Q|

B

0
(@ob)x:@xbxx, Vr € R",
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where (x) denotes the product of matrices.
Hence, in this case the Ito formula has the form

dg g , dg
4y, = [EJ“_ gzl aijxRxb),jdH%xbxth.

|

In particular, if W is the n-dimensional Wiener process with independent

components then the matrix R is the unit matrix. In this case, the multi-
dimensional Tto formula (12) becomes

dg Og 1 4 4 dg

— /

dY; = _8t+_ 5 E: gl 8ij><b)’]}dt+_0 x b x dW;.
This is the well-known Ito formula.
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