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Abstract. Some results on the smoothness of generalized solutions of the first initial

boundary value problem for strongly Schrödinger systems in domains with conical

points on boundary are given.

1. Introduction

Boundary value problems for Schrödinger equations and Schrödinger systems in
a finite cylinder ΩT = Ω × (0, T ) have been studied by many authors [4,8,9].
The unique solvability of the first initial boundary value problem for strongly
Schrödinger systems in an infinite cylinder Ω∞ = Ω×(0,∞) was given in [5]. The
aim of this paper is to establish some theorems on the smoothness of generalized
solutions of the problem in domains with conical points on boundary.

Let Ω be a bounded domain in Rn. Its boundary ∂Ω is assumed to be an
infinitely differentiable surface everywhere, except for the coordinate origin, in
a neighborhood of which Ω coincides with the cone K =

{
x : x/|x| ∈ G

}
, where

G is a smooth domain on the unit sphere Sn−1. We introduce some notations:
ΩT = Ω × (0, T ), ST = ∂Ω × (0, T ), Ω∞ = Ω × (0,∞), S∞ = ∂Ω × (0,∞), x =
(x1, . . . , xn) ∈ Ω, u(x, t) = (u1(x, t), . . . , us(x, t)) is a vector complex function,

|Dαu|2 =
s∑

i=1

|Dαui|2, utj =
(
∂ju1/∂tj , . . . , ∂jus/∂tj

)
, |utj |2 =

s∑
i=1

∣∣∂jui/∂tj
∣∣2,

dx = dx1 . . . dxn, r = |x| =
√

x2
1 + · · · + x2

n.
In this paper we use frequently the following functional spaces:
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• H l
β(Ω) - the space of all functions u(x) = (u1(x), . . . , us(x)) which have gen-

eralized derivatives Dαui, |α| ≤ l, 1 ≤ i ≤ s, satisfying

‖u‖2
Hl

β
(Ω) =

l∑
|α|=0

∫
Ω

r2(β+|α|−l)|Dαu|2dx < +∞.

• H l,k(e−γt, Ω∞) - the space of all functions u(x, t) which have generalized deriva-

tives Dαui,
∂jui

∂tj
, |α| ≤ l, 1 ≤ j ≤ k, 1 ≤ i ≤ s, satisfying

‖u‖2
Hl,k(e−γt,Ω∞) =

∫
Ω∞

( l∑
|α|=0

|Dαu|2 +
k∑

j=1

|utj |2
)
e−2γtdxdt < +∞.

In particular

‖u‖2
Hl,0(e−γt,Ω∞) =

l∑
|α|=0

∫
Ω∞

|Dαu|2e−2γtdxdt.

•
◦
Hl,k(e−γt, Ω∞) - the closure in H l,k(e−γt, Ω∞) of the set of all infinitely dif-

ferentiable in Ω∞ functions which belong to H l,k(e−γt, Ω∞) and vanish near
S∞.
• H l,k

β (e−γt, Ω∞) - the space of all functions u(x, t) which have generalized deriva-

tives Dαui,
∂jui

∂tj
, |α| ≤ l, 1 ≤ j ≤ k, 1 ≤ i ≤ s, satisfying

‖u‖2
Hl,k

β
(e−γt,Ω∞)

=
∫

Ω∞

( l∑
|α|=0

r2(β+|α|−l)|Dαu|2 +
k∑

j=1

|utj |2
)
e−2γtdxdt < +∞.

• H l
β(e−γt, Ω∞) - the space of all functions u(x, t) which have generalized deriva-

tives Dα(ui)tj , |α| + j ≤ l, 1 ≤ i ≤ s, satisfying

‖u‖2
Hl

β
(e−γt,Ω∞) =

l∑
|α|+j=0

∫
Ω∞

r2(β+|α|+j−l)|Dαutj |2e−2γtdxdt < +∞.

• Let X be a Banach space. Denote by L∞(0,∞; X) the space of all measurable
functions u : (0,∞) −→ X

t �−→ u(t)
, satisfying

‖u‖L∞(0,∞;X) = ess sup
t>0

∥∥u(t)
∥∥

X
< +∞.

Consider the differential operator of order 2m

L(x, t, D) =
m∑

|p|,|q|=0

Dp
(
apq(x, t)Dq

)
,

where apq are s× s-matrices of measurable, bounded in Ω∞, complex functions,
apq = (−1)|p|+|q|a∗

qp. Suppose that apq are continuous in x ∈ Ω uniformly with
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respect to t ∈ [0,∞) if |p| = |q| = m, and that for each t ∈ [0,∞) the operator
L(x, t, D) is uniformly elliptic in Ω with ellipticity constant a0 independent of
time t, i.e., we have ∑

|p|=|q|=m

apq(x, t)ξpξqηη ≥ a0|ξ|2m|η|2, (1.1)

for all ξ ∈ Rn \ {0}, η ∈ Cs \ {0} and (x, t) ∈ Ω∞.
Put

B(u, u)(t) =
m∑

|p|,|q|=0

(−1)|p|
∫
Ω

apqD
quDpudx, u(x, t) ∈

◦
Hm,0(e−γt, Ω∞).

For a.e. t ∈ [0,∞), the function x �→ u(x, t) belongs to
◦
Hm(Ω). On the other

hand, since the principal coefficients apq are continuous in x ∈ Ω uniformly
with respect to t ∈ [0,∞) and the constant a0 in (1.1) is independent of t, by
repeating the proof of Garding’s inequality [2, p.44], we have

Lemma 1.1. There exist two constants μ0 and λ0 (μ0 > 0, λ0 ≥ 0) such that

(−1)mB(u, u)(t) ≥ μ0

∥∥u(x, t)
∥∥2

Hm(Ω)
− λ0

∥∥u(x, t)
∥∥2

L2(Ω)
(1.2)

for all u(x, t) ∈
◦
Hm,0(e−γt, Ω∞).

Therefore, using the transformation u = eiλ0tv if necessary, we can assume
that the operator L(x, t, D) satisfies

(−1)mB(u, u)(t) ≥ μ0‖u‖2
Hm(Ω) (1.3)

for all u(x, t) ∈
◦
Hm,0(e−γt, Ω∞). This inequality is a basic tool for proving the

existence and uniqueness of solutions of a boundary value problem.

2. Main Results

In this paper we consider the following problem: Find a function u(x, t) such
that

(−1)m−1iL(x, t, D)u − ut = f(x, t) in Ω∞, (2.1)
u|t=0 = 0, (2.2)

∂ju

∂νj

∣∣∣
S∞

= 0, j = 0, . . . , m − 1, (2.3)

where ν is the outer unit normal to S∞.
A function u(x, t) is called a generalized solution of the problem (2.1) - (2.3)

in the space
◦
Hm,0(e−γt, Ω∞) if and only if u(x, t) belongs to

◦
Hm,0(e−γt, Ω∞)

and for each T > 0 the following equality holds
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(−1)m−1i
m∑

|p|,|q|=0

(−1)|p|
∫

ΩT

apqD
quDpηdxdt +

∫
ΩT

uηtdxdt =
∫

ΩT

fηdxdt

(2.4)

for all test function η ∈
◦
Hm,1(ΩT ) satisfying η(x, T ) = 0.

Denote by m∗ the number of multi-indices which have order not exceeding
m, μ0 is the constant in (1.3). From Theorems 3.1, 3.2 in [5] and by using
induction we obtain the following result.

Theorem 2.1. Let
i) sup

{∣∣∣∂apq

∂t

∣∣∣ : (x, t) ∈ Ω∞, 0 ≤ |p|, |q| ≤ m
}

= μ < +∞;∣∣∣∂kapq

∂tk

∣∣∣ ≤ μ1, μ1 = const > 0, for 2 ≤ k ≤ h + 1;

ii) ftk ∈ L∞(0,∞; L2(Ω)), for k ≤ h + 1;
iii) ftk(x, 0) = 0, for k ≤ h.

Then for every γ > γ0 =
m∗μ
2μ0

, the problem (2.1) - (2.3) has exactly one

generalized solution u(x, t) in the space
◦
Hm,0(e−γt, Ω∞). Moreover, u(x, t) has

derivatives with respect to t up to order h belonging to
◦
Hm,0(e−(2h+1)γt, Ω∞)

and the following estimate holds

‖uth‖2
Hm,0(e−(2h+1)γt,Ω∞) ≤ C

h+1∑
k=0

‖ftk‖2
L∞(0,∞;L2(Ω)),

where C is a positive constant independent of u and f .

From now on for the sake of brevity, we will write γh instead of (2h+1)γ
(h = 1, 2, ..., ).

In order to study the smoothness with respect to (x, t) of generalized solu-
tions of the problem (2.1) - (2.3), we assume that coefficients apq(x, t) of the
operator L(x, t, D) are infinitely differentiable in Ω∞. In addition, we also as-
sume that apq and its all derivatives are bounded in Ω∞.

First, we prove the following lemma.

Lemma 2.1. Let f, ft, ftt ∈ L∞(0,∞; L2(K)) and f(x, 0) = ft(x, 0) = 0. If

u(x, t) ∈
◦
Hm,0(e−γt, Ω∞) is a generalized solution of the problem (2.1) - (2.3) in

the space
◦
Hm,0(e−γt, Ω∞) such that u ≡ 0 whenever |x| > R, R = const, then

u ∈ H2m,1
m (e−γ1t, K∞) and the following estimate holds

‖u‖2
H2m,1

m (e−γ1t,K∞)
≤ C

[
‖f‖2

L∞(0,∞;L2(K))+‖ft‖2
L∞(0,∞;L2(K))+‖ftt‖2

L∞(0,∞;L2(K))

]
,

where C = const.

Proof. Rewrite the system (2.1) in the following form
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(−1)m
m∑

|p|,|q|=0

Dp
(
apq(x, t)Dqu

)
= F, (2.5)

where F = i(ut + f). From Theorem 2.1 it follows that F ∈ L2(K) for a.e.
t ∈ [0,∞).

Consider the sequence of domains

Ωk =
{
x ∈ K : 2−k ≤ |x| ≤ 2−k+1

}
, k = 1, 2, ...

Choosing a smooth domain Ω2,0 such that Ω2 ⊂ Ω2,0 ⊂ (
Ω1 ∪ Ω2 ∪ Ω3

)
. By the

theorem on the smoothness of solutions of elliptic problems in a smooth domain
[3, Th. 17.2, p. 67], we obtain

∫
Ω2,0

|Dαu(x, t)|2dx ≤ C

∫
Ω2,0

[∣∣F (x, t)
∣∣2 +

∣∣u(x, t)
∣∣2]dx, |α| ≤ 2m, C = const.

Hence
∫
Ω2

|Dαu(x, t)|2dx ≤ C

∫
Ω1∪Ω2∪Ω3

[∣∣F (x, t)
∣∣2 +

∣∣u(x, t)
∣∣2]dx, |α| ≤ 2m, C = const.

(2.6)

By substituting x =
4

2k1
x′(k1 > 2) in (2.5) and applying the estimate (2.6), we

have

∫
Ω2

|Dα
x′u(x′, t)|2dx≤C1

∫
Ω1∪Ω2∪Ω3

[∣∣F (x′, t)
∣∣2( 4

2k1

)4m

+
∣∣u(x′, t)

∣∣2]dx′, C1=const.

Returning to variables x1, . . . , xn, we obtain
∫

Ωk1

|Dαu(x, t)|2r2(|α|−m)dx

≤ C2

∫
Ωk1−1∪Ωk1∪Ωk1+1

[∣∣F (x, t)
∣∣2r2m+r–2m

∣∣u(x, t)
∣∣2]dx, C2 = const.

Summing these inequalities for all k1 > 2 we obtain

∫
∑

k>2
Ωk

∣∣Dαu(x, t)
∣∣2r2(|α|−m)dx

≤ C3

∫
∑

k>1
Ωk

[∣∣F (x, t)
∣∣2r2m + r−2m

∣∣u(x, t)
∣∣2]dx, C3 = const.

(2.7)
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Since the solution is equal to 0 outside a neighborhood of the conical point,
from (2.7) we have
∫
K

∣∣Dαu(x, t)
∣∣2r2(|α|−m)dx ≤ C4

∫
K

[∣∣F (x, t)
∣∣2r2m+r−2m

∣∣u(x, t)
∣∣2]dx, C4 = const.

(2.8)
From conditions ∂ju

∂νj

∣∣∣
S∞

= 0, j = 0, . . . , m − 1, we have
∫
K

r−2m
∣∣u(x, t)

∣∣2dx ≤ C5

∑
|β|=m

∫
K

∣∣Dβu
∣∣2dx, C5 = const.

Hence ∫
K

r2(|α|−m)
∣∣Dαu(x, t)

∣∣2dx

≤ C6

∫
K

[|f |2 + |ut|2 +
∑

|β|=m

|Dβu|2]dx, C6 = const,

Integrating this inequality with respect to t from 0 to ∞ after multiplying its
both sides by e−6γt and applying Theorem 2.1, we have the statement. Lemma
2.1 is proved. �

Now let ω be a local coordinate system on Sn−1. The principal part of the
operator L(x, t, D) at origin 0 can be written in the form

L0(0, t, D) = r−2mQ(ω, t, rDr, Dω), Dr =
i∂

∂r
,

where Q is a linear operator with smooth coefficients. From now on the following
spectral problem will play an important role

Q(ω, t, λ, Dω)v(ω) = 0, ω ∈ G, (2.9)
Dj

ωv(ω) = 0, ω ∈ ∂G, j = 0, . . . , m − 1. (2.10)

It is well known [1, Th.7, p.39] that for every t ∈ [0,∞) its spectrum is discrete.

Propostion 2.1. Let u(x, t) be a generalized solution of the problem (2.1) - (2.3)

in the space
◦
Hm,0(e−γt, Ω∞) such that u ≡ 0 whenever |x| > R, R = const , and

let ftk ∈ L∞(0,∞; L2(K)) for k ≤ 2m+1, ftk(x, 0) = 0 for k ≤ 2m. In addition
suppose that the strip

m − n

2
≤ Im λ ≤ 2m − n

2
does not contain points of spectrum of the problem (2.9) - (2.10) for every t ∈
[0,∞). Then u(x, t) ∈ H2m

0 (e−γ2mt, K∞) and the following estimate holds

∥∥u
∥∥2

H2m
0 (e−γ2mt,K∞)

≤ C

2m+1∑
k=0

∥∥ftk

∥∥2

L∞(0,∞;L2(K))
,
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where C = const > 0.

Proof. First, we prove that

∥∥uts

∥∥2

H2m,0
0 (e−γs+1t,K∞)

≤ C
2m+1∑
k=0

∥∥ftk

∥∥2

L∞(0,∞;L2(K))
, (2.11)

where C = const, s ≤ 2m − 1.
Rewrite the system (2.1) in the form

(−1)mL0(0, t, D)u = F (x, t),

where F (x, t) = i(ut + f) + (−1)m
[
L0(0, t, D) − L(x, t, D)

]
u. Since apq(x, t)

are infinitely differentiable in Ω∞ and u(x, t) has generalized derivatives with
respect to x up to order 2m (see Lemma 2.1), we have

L(x, t, D)u =
2m∑

|α|=0

aα(x, t)Dαu.

Since u ∈ H2m,0
m (e−γ1t, K∞) and |aα(x, t) − aα(0, t)| ≤ C|x|, C = const, one can

see that [
L0(0, t, D) − L(x, t, D)

]
u ∈ H0,0

m−1(e
−γ1t, K∞).

(To verify this statement it suffices to consider the case r = |x| ≤ 1). It follows
from Theorem 2.1 and Lemma 2.1 that F (x, t) ∈ H0,0

m−1(e
−γ1t, K∞). Therefore

F ∈ H0
m−1(K) for a.e. t ∈ [0,∞). On the other hand, in the strip m − n

2
≤

Im λ ≤ m + 1− n

2
, there are no points of spectrum of the problem (2.9) - (2.10)

for every t ∈ [0,∞). From results of elliptic problems [7, Th.6.4, p.139] it follows
that u ∈ H2m

m−1(K) for a. e. t ∈ [0,∞) and

‖u‖2
H2m

m−1(K) ≤ C
[‖f‖2

L2(K) + ‖ut‖2
L2(K) + ‖u‖2

H2m
m (K)

]
,

where C =const. Repeating the above argument, we obtain

‖u‖2
H2m

0 (K) ≤ C
[‖f‖2

L2(K) + ‖ut‖2
L2(K) + ‖u‖2

H2m
m (K)

]
.

Hence

‖u‖2
H2m,0

0 (e−γ1t,K∞)
≤ C

[‖f‖2
L∞(0,∞;L2(K))+‖ute

−γ1t‖2
L2(K∞)+‖u‖2

H2m,0
m (e−γ1t,K∞)

]
.

From Theorem 2.1 and Lemma 2.1 it follows that

‖u‖2
H2m,0

0 (e−γ1t,K∞)
≤ C

2∑
k=0

‖ftk‖2
L∞(0,∞;L2(K)),

i.e., (2.11) is proved for s = 0.
Now assume that (2.11) is true for s− 1. By differentiating the system (2.1)

s times with respect to t and by putting v = uts , we obtain
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(−1)m−1Lv = −i(vt + fts) + (−1)m
s∑

k=1

(
s
k

)
Ltkuts−k ,

where

Ltk =
m∑

|p|,|q|=0

Dp
(∂kapq

∂tk
Dq

)
.

By Theorem 2.1 the function v = uts still satisfies the boundary conditions.
Therefore from inductive hypothesis and by repeating arguments of the proof in
the case s = 0, we obtain (2.11).

Since

‖u‖2
H2m

0 (e−γ2mt,K∞) ≤
2m−1∑
s=0

‖uts‖2
H2m,0

0 (e−γs+1t,K∞)

+ ‖ut2m‖2
H0,0

0 (e−γ2mt,K∞)
,

from (2.11) and Theorem 2.1, the statement follows. Proposition 2.1 is proved.
�

We consider now the following Dirichlet problem⎧⎨
⎩

(−1)mL0(0, t, D)u = F (x, t), x ∈ K,

∂ju

∂νj

∣∣∣
∂K

= 0, j = 0, . . . , m − 1.
(2.12)

Lemma 2.2. Let u(x, t) be a generalized solution of the Dirichlet problem
(2.12) for a.e t ∈ [0,∞) such that u ≡ 0 whenever |x| > R, R =const, and
u(x, t) ∈ H2m+l−1,0

β−1 (e−γt, K∞). Let F ∈ H l,0
β (e−γt, K∞). Then u(x, t) ∈

H2m+l,0
β (e−γt, K∞) and

‖u‖2
H2m+l,0

β
(e−γt,K∞)

≤ C
[‖F‖2

Hl,0
β

(e−γt,K∞)
+ ‖u‖2

H2m+l−1,0
β−1 (e−γt,K∞)

]
,

where C = const.

Proof. By repeating the proof of the inequality (2.6), we have

∫
Ω2

|Dμu(x, t)|2dx

≤ C

∫
Ω1∪Ω2∪Ω3

[ ∑
|α|≤l

|DαF (x, t)|2 + |u(x, t)|2
]
dx, |μ| = 2m + l,

where Ω1, Ω2, Ω3 are defined as in Lemma 2.1, C = const. From this inequality
and by arguments which are analogous to the proof of the inequality (2.7), we
obtain
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∫
K

r2β
∣∣Dμu(x, t)

∣∣2dx ≤ C

∫
K

[ ∑
|α|≤l

r2(β+|α|−l)|DαF (x, t)|2

+ r2(β−2m−l)|u(x, t)|2
]
dx.

Integrating this inequality with respect to t from 0 to ∞ after multiplying its
both sides by e−2γt, we have

∫
K∞

r2β
∣∣Dαu(x, t)

∣∣2e−2γtdxdt

≤ C
[‖F‖2

Hl,0
β

(e−γt,K∞)
+

∫
K∞

r2(β−2m−l)|u(x, t)|2e−2γtdxdt
]

≤ C
[‖F‖2

Hl,0
β

(e−γt,K∞)
+ ‖u‖2

H2m+l−1,0
β−1 (e−γt,K∞)

]
. (2.13)

We have

‖u‖2
H2m+l,0

β
(e–γt,K∞)

=
∑

|μ|=2m+l

∫
K∞

r2β |Dμu(x, t)|2e–2γtdxdt+‖u‖2
H2m+l−1,0

β–1 (e–γt,K∞)
.

Hence and from (2.13) the statement follows. Lemma 2.2 is proved. �

Proposition 2.2. Let ftk ∈ L∞(0,∞; H l
0(K)) for k ≤ 2m + l + 1, ftk(x, 0) = 0

for k ≤ 2m + l and let u(x, t) be a generalized solution of the problem (2.1) -

(2.3) in the space
◦
Hm,0(e−γt, Ω∞) such that u ≡ 0 whenever |x| > R, R = const.

In addition suppose, that the strip

m − n

2
≤ Imλ ≤ 2m + l − n

2

does not contain points of spectrum of the problem (3.9) - (3.10) for every t ∈
[0,∞). Then u(x, t) ∈ H2m+l

0 (e−γ2m+lt, K∞) and the following estimate holds

‖u‖2
H2m+l

0 (e−γ2m+lt,K∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(K)),

where C = const.

Proof. We will use induction on l. If l = 0, the statement follows from Proposi-
tion 2.1. Let the statement be true for l − 1.

We prove the inequality

‖u‖2
H2m+l−s

0 (e−γ2m+l−st,K∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(K)), (2.14)
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for s = l, l − 1, . . . , 0, where C = const.
Since ftk ∈ L∞(0,∞; H l

0(K)) for k ≤ 2m+ l+1, ftk(x, 0) = 0 for k ≤ 2m+ l,
so from Theorem 2.1 we obtain utl+1 ∈ Hm,0

0 (e−γl+1t, K∞). From this and from
arguments, which are analogous to the proof of Proposition 2.1, we obtain the
inequality (2.14) for s = l.

Assume that (2.14) is true for s = l, l − 1, . . . , j + 1. Put v = utj . From
(2.11) it follows that

(−1)m−1Lv = Fj ,

where

Fj = −i(vt + ftj) + (−1)m

j∑
k=1

(
j
k

)
Ltkutj−k , Ltk =

m∑
|p|,|q|=0

Dp
(∂kapq

∂tk
Dq

)
.

By inductive hypothesis on l, we obtain
j∑

k=1

(
j
k

)
Ltkutj−k ∈ H l−j

0 (e−γl−jt, K∞).

On the other hand, by inductive hypothesis on s we have vt ∈ H l−j
0 (e−γl−jt, K∞).

Therefore Fj ∈ H l−j
0 (e−γl−jt, K∞). Since

H l−j
0

(
e−γl−jt, K∞

) ⊂ H l−j−1,0
−1 (e−γt, K∞)

so Fj ∈ H l−j−1,0
−1 (e−γt, K∞).

By repeating arguments which are analogous to the proof of Proposition 2.1,
we obtain v ∈ H2m+l−j−1,0

−1 (e−γt, K∞). Hence and from Lemma 2.2 it follows
that utj = v ∈ H2m+l−j,0

0 (e−γt, K∞) and

‖utj‖2
H2m+l−j,0

0 (e−γt,K∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(K)), (2.15)

where C = const.
We have

‖utj‖2
H2m+l−j

0 (e−γ2m+l−jt,K∞)
≤ ‖utj+1‖2

H2m+l−j−1
0 (e−γ2m+l−j−1t,K∞)

+ ‖utj‖2
H2m+l−j,0

0 (e−γt,K∞)
. (2.16)

By inductive hypothesis on s, from (2.14) we obtain

‖utj+1‖2
H2m+l−j−1

0 (e−γ2m+l−j−1t,K∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(K)), C = const.

Hence from this and (2.15), (2.16) it follows that

‖utj‖2
H2m+l−j

0 (e−γ2m+l−jt,K∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(K)), C = const.
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For j = 0 we obtain the statement. Propostion 2.2 is proved. �

We can now state our theorem on the smoothness of generalized solutions of
the problem (2.1) - (2.3) in the whole domain.

Theorem 2.2. Let u(x, t) be a generalized solution of the problem (2.1) - (2.3)

in the space
◦
Hm,0(e−γt, Ω∞) and let ftk ∈ L∞(0,∞; H l

0(Ω)) for k ≤ 2m + l + 1,
ftk(x, 0) = 0 for k ≤ 2m + l. In addition, supppose that the strip

m − n

2
≤ Imλ ≤ 2m + l − n

2
does not contain points of spectrum of the problem (2.9) - (2.10) for every t ∈
[0,∞). Then u(x, t) ∈ H2m+l

0 (e−γ2m+lt, Ω∞) and the following estimate holds

‖u‖2
H2m+l

0 (e−γ2m+lt,Ω∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(Ω)),

where C = const.

Proof. Surrounding the point 0 by a neighborhood U0 with small diameter so that
the intersection of Ω and U0 coincides with K. Consider a function u0 = ϕ0u,

where ϕ0 ∈
◦
C∞(U0) and ϕ0 ≡ 1 in some neighborhood of 0. The function u0

satisfies the system

(−1)m−1iL(x, t, D)u0 − (u0)t = ϕ0f + L′(x, t, D)u,

where L′(x, t, D) is a linear differential operator having order less than 2m. The
coefficients of this operator depend on the choice of the function ϕ0 and equal
to 0 outside U0. This and the arguments analogous to the proof of Proposition
2.2 show that

‖ϕ0u‖2
H2m+l

0 (e−γ2m+lt,Ω∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(Ω)). (2.17)

The function ϕ1u = (1−ϕ0)u equals 0 in some neighborhood of the conical point.
We can apply theorems on the smoothness of solutions of elliptic problems in a
smooth domain to this function and obtain ϕ1u ∈ H2m+l

0 (Ω) for a.e. t ∈ [0,∞).
Hence by Theorem 2.1 we have ϕ1u ∈ H2m+l

0 (e−γ2m+lt, Ω∞) and

‖ϕ1u‖2
H2m+l

0 (e−γ2m+lt,Ω∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(Ω)). (2.18)

Since u = ϕ0u + ϕ1u so from (2.17) and (2.18) we obtain

‖u‖2
H2m+l

0 (e−γ2m+lt,Ω∞)
≤ C

2m+l+1∑
k=0

‖ftk‖2
L∞(0,∞;Hl

0(Ω)).

Theorem 2.2 is proved. �

Finally, we give an example.
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Example. Consider the following problem

i�u − ut = f in Ω∞, (2.19)
u|t=0 = 0, (2.20)
u|S∞ = 0. (2.21)

The Laplacian in polar coordinate (r, ω) in R
n is given by

(�u)(r, ω) =
1

rn−1

∂

∂r

(
rn−1 ∂

∂r

)
u(r, ω) +

1
r2

�ωu(r, ω),

where �ω is the Laplace - Beltrami operator on the unit sphere Sn−1. It follows
that the spectral problem has the form

�ωv + [(iλ)2 + i(2 − n)λ]v = 0, ω ∈ G, (2.22)
v|∂G = 0. (2.23)

Let u(x, t) be a generalized solution of the problem (2.19) - (2.21) in the

space
◦
H1,0(e−γt, Ω∞). We consider the following cases:

1. Case n = 2. Assume that in a neighborhood of the coordinate origin, ∂Ω
coincides with a rectilinear angle having measure β. Then the problem (2.22) -
(2.23) becomes

vωω − λ2v = 0, 0 < ω < β, v(0) = v(β) = 0. (2.24)

Upon some computations we find that eigenvalues of the problem (2.24) are

λk = ± ikπ

β
, k ∈ N

∗. Therefore, if β <
π

l + 1
then the strip 0 ≤ Imλ ≤ 1 + l

does not contain eigenvalues of the problem (2.24). By Theorem 2.2, we obtain
that u(x, t) ∈ H2+l

0 (e−γ2+lt, Ω∞) if ftk ∈ L∞(0,∞; H l
0(Ω)) for k ≤ 2 + l + 1,

ftk(x, 0) = 0 for k ≤ 2 + l.

2. Case n = 3. It is known [6, p. 290] that if Ω is a convex domain, the strip

−1
2

≤ Imλ < 1 does not contain eigenvalues of the problem (2.22) - (2.23).

Thus, if Ω is convex, from Theorem 2.2 we have u(x, t) ∈ H2
0 (e−γ2t, Ω∞) if

f, ft, ftt, fttt ∈ L∞(0,∞; L2(Ω)), f(x, 0) = ft(x, 0) = ftt(x, 0) = 0.

3. Case n > 3. In this case, the strip

1 − n

2
≤ Imλ ≤ 2 − n

2

does not contain eigenvalues of the problem (2.22) - (2.23) (see [6; p.289]). By
Theorem 2.2, we obtain that u ∈ H2

0 (e−γ2t, Ω∞) if f, ft, ftt, fttt ∈ L∞(0,∞; L2(Ω)),
f(x, 0) = ft(x, 0) = ftt(x, 0) = 0.
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