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Abstract. We study closed submanifolds M of dimension 2n + 1, immersed into
a (4n + 1)-dimensional Sasakian space form (N, &,7,¢) with constant -sectional
curvature ¢, such that the reeb vector field £ is tangent to M. Under the assumption
that M has equal Wirtinger angles and parallel mean curvature vector fields, we prove
that for any positive integer n, M is either an invariant or an anti-invariant submanifold
of N if ¢ > —3, and the common Wirtinger angle must be constant if ¢ = —3.
Moreover, without assuming it being closed, we show that such a conclusion also holds
for a slant submanifold M (Wirtinger angles are constant along M) in the first case,
which is very different from cases in Kéahler geometry.

1. Introduction and Main Theorem

Wirtinger angles in contact geometry are something like Kahler angles in com-
plex geometry. Kéhler angles of a manifold M immersed into a Kéhler manifold
N are just some functions that at each point p € M, measure the deviation of
the tangent space T, M of M from a complex subspace of T, N. This concept
was first introduced by Chern and Wolfson [11] for real surfaces immersed into
Kahler surfaces N, giving, in this case, a single Kéhler angle. Submanifolds of
constant Kéhler angles (independent of vectors in T, M and points on M) are
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called slant submanifolds, which was introduced by Chen [7] as a natural gen-
eralization of both holomorphic immersions and totally real immersions. Now
Wirtinger angles of a Riemannian manifold M immersed into a (or an almost)
contact metric manifold (N, &, n, ¢, g) are just the Kéhler angles defined on the
distribution R orthogonal to £ in the tangent bundle T'M. The notion of slant
submanifolds in contact geometry was introduced by Lotta [16] for submanifolds
immersed into an almost contact manifold, which is also a natural generalization
of both invariant (the slant angle = 0) and anti-invariant (the slant angle = 7/2)
submanifolds.

There has been an increasing development of differential geometry of K&hler
angles (respectively Wirtinger angles) and slant submanifolds in complex (re-
spectively contact) manifolds in recent years (see for instance [1, 3-5, 7-10,
14-18] and references therein). Examples are given in complex space forms by
Chen and Tazawa [9], where they proved that minimal surfaces immersed into
CP? and CH? must be either holomorphic or Lagrangian surfaces. By Hopf’s
fibration, they [8, 9] also gave the concrete examples of proper slant submani-
folds immersed into complex space forms. In [14], the author also studied slant
submanifolds satisfying some equalities. J. L. Cabrerizo, A. Carriazo, L. M.
Ferniandez and M. Ferndndez studied slant and semi-slant submanifolds of a
contact manifold [3, 4], and presented existence and uniqueness theorems for
slant submanifolds into Sasakian space forms [5], which are similar to that of
Chen and Vrancken in complex geometry [10].

Clearly there are obstructions to the existence of slant submanifolds. For
instance, there does not exist totally geodesic proper slant submanifolds with
slant angle 6 (0 < cosf < 1) in non-trivial complex space forms by Codazzi
equations. A natural question is to ask when the submanifold with equal Kahler
angles is holomorphic or totally real. When the Kéhler angles are not constant
on the corresponding submanifold, by making use of the Weitzenbock formula
for the Kéhler form of N restricted to M, Wolfson [18] studied the minimal,
closed, real surfaces immersed into a Kéhler surface, and using the Bochner-type
technique, Salavessa and Valli [17] studied the same question and generalized
Wolfson’s theorem [18] to higher dimensions (i.e. n > 2 with equal Ké&hler
angles). The author [15] generalized the theorem to submanifolds with parallel
mean vector fields but restricting the ambient space to a complex space form.

In this article, we consider the above question in contact geometry, i.e.,
closed submanifolds with equal Wirtinger angles and parallel mean curvature
vector fields, immersed into a Sasakian space form, and obtain the following:

Theorem 1.1. Let (N,&,n,p,9) be a (dn+1)-dimensional Sasakian space form
with constant @-sectional curvature ¢, and M a real (2n+ 1)-dimensional closed
submanifold tangent to & with equal Wirtinger angles, immersed into N. If the
mean curvature vector field of M is parallel, then

1. When ¢ > =3, M is either an invariant or an anti-invariant submanifold.
2. When ¢ = —3, the common Wirtinger angles of M must be constant.

Remark 1.2. Theorem 1.1 is a Sasakian version of submanifolds in complex
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space forms but is in fact very different from that of Kéhler manifolds because
the result in complex geometry depends strictly on the sign of the holomorphic
sectional curvatures (see [15]).

In Sec. 2, we recall some known facts on Sasakian manifolds and list some
basic formulae that will be used later. The main theorem’s proof is given in
Sec. 3, together with an important corollary.

2. Preliminaries and Formulas

In this section, we collect some basic formulas and results for later use. We
begin with some basic facts on Sasakian spaces. We refer to [2] for more detailed
treatment.

An odd-dimensional differentiable manifold N has an almost contact struc-
ture if it admits a global vector field £, a one-form 7 and a (1,1)-tensor field ¢
satisfying

n€) =1, and ¢*=—id+nQE. (2.1)

In that case, one can always find a compatible Riemannian metric g, i.e.,
such that

9(eX, oY) = g(X,Y) —n(X)n(Y), n(X)=g(X,%), (2.2)

for all vector fields X and Y on N.

(N, &,m,¢,g) is an almost contact metric manifold. If the additional prop-
erty dn(X,Y) = g(¢X,Y) holds, then (N,&,n,¢,g) is called a contact metric
manifold. As a consequence, the characteristic curves (i.e. the integral curves of
the characteristic vector field &) are geodesics.

If V is the Riemannian connection of g on N, then

va = QOX (23)

A contact metric manifold, (N, &, 1, ¢, g), for which £ is a Killing vector field
is called a K-contact manifold. Finally, if the Riemannian curvature tensor of
N satisfies

R(X,Y)§ =n(Y)X —n(X)Y (2.4)

for all vector fields X and Y, then the contact metric manifold is Sasakian. In
that case, £ is a Killing field, and

(Vx@)V = —g(X,Y)¢ +n(Y)X = R(X, §)Y. (2.5)

If it has constant @p-sectional curvature ¢, then the Sasakian manifold is called
a Sasakian space form. At this time its curvature tensor is given by (cf. [19])

R(X,Y)Z = 2(e+3){g(Y, 2)X — g(X, 2)Y} — 3(e~ D{n(¥}n(Z)X

—n(Xn(2)Y +g(Y, Z)n(X)§ — g(X, Z)n(Y )¢
—9(@Y, 2)pX + g(0X, Z)pY +29(0X,Y)pZ}. (2.6)
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Now let (N, &, 1, ¢, g) be a Sasakian space of dimension 4n+1, and « : M —
N be an immersed submanifold M of real dimension 2n + 1. Denote by (,) the
Riemannian metric g of NV as well as the induced metric of M from N. We denote
by V, V+, A, and B the induced Levi-Civita connection, the induced normal
connection from N, the Weingarten operator and the second fundamental form
of submanifold M, respectively. As usual, TM and T-M are the tangent and
normal bundles of M in N, respectively.

For any X,Y,Z € TM, the Codazzi equation is given by (cf. [6])

(VxB)(Y, Z) - (Vy B)(X, Z) = (R(X,Y)Z)*, (2.7)
where Vx B is defined by
(VxB)(Y,Z) =V%(B(Y,Z)) — B(VxY,Z) - B(Y,VxZ).
The Weingarten form A and the second fundamental form B are related by
(A,X,Y) = (B(X,Y),v), veT+M.
For any X € TM, and v € T+M, we write

pX =PX+NX, ov=tv+ fo,

where PX (resp. tv) and NX (resp. fv) denote the tangent and the normal
components of X (resp. v), respectively.

A submanifold is said to be invariant (resp. anti-invariant) if N' (resp. P) is
identically zero. In [16], Lotta proved the following theorem which generalizes a
well-known result of Yano and Kon (cf. [19])

Lemma 2.1. [16] Let M be a submanifold of a contact metric manifold N. If &
is orthogonal to M, then M is anti-invariant.

So from now on, we suppose that the characteristic vector field ¢ is tangent
to M.

Denote by R the orthogonal distribution to £ in T'M. For any X tangent to
M at p, such that X is not proportional to &,, the Wirtinger angle 8(X) of X is
defined to be the angle between ¢ X and T, M. In fact since p§ = 0, (X) agrees
with the angle between ¢(X) and ®,. If 6(X) is independent of the choice of
X € T,M — (&), we say M is a submanifold with equal Wirtinger angles. M
is said to be slant [16] if the angle 0 is a constant on M. Clearly invariant and
anti-invariant immersions are slant immersions with slant angle ¢ = 0 and ¢ = 3
respectively.

By (2.1) and (2.2), the following are known facts (cf. [19])

P?=—-]-tN+n®¢ NP+ fN=0, (2.8
Pt+tf=0, f?>=-I-Nt.

e
—

By (2.3) and (2.5), by differentiating ¢ along a tangent vector field X € TM
and comparing the tangent and normal components, we have (cf. [19])
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Vxé=PX, NX=B(X,9). (2.10)
(VxP)Y = ANy X +tB(X,Y) — g(X,Y){ + n(Y)X, (2.11)
(VxN)Y = —B(X, PY) + fB(X,Y), (2.12)

where Vx P and Vx N are the covariant derivatives of P and N, respectively
defined by

(VXp)YZVX(PY)—PVXK (2.13)
(VxN)Y = V%(NY) - NVyY. (2.14)
Now let us assume that  : M — N is an immersion with equal Wirtinger
angle 6, then (cf. [7. 8])
(PX,PY) =cos’0(X,Y), X,YeTM,

with cosf a locally Lipschitz function on M, smooth on the open set where it
does not vanish. On an open set without invariant and anti-invariant points, we
can choose a locally orthonormal frame {eg, ey, - ,ea,} of TM, such that

eo =&, Pe;=cosbeny;, Pepy;=—cosbe;,, i=1,---,n,
and a local orthonormal frame {e2,11,- - , €4, } of T+M such that
Ne; =sinfeg,1i, Nepy; =sinfesg,q, i =1,--- n.

Obviously by the definition of ¢ and f, using (2.8) and (2.9), we have

tean4; = —sinfe;, tespy; = —sinfe,iq,

feanti = —cosbespyi, fesnti = cosbeqn ;.

By (2.11), for any X, Y, Z € TM

(VxP)Y,Z) = (Axy X +tB(X,Y), Z) — (X,Y)(Z) + (X, Z)n(Y). (2.15)

The following index convention will be used: «,8,v,---,€ {1,---,2n} and
i,9,k,--+,€ {1,---,n}. The component of the second fundamental form is
denoted by BJ;W. Let X = e4,Y = e; and Z = ep4; in (2.15), making use of
(2.13), by a direct calculation we have

2n+k 3n+l __ n+l l
Ba,nJrl - Bak - Ctge(ra,rﬂrk - Fak)

si kls ( )
Where I 8 iS the COnneCtiOn Coeﬁicient Of ]\47 deﬁned by

Venes =Tzey, Th5=-T0,

(63
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3. Proof of Theorem 1.1

Let £L = {p € M|cosf(p) = 0}, and let £ denotes the largest open set contained
in L.

Theorem 3.1. Let N be a (4n + 1)-dimensional Sasakian space form with con-
stant p-sectional curvature ¢, and let M be a (2n + 1)-dimensional submanifold
immersed into N with equal Wirtinger angle 6. If the mean curvature vector
field of M in N is parallel, then on L°\J(M — L) we have

Acosﬁg—{;(0—1)+6}sin29(:ost9. (3.1)

Proof. First we assume 0 < cosf < 1, so that we can choose the orthonormal
frame fields given in Sec. 2. Define a function F' by

n
F = Z(Pek, Pey) = ncos? 0. (3.2)
k=1

By (2.10) and (2.11) we see that (for details see (3.3) below)
£(ncos?0) = EF = 0.

Thus the Laplacian of F' can be given as follows
2n

AF =tr(VdF) = Y (e2F — dF(Ve,ea)).

a=1

By (2.10)~(2.14), we can do the following calculations

egeaF = eg Z eq(Peg, Pey)
k
= Veﬁ 2<Vea (Pek),P6k>
k
= Veﬁ 2<(V60P)ek+PVeaek,Pek)
k
= Ve, 2{<ANekea +tB(eq, k) — (€, e + n(er)ea + PV, ek, Pek)}
k
2{<ANekea +tB(eq,er), Peg) + (PVe, ek, Pek>}
k
= Ve, 2{ sinf(A
k
=V, Z 2sin 6 cos G(B(Qy?;fk — B3nth)
k

=V

€s

€a; Pex) — (Blea, ex), NPek>}

€2n+k

= Z 2ep(sin 6 cos 9)(B(2y”;fk - Bi’,erk)
k

+ ZZsiDHCos H{VeﬁBZ?;fk — V., Btk (3.3)
k
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Similar calculation as above gives

dF ZZschosH{ (Veseas€nik), €anir)—(B (Veﬁea,ek),63n+k>}.

(3.4)
Let us denote the last two terms in (3.3) by 4; and B;. For A; we get

A1 =V, Bi":fk = Ve, (B(ea, entk); €2n+k)
= (V. (B(ea, entn), e2nti) + (Blea entr), Ve, e2nik)
= ((VesB)(€arentik) + B(Vesea,enik) + Blea, Vesenik), €anik)
+ (B(€asen+k)s vé}, €2n+k)
= ((Ven i B)(easep) + (Rleg, entr)ea)” + B(Ve,ea, ensr)
+ B(ea, Vegentt), 2ntk) + (Blea, entr), Vi, e2ntk)
= (Ve (Bleasep)) + (Rlegs entr)ea)™ = B(Ve,  are5) = Blea, Ve, e5)
)
)+

+ B(Veg €as Entk + B(ea; VE[J' Entk
= (V... (Blea,es)

entk

)s e2n+k) + (Bleas ensh), Ve, €antr)
( (eﬁv enJrk)eoz)L e2n+k> < (Veg €a; enJrk)a 62n+k>
+ <B(6a, Veﬁe"Jrk) - B(Venﬁ—kea’ 65) (ea’ €n+ke,3)v 62n+k>

+ <B(ea7 en+k)7 vé_ﬁ 62n+k>- (35)

Here we have used the Codazzi equation (2.7) in the fifth equality. By a similar
calculation we also have

VeﬁBB”"’k = Ve, (B(eas k), €3ntk)
= <velk( (60(, 6[3)) + (E(eﬁa ek)ea)Lv e3n+k> + <B(veg €a; ek); 63n+k>
+ <B(6a, Veﬁek) - B(Vek Ca, 65) - B(eav Vekeﬁ)v 63n+k>

+ (B(easex), Ve, eanik)- (3.6)

Combining (3.3), (3.4), (3.5) and (3.6), and using the expression of AF we have

= ZZea(SiDHCOS 9)(Bi",jfk B3ntk)
.k
+ Z 2sin 6 cos 9{ e ok (B(eas€a)) + (R(eas €nir)ea)™, eanik)
ak
- <Vé_k (B(ea,ea)) + (E(eaa ek)ea)l, 63n+k>}
+ Z 2sin g cos0{(B(ea, Ve, en+k) — 2B(Ve, ., €as€a), €2ntk)
ak
— (B(ea, Ve, k) = 2B(Ve,€as€a)s €3n+k) }

+ Z 2 sin 6 cos 9{<B(ea, €ntk), Vj‘a eantk) — (Bl(ea,€k), Vj‘a 63n+k>}.
a,k (37)
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We denote the last two terms by As and Bs, respectively, in the above equation.
For A,,

= Z 2sinf cos(B(en, entk), Vju €2n+k)

aLk
= %2511100059 Bl(ew, entk)s J‘ (TeNek)>
—eq(sin6)

1
N — (V.. N NV,
g New + = (Ve New + NVe,ex) ) |

{
= ;251n90089{<3 €arntk),
{

o(sinf
:Z2sin00050 < (€ €ntk),s w€2n+k>

sin §
aLk
1
+ E<B(em entk), —B(ea, Per) + fB(ea, er) + Nveaek>}
= Z {—2cos f)ea(SiDQ)Biank —2¢08? 0(B(ea, enik); Blea, nir))

+2cos0(B(ea,entr), fB(ea,er) + NV, ex) }.

In the above calculation, we have used (2.12), (2.14) and the property of the
chosen frame. Similarly,

Z 2sin 6 cos 0(B(eq, ex), Veu €3n+k)
= Z { — 2cosfeq(sin 0) B3 12 cos? 0(B(ea, er), B(eas ex))

ak
+ 2cos0(Blea, er), fB(€a,ntk) + NVe, enik)}-

Therefore

Ay — By = Z{ 2 cos feq (sin 0) (B2, — BIM)} —2c05°0) || B(ea, ep)I?
a,B
+ Z 20059{ (easentk), fB(ea,er)) — (Blea,ek), fB(eas en+k)>}

+ 220050{ (€asentk), NVe,er) — (Blea,er), NVe, entk) }-
(3.8)

As f is skew-symmetric, inserting (3.8) into (3.7), and using (2.10) we have
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AF = Z 2sin fe,,(cos 6) (Bi"rjfk B3ntk) (3.9)
a,k
+ Z 2sinf cos {(V e - H+ (R(ea, enir)ea)”, eanir)
a,k

—(VEH + (Rcar ex)ea) ™, eanir) }
+ Z 2 sin 0 cos 9{<B(ea, Veaenik) —2B(Ve, 1 €as€a), €2ntk)

ak
— (B(eq, Ve, er) —2B(Ve, €qa,eq), €3n+k>} (3.10)
+ Z4cos 0{(B(ea,en+tr), fB(ea,er))} — 2 cos’ QZ || B(eases)]?
P (3.11)
—l—ZZcosG{ (eas€ntk)s NVe_er) — (B(ea,ek),NVeae,H_w}.
(3.12)

Here H is the mean curvature vector field of M , defined by H = trB. Since

2n+k 2n+k
Z<B(Ven+kea7 ea eQnJrk Z Fn—i—k ozBﬁ:;Jr + Z Fn+k aBEZJr
ak a,B,k

= - Z | 2”+k+Zsm9I‘n+kk,
a,B,k

where we have used (2.10), and ng"’k means (B(E, eq), €an+k), after rearranging
indices in the last term and using (2.10) again we see that this term is equal to
nsin f cosf. Similarly

Z(B(Vek €as€a)s €3n+k) = —nsinf cosb.
aLk
Therefore
(3.10) = 2sinfcos0 > {(Bea: Ve, entk):€2ntk) — (Blea, Ve, €x), esnir)}
a,k
— 8nsin? § cos® 0
= 2sinf cosd Z {I‘(y n+kBZ%+k F§k33"+k} — 12nsin” § cos? 6.
a,B,k

By the property of the chosen frame fields and using the basic inequality, we
have

(3.11) =4cos®0 Y (BXH Bt — BIMH B2 ) —2c0s20 ) || Blea, es)|?

a,k,l a,B
<2c08 0y {(BI)? + (B2 + (B + (B
aLk,l
—2cos*0 Y _||B(ea, es)|* < 0. (3.13)

a,B
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By the property of the chosen frame fields again

(3.12) = 2sinf cosd Z (BZTZ'fkf‘gk - Bzz—'_ﬁfi,wrk).

a,B,k

Let k=1 in (2.16) we see that

B2n+k _ pintk _ €a(cost)
a,n+k ak sin0

This leads to
(3.9) =2 {eal(cos)}* = 2n||V cosd|?,
a,k

since £(cosf) = 0.
Inserting (3.9)~(3.13) into AF and using (3.2) we get

€n+tk

A(ncos? 0) < 2sin000592{<vl‘ H,emyr) — <Vi'kﬁ,63n+k>}
k

4 2sinf cos 6 Z{((}_%(ea, enik)ea)s, eantk) — {(R(eq, ek)e(y)L7 €3n+k)}
ak

+ 2n||V cos 0]|* — 12n sin 6 cos? 6 + F1, (3.14)
where

_ : 163 2n+k B8 3n+k 2n+p5 p 2n+G10
Fy, = 2sinfcosf Z (T W BIEE =10 BIh 4 B2 O T0, — BT L)

a,B,k

Now we assume N is a Sasakian space form with constant ¢-sectional cur-
vature ¢. By (2.6) we have

Z«F(ea; enJrk)ea)Lv 62n+k> = _Zn(c - 1) sin 6 cos 97
aLk

Z«E(@a, er)ea) T, esntk) = Zn(c —1)sinfcosf.
aLk

Therefore, when the mean curvature vector field H is parallel, (3.14) reads

A(ncos® ) < 2n||V cos ]| —3n(c—1) sin® § cos® —12n sin? 6 cos® O+ Fy. (3.15)

It is easy to see that formula (3.15) is independent of the chosen local frame
fields. Thus for any p € M, we can choose a local normal coordinate for M at p
such that Fgﬁ (p) =0, and so F; = 0. An easy calculation shows that

A(ncos? 0) = 2n||V cos0||? + 2n cos A cos .
Plugging these into (3.15) we get

Acosf < —{;(c— 1)+6}sin29(:ost9.
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Generally, cos # is only locally Lipschitz on M, but smooth on the open set of
anti-invariant points. Obviously the last formula also holds on invariant points
and the largest open set of anti-invariant points, Therefore it surely holds on

LOYM - L). [

Proof of Theorem 1.1. From Theorem 3.1 we see that (3.1) is valid on all M but
the set of anti-invariant points with no interior. Now M is closed and so cosf
extends smoothly on all M, i.e. (3.1) holds on the whole submanifold M.

1. When ¢ > —3, integrating (3.1) over M and noting that cosf > 0, we have

_/ {§(C—1)—|—6}Sinz€cos€dVolM2O7
M L2

which implies either sinf = 0, or cos€ = 0, that is M is either an invariant or
an anti-invariant submanifold.
2. When ¢ = -3, (3.1) takes the form

Acosf <0.

By the maximum principle of Hopf, we see that cos@ is constant, and therefore
M has constant Wirtinger angles. ]

When M has constant Wirtinger angles, as an immediate result of Theorem
3.1, we have the following corollary

Corollary 3.2. Let M?"*! be a slant submanifold with parallel mean curvature

vector field, immersed into a Sasakian space form with constant p-sectional cur-
vature ¢ > —3. Then M is either an invariant or an anti-invariant submanifold.
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