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Abstract. In this paper we establish some further applications of the KKM-maps
principle in hyperconvex metric spaces such as Ky Fan inequality, fixed point theorems,
minimax theorems,... using the notion of sub-admissible sets instead of admissible sets
as usual.

1. Introduction

After Khamsi’s paper [8] on the KKM-maps principle in hyperconvex metric
spaces, several authors have established main applications of this principle such
as the Ky Fan minimax inequality, fixed point theorems, minimax theorems,
equilibrium point theorems,... in such spaces, see for instance [4, 9, 10, 16, 17].
The authors have used there the notion of admissible sets instead of convex sets
in vector spaces.

In Sec. 3 of this paper, we show that in all these results, the notion of ad-
missible sets can be replaced by a weaker one: sub-admissible sets introduced in
[16].

Moreover, in Sec. 4 we establish a version of the KKM-maps principle for
mappings with open values and apply it to obtain fixed point theorems for upper
semicontinuous mappings in hyperconvex metric spaces. This is a continuation
of our earlier work [4].
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2. Preliminaries

The notion of hyperconvex metric spaces was introduced by Aronszajn and Pan-
itchpakdi in [1]. For the convenience of the readers we recall some definitions.

Definition 1. A metric space X is said to be hyperconvez if for any collection
of points {x : o € I} of X and any collection of nonnegative reals {ro : oo € I}

such that: d(za,x3) <To +1g for all a,B € I, then [\ B(za,ra) # 0.
aecl
Here B(x,r) denotes the closed ball centered at x with radius .

The classical hyperconvex spaces are the real line with the usual distance,
(R™, ||lloc), 1°°(I) for any index set I. Note that the spaces (R™, ||.||) with the
euclidean norm are not hyperconvex (Consider three discs in a plane, which are
pairwise tangent). In addition, a hyperconvex subset of (R?,||.||oc) need not be
convex.

Ezample. The set {(z,y) € R? 1y = 2,0 <z <1} U {(z,y) e R? : y =
2 —x,1 <z < 2} is hyperconvex, but not convex.

Definition 2. A set in a metric space is said to be admissible if it is an in-
tersection of some closed balls. The collection of all admissible sets in a metric
space X is denoted by A(X).

It is known that if C' € A(X) then for each r > 0, the set {x € X : d(z,C) <
r}, denoted by N,.(C) and called the closed r-neighborhood of C, belongs also
to A(X).

Definition 3. The admissible hull of a set A in a metric space, denoted by
ad(A), is the smallest admissible set containing A.

In [8], Khamsi established the following KKM-maps principle in hyperconvex
metric spaces.

Theorem 2.1. (KKM-maps principle). Let X be a hyperconvex metric space, C
be an arbitrary subset of X, and F : C' — 2% be a KKM-map such that F(x) is
closed for every x € C. Then the family {Fx : © € C'} has the finite intersection

property.
In [16] Wu et al. introduced the following notion.

Definition 4. A set A in a metric space is said to be sub-admissible if for each
finite subset D of A we have ad(D) C A.

Clearly, each admissible set is sub-admissible and it is not difficult to show
that every compact sub-admissible set is admissible. The collection of all sub-
admissible sets in a metric space X is denoted by B(X).
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Definition 5. Let A be an admissible set in a metric space. A function f :
A — R is said to be quasi-convexr (or quasi-concave) if for each r € R, the set
{z e A: f(x) <r} (respectively, {x € A: f(x) > r}) is sub-admissible.

Note that this definition is slightly different from that introduced in [10,
17] where < (>) is replaced by < (>) and the set is admissible instead of sub-
admissible.

Definition 6. A multivalued mapping T from a topological space X into a
topological space Y is said to be upper semicontinuous (usc) at a point xo of X
if for any open set U containing Tz there exists a neighborhood V of xy such
that T(V) C U.

T is said to be usc if it is usc at each point of X.
It is known that if T" is usc and Y is compact then the graph of T' is closed,
where graph T'= {(z,y) € X xY 1y € Tx}.

3. Ky Fan Inequality and a Minimax Theorem

The two following results for hyperconvex metric spaces are similar to those of
Ky Fan in [6].

Theorem 3.1. Let X be a hyperconvex metric space, C' a nonempty compact
admissible set of X and A C C' x C satisfying:

1) {yeC: (z,y) € A} € B(X), for all z € C,

2) {x € C: (z,y) € A} is closed, for ally € C,

3) (z,z) € A, forallz € C.

Then there exists xg € C such that {zo} x C C A.

Proof. For y € C we set F(y) = {z € C : (z,y) € A} which is closed by

condition 2. We shall prove by contradiction that F' is a KKM-map. Suppose

on the contrary that there exist a finite subset {y1,...,yn} of C and a point
n

z € ad{y1,...,yn} such that z € |J F(y;). Then we have (z,y;) ¢ A, for all
i=1

1=

i=1,...,n. Putting

B={yeC:(zy) ¢ A},

we have y; € B for each i. By condition 1, B is sub-admissible. Hence z €
ad{y1,...,yn} C B. From this we have (z,z) € A, a contradiction to condition
3. So F is a KKM-map. Since C is compact, by Khamsi’s theorem there exists

xzg € C such that zp € (] F(y). Hence {xp} x C C A and the theorem is
yeC
proved. [ |

From Theorem 3.1, we have the following result (Ky Fan inequality):
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Theorem 3.2. Let X, C be as in Theorem 3.1 and let f : C x C' — R be such
that:

i) For each x € C, the function f(z,.) : C — R is quasi-concave in y.

ii) For eachy € C, the function f(.,y) : C — R is lower semicontinuous in x,
iii) f(x,x) <0, for all x € C.

Then there exists xg € C such that: f(xzo,y) <0, for ally € C.

Proof. Putting A = {(x,y) € C x C : f(x,y) < 0}, it is easy to verify that A
satisfies all conditions of Theorem 3.1. Hence there is g such that {zo} xC C A.
This means that f(zo,y) <0, for all y € C. ™

Before proving the Browder-Fan fixed point theorem in hyperconvex metric
spaces we introduce the following notation. Let C', D be two nonempty sub-
admissible sets in two hyperconvex metric spaces X, Y respectively. We denote
by B(C, D) the family of all mappings T : C — B(D) such that:

i) Tz # 0, for all z € C,

ii) T~y is open in C for all y € D,

where the mapping 7' : D — 2 is defined by: x € T~y <y € T, Vo €
C,Vy € D.

The following is an analogue of a result due to Browder in [3] for hyperconvex
metric spaces.

Theorem 3.3. Let X be a hyperconvex metric space, C' a nonempty compact
admissible subset of X and T € B(C,C). Then there exists o € C such that
xoeffx@

Proof. For each z € C, we set F(xr) = C\ T 'z. Since T~z is open, we have

that F(z) is closed. Since Tz # ), for all x € C, we get C = |J T 1.
zeC

Hence (| Fz =C\ U T 'z = (. From Khamsi’s theorem, F' cannot be
zeC zeC
a KKM map. Then there exist z1,29,...,2, € C and x¢ € ad{z1,...,z,} CC

such that 2y € Fz; for each i. This is equivalent to zg € T~ a; for each i. Hence
x; € Tz for each i. Since Txg is sub-admissible, we have g € ad{x1,...,2,} C
Tzo. The theorem is proved. [ |

Before proving a minimax theorem we establish a coincidence theorem which
is analogous to a modified version of a theorem of Ben-El-Mekhaiekh et al. in

[2].

Theorem 3.4. Let C, D be two nonempty sub-admissible sets in two hypercon-

ver metric spaces X, Y respectively. Suppose that C or D is compact and A,

B : C — 2P are two mappings such that B € B(C,D) and A~' € B(D,C).
Then there exists xg € C such that

Azo N Bxg # 0.
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Proof. Suppose that D is compact. Because A~'y # () for all y € D, we have

D= | Ax.
zeC
Since D is compact, there exists a finite subset {z1,...,2,} of C such that
n
D= U A{Ei.
i=1
Denote by {f1,...,0,} a partition of unity subordinate to the above cover-

ing. We indentify the imbedding i : X «— X, =ad(X) € A(I*°(X)) (see [8]).
Define a continuous map: p : D — C by putting

p(y) = Z B;(y)z;.

Set L = ad{z1,...,2,} C C and M = conv{zy,...,2z,} in X. Letting r be
the nonexpansive retract r : Xoo — X, we have r(M) C L (see [8]).

For each j, 3j(y) # 0 implies y € Az;. Hence z; € A~ ly. Since A~y is
sub-admissible, we have

rp(y) € Ly C ANy,
where L, = ad{x; : 8;(y) # 0}. So we have
y € Arp(y), for all y € D. (3.1)

We define a map T : D — 2P by setting Ty = Brp(y).
Since 7, p are continuous, from the property of B, we get T € B(D, D).
By Theorem 3.3, there exists yo € D such that

Yo € Tyo = Brp(yo). (3.2)

Putting zo = rp(yo), from (3.1), (3.2) we have yo € Azxg N Bxyo.
The case when C' is compact can be proved similarly. The proof is complete.
|

Now we are in a position to proof a version of the well known minimax
theorem due to Neumann-Sion [11, 15] in the case of hyperconvex metric spaces.

Theorem 3.5. Let C, D be as in Theorem 3.4 and f,g : C x D — R be two
functions such that:
i) f(z,y) < g(=,y), for all (z,y) € C x D.

ii) For each x € C, the function g(z,.) is quasi-convex and f(z,.) is lower
semicontinuous in y.

iii) For each y € D, the function f(.,y) is quasi-concave and g(.,y) is upper
semicontinuous in x.

Then

inf su T < sup inf g(z,v).
yeregf( ,y),xegyeDg( 2 Y)

Proof. Suppose that the conclusion is false. Then there exists a real number A
such that

inf sup f(z,y) > A > sup inf g(x,y). 3.3
yEDxegf( Y) xegyEDg( Y) (3.3)
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For each x € C we set

Fz)={yeD: f(z,y) > \}

and
Glz) ={y € D:g(z,y) <A}
H
ence Fly={zeC: f(z,y) > A}
and

Gl y) ={z € C:g(x,y) <A}
From (3.3), we have
F7ly#£0, G)#0 forallzcC, yeD.

Furthermore, from conditions (ii) and (iii) we get that F(z) and G~(y) are
open, and G(z) and F~!'y are sub-admissible.

From Theorem 3.4, there exists (zg, y9) € C x D such that: yo € FagNGxg.
This is equivalent to f(zo,y0) > A and g(zo,y0) < A, a contradiction to i). The
theorem is proved. n

Corollary 3.6. Let C, D be as in Theorem 3.4 and let f : C x D — R satisfy

i) For each x € C, the function f(x,.) is quasi-convex and lower semi contin-
UOUS.

ii) For each y € D, the function f(.,y) is quasi-concave and upper semicontin-
UOUS.

Then

inf su T = sup inf f(z,y).
yere(pjf( 2 Y) chgyEDf( )

4. Fixed Point Theorems for Multivalued Maps

In [12] the authors have established a generalization of the well-known Ky Fan
fixed point theorem for multivalued usc mappings, using the KKM-maps princi-
ple for mappings with open values due to Shih in [14]. In this section, following
the same idea of [12], we establish an analogous result in hyperconvex metric
spaces.

Lemma 4.1. (KKM-maps principle for open sets) Let C be a nonempty compact
admissible subset in a hyperconver metric space X and A be a finite subset of C.

Suppose that G : A — 29 is a KKM-map with open values. Then [\ G(z) # 0.
€A

Proof. To prove this lemma, it suffices to show that there exists a KKM-map
F : A — 2¢ with closed values such that F(x) C G(x), for all z € A.
For each y € G(A) = |J G(z), there exists 7, > 0 such that the open ball
TEA
é(y,ry) C G(z) for such z € A that y € G(x). Taking any subset « of A, we
have
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Gla) = | J{G@) : z € a} < | J{B(y,7y) 1y € Gla)}.

Since G is a KKM-map, we get
ad(a) C G(e) € | {B(y,y) 1 y € G(a)}.

Because ad(«) is closed in the compact set C, hence ad(«) is also compact. So,
there exists a finite subset B(a) of G(«a) such that

ad(a) ¢ | J{B(y.ry) : y € B(e)}.
Set B = |J B,. Clearly B is a finite set.

For each x € A, we set
F(z) = J{B(y,ry) :y € BNG(x)}.
Obviously F'z is a closed set.
For each y € G(z), from B(y,r,) C G(z) we get F(z) C G(z).
Now we shall prove that F' is a KKM-map.
For a C A and z € ad(«), there exists y € B, C B such that z € B(y,ry).

Since B, C G(a), there exists © € « such that y € G(x). This implies y €
BN G(x). Hence z € F(z). So ad(a) C |J F(z). The lemma is proved. n

TEQ

Theorem 4.2. Let X be a hyperconver metric space and C' a nonempty compact
admissible subset of X . Suppose that T : C — A(C) is an upper semicontinuous
map. Then T has a fized point.

Proof. Since C' is compact, for each r > 0 there exists a finite subset {z1,x2,
..., xn} of C such that

C c | JB(ai,r). (4.1)

We set
F(x;)={x e C:TxN B(z;,r) = 0}.
Since T' is upper semicontinuous, we have that F'(x;) is open. Since (4.1) implies
ﬁ F(z;) =0, so F cannot be a KKM-map. Hence, there exist =%, x;,,. .., s,
Such that
k

xy € ad{x;y,..., 2} and z) & U F(xij), (4.2)
j=1

From (4.2), we have
Tz N B(zij,r) #0, forall j=1,2... k.

Set L = ad{z1,...,2,} C Cand M = {z € L : Tz N B(x,r) # (}. Because
Tz: € A(C) we get N.(Tx}) € A(C). On the other hand, M = N,.(Tx}) N
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L € AC) and x;; € M for each j = 1,...,k. This implies 2} € M. So
1

d(zk,Tz}) <r, and there is y € Tz}, such that d(z},y") <r. Let r = —, we
n

get two sequences {z}}, {y5} such that

1
d(zl,yr) < - and y; € Tx).

Since C'is compact, we may suppose that there exists «; € C such that x}, — .
Hence y — z§. Since T is upper semicontinuous and C' is compact, we have
that the graph of T is closed. From the above observation we get z§ € Tz and
the theorem is proved. [ |

Remark 4.3. By a quite different method, this result was obtained by Yuan in
[17] (see also [16]).

Remark 4.4. The notion of condensing mappings was introduced by Sadovski for
Banach spaces in [13]. Kirk and Shin in [9] have obtained analogous results for
single-valued mappings in hyperconvex spaces. Combining Theorem 4.2 and the
method used in [9] one easily gets the following result for multivalued mappings.

Theorem 4.5. Let C be an admissible set in a hyperconvex metric space, T
a multivalued usc condensing in C' with admissible values. Then T has a fized
point.
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