Vietnam Journal of Mathematics 33:2 (2005) 189-197

Vietnam Jourmnal
of
MATHEMATICS

© VAST 2005

Fibonacci Length of Direct Products of Groups

H. Doostie! and M. Maghasedi?

! Mathematics Department, Teacher Training University,
49 Mofateh Ave., Tehran 15614, Iran
2 Mathematics Section Doctoral Research Department,
Islamic Azad University, P.O. Box. 14515-775, Tehran, Iran

Received July 7, 2004
Revised December 4, 2004

Abstract. For a non-abelian finite group G = (a1, az, ..., a,) the Fibonacci length
of G with respect to the ordered generating set A = {a1,as,...,a,} is the least
integer [ such that for the sequence of elements z; = a;, 1 < ¢ < n, Tpy =

H;;l Titj—1, ¢+ > 1, of G, the equations x;4; = a;, 1 < i < n hold. The question
posed in 2003 by P. P. Campbell that ”Is there any relationship between the lengths
of finite groups GG, H and G x H ?” In this paper we answer this question when at
least one of the groups is a non-abelian 2-generated group.

1. Introduction

Let G = (A) be a finite non-abelian group where, A = {a1,a2,...,a,} is an
ordered generating set. The sequence

n
xi=a;, 1<i<n, $n+z‘=H$i+j—1, 1>1
=1

of the elements of G, denoted by F4(G), is called the Fibonacci orbit of G with
respect to A, and the least integer [ for which the equations z;y; = x;, 1 <
i < n hold, is called the Fibonacci length of G with respect to A and will be
denoted by LEN 4(G). The notions of basic Fibonacci orbit and basic Fibonacci
length are almost similar. Indeed, the basic Fibonacci orbit of length m is also
defined to be the same sequence of the elements of G such that m is the least
integer where the equations 10 = z,, 41, 20 = Tpm42, ..., Tpl = Tpy4pn hold
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for some § € Aut(G). The integer m is called the basic Fibonacci length of
G with respect to A and will be denoted by BLEN4(G). It is proved in [2]
that BLEN4(G) divides LEN4(G), for 2-generated finite groups. Obviously
AU {b1,ba,...,bk}, k> 1,0y = by = -+ = b, = 1 is also a generating set for
G, however, the Fibonacci lengths with respect to A and with respect to this
generating set are different. We will use this new generating set to make possible
our calculations.

Since 1990 the Fibonacci length has been studied and calculated for certain
classes of finite groups ( one may see [1, 2, 4, 7], for examples), and certain
original questions have been posed by Campbell in [5]. We answer one of these
questions which is: how can one calculate the Fibonacci length of Gx H (external
direct product of groups G and H) in terms of the Fibonacci lengths of G and
H?

For a finite number of the groups G1, Ga,..., G} we use the notation Dr*G;
for the external direct product (or, simply the direct product) G1 X G2 X - - - X G.

Our first attempt is to calculate LEN(, ;3 (G x H) where G = (a,b) is a
non-abelian finite group and H = (e) is a cyclic group of order m; then we will
calculate LEN{, ¢ 4y(G x H) where G = (a,b) and H = (c, d) are non-abelian
finite groups.

For every positive integer m, we define the positive integer k(m, 3) to be the
minimal length of the period of series (g; mod m)*™2, where

g9=901=0,92=1, g =¢gi—1+ gi—2 + gi—3-

This number is similar to the Wall number k(m) of Wall [10], where the Wall
number is defined for the series (f; mod m)¥2 such that

fo=fi=1, fi= fic1+ fi—2.

Following Wall [10] one may also prove the existence of k(m, 3) for every positive
integer m. We will use 1 for 1, the identity of the group G. Our main results
are the following propositions. Propositions A, B and C' give explicit formulas
for computing the lengths of direct products of some groups, and Propositions
D and E are the generalization of [2] for LEN{, 4} (D2y) and LEN{, ;) (Q2n)
(see [2]).

Proposition A. For every 2-generated non-abelian finite group G = (a,b) and
every cyclic group H = (e) of order m,

LEN{q,6(G x H) = l.c.m.(k(m,3), LEN{411(G)).

Proposition B. For every 2-generated non-abelian finite groups G = {(a,b) and
H = {(c,d),

LEN{a,b,c,d}(G X H) = l.c.m.(LEN{a’b’l,l}(G), LEN{LI,C,d}(H))'
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Proposition C. For a positive integer n, let G; = {(a;, b)), 1 < i < n be
non-abelian 2-generated finite groups. For every ¢ (1 < i < n) define A; =
{ai1,ai2,...,0;2n}, as follows,
b, if j=2i,
Q5 = ag, Zf j:2i—1,
1G‘i,’ Zf ]7522,22—1,
(G=1,2,...,2n). Then,

LEN{(“, b1, az, ba,..., an, bn}(DTnGi) = lcmlngnLENAL(Gz)

Consider the dihedral groups Da, = (a,bla®? = b" = (ab)?> = 1) and the
generalized quaternion groups Qan» = {(a, b|aQ"71 =1,02=a2""" b lab = a= b,
where n > 3. The followings are two numerical results on these groups.

Proposition D.
(i) For every n > 3 and k > 1, LEN{q, a,.....ax,a,b}(D2n) = 2k + 6 where,

a1:a2:...:ak:1'

(ii) Foreveryn >3, LEN{4p1}(D2n) = 79(;.3?4,71)’ LEN{q,1,1}(D2n) = ﬁ&n)’
and in general, for an integer k > 3 and for every i (1 <i < k) we define
Ai = {a17 a2, ..., Qk+1, ak-‘rQ}; where

a, if m=1i,
am =% b, if m=i+1,

1, otherwise.

Then, LEN,(D2,) = %qm,n, where, @ n is the least positive integer

such that for all values of r (3<r <k—i+1),

245 k,n 2nq; kn 2nq; kn
! 2T( .k, )( ok, 1)(7 —1).
] g.c.d(4,n)/ \g.c.d(4,n) + g.c.d(4,n) tr

Proposition E. For an integer k > 3 and for every i (1 < i < k) let A; be as
in the Proposition D. Then, LEN 4,(Qan) = 2k + 6.

2. Proofs

Proof of Proposition A. Let H = (e) and G = {a,b), so G = {(a,b,1). Consider
the Fibonacci sequence of the elements of G = (a,b,1) and G x H = {(a, b, e) as
r1=a, x32 =0, x3=1, T; = Ti_3Ti_2T;_1, © > 4,

and
Y1=a, Y2 =>, ys =€, i = Yi-3Yi-2Yi-1, 1 > 4,
respectively. For every n > 1, y, = x,.e9", for,
1 =a=x =x.° =x.%,
Yo =b =9 = 29.6° = x9.€92,

1

ys =e=l.e =x3.e = x3.%.
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Using an induction method, the hypothesis gives us

Yntl = Yn—2Yn—1Yn = Tp—2.e9"2.2,_1.€9" 1.2, .€9"
and since e is a central element of G x H, then

Yntl = Tp_o.Tp_1.Ty.InTIn-1Tn-2 — g odnt1

If | = LEN{q,}(G x H) then [ is the least integer such that y;11 = a, y142 = b
and y;+3 = e. This leads to the equations z;y1.e9+1 = a, x;42.€9+2 = b and
Zi43.€9+3 = e. Equivalently, we get two classes of the equations as follows:

Tip1 =@, Tyq2 =0, 43 =1

and

gi+1 =0 mod m, ;42 =0 mod m, gi43 =1 mod m.

The first and second classes of the equations prove the divisablity of [ by
LEN{4,11(G) and k(m, 3), respectively. Since [ is the least integer satisfying
these properties, so the result follows. n

Proofs of Propositions B and C. Let G = {(a,b), H = (¢,d) and GxH = (a,b,c,d)
where, [a,c] = [a,d] = [b,c] = [b,d] = 1. Consider G and H as G = (a,b,1,1)
and, H = (1,1,¢,d). Then, the sequences of elements of these groups with
respect to these ordered generating sets are

Tl = a, Ty = b, T3 = Tyg4 = ]., Ti41l = L4—3Ti—2TL3—1L4, ) Z 4,

yi=y2=1, y3=c¢, ya =d, Yir1 = Yi—3Yi—2Yi—1Yi, 1 > 4,
zi=a, zo=>5, 23 =c, 24 =d, zi41 = 2_3%i—2%i—1%;, | > 4,

respectively.
We can then prove z, = z,¥y, by an induction method on n. Now let [ be
the least positive integer such that all of the equations

Zl+1 = Qa, Zj42 = b, 2143 = Cy 2|44 = b.

hold (i.e. I = LEN{,.qy(G)), then by substituting for zi41, 2142, 2143 and
2144 the result follows by a similar way to that of Theorem A. Theorem C may
be proved in a similar way. ™

Proof of Proposition D.

(i) For k > 1 we consider the Fibonacci sequence of the elements. For instance
if Doy, = (1,1,a,b) i.e., k =2 then we have 1 = a2 =1, x3=a, x4 =0, x5 =
ab, v = (ab)? = 1, x7 = (ab)* = 1, 23 = bab = a, g = aba = b~ ', w19 =
ab_l, r11 =x12 =1, 13 = a, x4 = b. So, LEN{LI,a,b}(DQn) = 10. In general
every element of the sequence x1 = x9 = -+ =z = lg, Tk41 = @, Tpyo =
b, Tk4s = T1Z2...Tgy2,... of the group Do, =< aq,...,ax,a,b > may be
represented as
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a, if i= —2ork+1 mod 2k + 6,
b, if i= k+2 mod 2k+6,

;=< b1, if i= —1 mod 2k +6,
ab™', if i= 0 mod 2k +6,

1, otherwise.

where, i > k + 3. This may be proved by induction on i. So, considering the
definition of the Fibonacci length gives the result at once.

(ii) Consider the Fibonacci sequence of Da, = (a,b, 1) as
Tl = a, T2 = b, Tr3 = ]., Ty = Xj—3Ti—2T4—1, ) 2 4.

For every k > 4, every element of this sequence can be represented by

a, if k= 1 mod 4,

b(=1 if k= 2 mod 4,

T = ks,
LT 52 i k= 3 mod 4,
e

ab=DT 5 i k= 0 mod 4.

If | = LEN{q,13(D2n) then 141 = a, 1140 = b, and 7143 = 1. Sol = 0 mod 4,

1 L
and then b(-D7 = b yields [ = 0 mod 8. Moreover, b(-D7-2 = 1 holds if
and only if % is divisible by n. Consequently, considering three cases for n as

n= 0mod4,n= 1lmod4orn= 2mod4, wegetl=2n,l=8norl=4dn,

. . _ 8n .
respectively. i.e., [ = TedGD 88 desired.

The Fibonacci sequence of the group G = (a, b, 1,1) is the sequence
Tl =a, T2 = b, T3 = T4 — ]., Tj = Li—4T;—3L;—2T;—1, ) 2 5.

It is easy to prove that for every k > 5,

ab?(£)* =1, if k= 0 mod 5,
a, if k= 1 mod 5,
o — BT if k= 2 mod 5,
b2(’1)$'%, if k= 3 mod 5,
ROEDT LA G o 4 mod 5.

If | = LEN{q,1,13(D2y,) then in a similar way as for (i) we deduce that I = 0
mod 5, and almost a simple computation gives us [ = g.c+(nn,4)'
In general case every element of the Fibonacci sequence of D5, with respect

to A; may be represented by
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a, if j= 4 mod k+ 3,
b(=1° if j=4i+1 mod k+ 3,
p(=1)*2s if j= i+2 mod k+ 3,
b(*1)528(8+1) if j= i+3 mod k+ 3,
p(—1)* |€(9+1)(s+2) if j=i4+4 mod k+ 3,

Tj =

b( 1)6 (k+1 ,)|9(9+1)(9+2) A(s+k— 7') if jE k+2 mod k_’_?)’
ab(=1%e; if j=0 mod k+3,
1

otherwise,

?

where s = [k%w} and
k—itl,
a=1+ > S (=)
r=1 '

that ¢ = 745 — 1. ([2] is used for the integer part of the real z.) This may be
proved by induction method on j. Let [ = LEN4,(Da,), by a similar method
as above we get [ = 0 mod k + 3 and [ must satisfy all of the relations

(i) 2| kj_ga
(i) n| 2 k+3,
(iii) n| (ki&)(%ﬁ"_l)"'(ki:s"i'r ) forall3<r<k—i+1.

The relations (i) and (ii) yield [ = ;ik;r(i)n) i k.n, Where, g; i n is a positive

integer, and by (iii) we get

2" 1 2nGikn ) ( 2ngi k,n 2ngi k,n
2 2 ki) (2 )
n| 7! (g.c.d(4,n) g.c.d(4,n) * g.c.d(4,n) T

for all r where, 3 <r <k — i+ 1, and this holds if and only if

2qik.n 2n4qi kn 2n4i kn
! 27"( .k, )( .k, 1)(7 —1),
r g.c.d(4,n)/ \g.c.d(4,n) + g.c.d(4,n) tr

for all » where, 3 <r < k — i+ 1. This completes the proof. ™

Note. Certain values of the sequence {g; rn} is given as follows, for instance,
Qi =1ifi=kori=k—1,and n > 3,
3, if i=1or2,
giaz =4 1, if i=3,
4, if =4,
Gi,a,a = 1, where, i = 1,2, 3,4,

3, if i=1or2,
Ga6= 1, if i=30r 4.

Proof of Proposition E. Let {xj}?i1 be the Fibonacci sequence of Qa» with
respect to A;. We consider three cases
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Case I. i = 1. In this case we have 1 = a, xo =0, z3 =1, ..., 242 =1 and
for every j where, k 4+ 3 < j < 2k 4 6, we get

ba=', if j=k+3,
b2a~t, if j=k+4,
b3a=2, if j=k+5,

b2, if j=k+6,

b3a~t, if j=2k+6,

1, otherwise.
Since then Tok+7 = A, T2k4+8 — b, T2k+9 — TL2k+10 — ... — TL3k+4+8 — ]., S0,
LENA,(Q2n) = 2k + 6.
Case Il.i = k+1. Thenwegetzyi =zo =23 =... =2 =1, Tp41 =a, Tp42 =01

and for every j where, k + 3 < j < 2k + 6,

ba~t, if j=k+3,
b?, if j=k+4,
a1, if j=2k+4,

T; =
! bda=2, if j=2k+5,
ba=tl, if j=2k+6,
1, otherwise.
SO, Tok+7 = L2k+8 = L2k+9 — = XL3k+6 — ]., T3k+7 — Q and T3k+8 = b. Then
LENa, ., (Q2n) = 2k + 6.
Case III. Let i # 1 and i # k+ 1. Then z1 = a1, x2 = ag,..., Tr = ak, Tp+1 =

Gk+1, Tt = ap+2 and for every j where, k + 3 < j < 2k 4 6,
ba=t, if j=k+3,

b2 if j=k+4,

a”t  if j=k+4+i+3,
z; =% bYa=? if j=k+i+4,

b2 if j=k+i+5,
b3a=! if j=2k+6,

1 otherwise.

SO Toki7 = a1, Togts = A2,..., Tagtrs = agr2. Consequently LEN 4,(Q2on) =
2k + 6. This completes the proof. ™

3. Conclusions

We give here certain numerical results on LEN and BLEN of the groups D5,
(= Dr*Day,, the direct product of k copies of Dy,) and Q5. (= Dr*Qqn), by
applying the propositions of Sec. 2.

Remark 1. LEN(Q5.) = 4k + 2.
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Proof. By the Propositions C and E. ™

Remark 2. LEN(D3,) = 48— and LEN(D},) = 2520 g o1 5, k > 3.

Proof. To the first part we use Proposition D and get LEN{,51,1}(D2n) =

ﬁ(ﬁn), and LEN{1 1,45} (D2,) = 10. Then Proposition B yields

10n ) = 10n
g.cd(4,n)’  g.cd(4,n)

LEN{qp.c.dy(D2n X Dap) = l.c.m.(10,

To prove the second part, consider the definition of ¢; 1., and get
Qj2k—2.n | Q1 2k—2m, 2<j<2k—2.

Then LEN,(D2y) | LENA, (Day), for every j (2 < j < 2k —2) and Proposition
C yields the result LEN (D% ) = %qu_gm as desired. ]
Remark 3. Let A; be defined as in Proposition D. Then, for every n > 3

(i) 2 x BLEN4,(Day) = LEN, (Dsy),

(ii) BLENA,(Qan) = LEN4,(Q2n).

Proof. Considering the Fibonacci sequences of elements and using the similar
method as in Propositions D and E we get the results immediately. n
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