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Abstract. Supercodes and sucypercodes, particular cases of hypercodes, have been
introduced and considered by D. L. Van and the first author of this paper. In particular,
it has been proved that, for such classes of codes, the embedding problem has positive
solution. Our aim in this paper is to propose another embedding algorithm which, in
some sense, is simpler than those obtained earlier.

1. Preliminaries

Hypercodes, a special kind of prefix codes (suffix codes), are subject of many
research works (see [7, 8] and the papers cited there). They have some interesting
properties. In particular, every hypercode over a finite alphabet is finite (see [7]).

Supercodes and sucypercodes, particular cases of hypercodes, have been in-
troduced and considered in [2, 3, 9-11]. In particular, supercodes were intro-
duced and studied in depth by D. L. Van [9].

For a given class C' of codes, a natural question is whether every code X
satisfying some property p (usually, the finiteness or the regularity) is included
in a code Y maximal in C' which still has the property p. This problem, which
we call the embedding problem for the class C, attracts a lot of attention. Un-
fortunately, this problem was solved only for several cases by means of different
combinatorial techniques (see [10]).

The embedding problem for supercodes and sucypercodes was solved posi-
tively by applying the general embedding schema of Van [9, 10]. Moreover, an
effective embedding algorithm for supercodes over two-letter alphabets, was also
proposed [9].
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In this paper we propose embedding algorithms for these kinds of codes other
than those obtained earlier. It is worthy to note that this method allows us to
obtain similar embedding algorithms for r,-supercodes and 7,- sucypercodes.

We now recall some notions, notations and facts, which will be used in the
sequel. Let A be a finite alphabet and A* the set of all the words over A. The
empty word is denoted by 1 and AT stands for A* — 1. The number of all
occurrences of letters in a word u is the length of u, denoted by |u|.

A language over A is a subset of A*. A language X is a code over A if for
aln,m>1and z1,...,Zn,91,...,Ym € X, the condition

T1T2...Tn = Y1Y2 - - Ym,

implies n = m and z; = y; for i = 1,...,n. A code X is mazimal over A if X
is not properly contained in any other code over A. Let C' be a class of codes
over A and X € C. The code X is mazimal in C' (not necessarily maximal as a
code) if X is not properly contained in any other code in C. For further details
of the theory of codes we refer to [1, 5, 7].

An infiz (i.e. factor) of a word v is a word u such that v = zuy for some
x,y € A*; the infix is proper if xy # 1. A subset X of A" is an infiz code if no
word in X is a proper infix of another word in X.

Let u,v € A*. We say that a word u is a subword of v if, for some n > 1,u =
UL« Up, UV = TOULL] - - - Up Ty With w1, ... Up, o, ...,z € A*. I xg... 2 # 1
then u is called a proper subword of v. A subset X of AT is a hypercode if no
word in X is a proper subword of another word in it. The class C}, of hypercodes
is evidently a subclass of the class C; of infix codes. For more details about infix
codes and hypercodes, see [4, 6-8].

Given u,v € A*. The word u is called a permutation of v if |u|, = |v]|, for all
a € A, where |ul, denotes the number of occurrences of @ in w. And u is a cyclic
permutation of v if there exist words z, y such that u = zy and v = yz. We shall
denote by 7(v) and o(v) the sets of all permutations and cyclic permutations of
v, respectively.

Definition 1.1. A subset X of A" is a supercode (sucypercode) over A if no
word in X is a proper subword of a permutation (cyclic permutation, resp.)
of another word in it. Denote by Cs, and Csp, the classes of all supercodes and
sucypercodes over A, respectively.

Thus, every supercode is a sucypercode and every sucypercode is a hyper-
code. Hence, all supercodes and sucypercodes are finite (see [10]).

Example 1.2.

(i) Every uniform code over A which is a subset of A¥, k > 1, is a supercode
and a sucypercode over A.

(ii) Consider the subset X = {ab,b%a} over A = {a,b}. Since ab is not a proper
subword of b%a, X is a hypercode. But X is not a sucypercode, because ab is a
proper subword of ab?, a cyclic permutation of b%a.

(iii) The Y = {abab, a®b3} over A = {a,b} is a sucypercode, because abab is not
a proper subword of any word in o(a?b®) = {a?b3, bab?,b%ab, b3a?, ab®a}. As
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abab is a proper subword of the permutation abab? of a?b3, we have Y is not a

supercode.

For any set X we denote by P(X) the family of all subsets of X. Recall that
a substitution is a mapping f from B into P(C*), where B and C' are alphabets.
If f(b) is regular for all b € B then f is called a regular substitution. When f(b)
is a singleton for all b € B it induces a homomorphism from B* into C*. Let #
be a new letter not being in A. Put Ay = AU {#}. Let us consider the regular
substitutions Sy, S and the homomorphism h defined as follows

Sy A — P(A}), where Si(a) = {a,#} for all a € A;
Sy Ay — P(A*), with So(#) = AT and Sa(a) = {a} for all a € A;
h: Ay — A*, with h(#) =1 and h(a) = a for all a € A.

Actually, the substitution S; is used to mark the occurrences of letters to be
deleted from a word. The homomorphism A realizes the deletion by replacing
# by empty word. The inverse homomorphism A~! “chooses” in a word the
positions where the words of AT inserted, while Sy realizes the insertions by
replacing # by AT.

Denote by Al the set of all the words in A* whose length is less than or
equal to n. For every subset X of A*, we denote XA~ = X(A")™! = {w €
A lwye X,y e AT}, A X = (AN 1X ={we A" |yw € X,y € AT} and
AXA™ = (AT)"1X(AT)"1. The following result has been proved in [10] (see
also [2]).

Theorem 1.3. The embedding problem has positive answer in the finite case
for every class Cy, of codes, o € {i, h, scp, sp}. More precisely, every finite code
X in C,, with max X = n, is included in a code Y which is maximal in Cy
and remains finite with maxY = max X. Namely, Y can be computed by the
following formulas according to the case.
(i) For infix codes
Y =Z—(ZATUAYZU AT ZAY)n A,
where Z = APl - F — (XAT UATX UATXAY) N A and F = XA~ U
ATXUA XA
(ii) For hypercodes
Y =7 — Sy(h™H(Z) N (A {#}Ay) n AL 0 Al

where Z = A"l — h(S1(X) N (AL{#}A%)) — S2(hH(X) N (AL {#}A5) N
ARy n A,
(iii) For sucypercodes

Y =2 — o(S2(h7H(2) N (A {#}A%) N ALY 0 A7),

where Z = A" —h (S (o(X))N(AL{#}A%))—0 (S2 (R~ 1 (X)N(AL{#}A%)N
ATy n Al
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(iv) For supercodes
Y = Z - n(Sa(h1(Z) N (AL {#3A%) N Al 0 A,

where Z = Al — h(Sy (m(X)) N (A% {#}A%)) — m(S2(h™H(X) N (AL {#}1A%) N
Al Ay,

2. Embedding Algorithms

We propose in this section embedding algorithms for supercodes and sucyper-
codes. These algorithms use only the permutation 7 or the cyclic permutation
o at the last step. Particularly, an effective algorithm for supercodes over two-
letter alphabets is established.

Let A be a finite, totally ordered alphabet, and let ~ be an equivalence
relation on A*. For every [w] of A*/ ~, we denote by wy the lexicographically
minimal word of [w]. On A*, we introduce two equivalence relations ~ and ~
defined by

ur~gv S Vae A |uly = v,
U~ ve Iy € A i u =y, v = yx.

We denote by A% = {wo € [w] | [w] € A*/ ~z} and AL = {wo € [w] | [w] €
A* ) ~ot.

Let p € {m,0}. A subset X of A is called an infix code (a hypercode) on A},
if it is an infix code (resp., a hypercode) over A. Denote by Cia; and Cp 4 the
sets of all infix codes and hypercodes on A7, respectively.

Lemma 2.1. If |A] = 2 then Cpja» = Cjja= -

Proof. Since Cpja: C Cya- is trivial, it suffices to show that Cjax C Chjax.
Suppose the contrary that there exists X € Cjja. but X ¢ Cpa-. Let A =
{a,b}. Then, for all w in A%, w has the form w = a™b™ with m,n > 0. Since
X ¢ Cpa=, it follows that there exist u,v € X such that u <5 v. Therefore,
u=amb", v = akb? with 0 < m < k,0O<n</fand m+n < k—+ £ Hence
u <; v, which contradicts X € Cjja-. Thus, Cja: C Chax. n

From the fact that every hypercode is finite and from Lemma 2.1, it follows
that all the infix codes on A% with |A| = 2, are finite.

We now consider two maps Ar : A* — A%, Ar(w) = wo and A\, : A* — A%,
Ao (w) = wp. The following result establishes relationship between supercodes
and sucypercodes with the images of them with respect to the maps A\, and A, .

Theorem 2.2. For any X C AT, we have the following assertions
(i) X € Csp & M\(X) € Cpjax. Particularly, if |A| = 2 then X € Cy, &
Ax(X) € Cijas -
(ll) X e Cscp == )\U(X) S Ch|AZ'
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Proof. We treat only the item (i). For the item (ii) the argument is similar. Let
X € Cyp but Ar(X) ¢ Cpja:. Then, there exist ug,vo € Ar(X) such that ug <
vo. Since ug, vy € A (X), there are u,v € X satisfying u € w(ug),v € m(vp).
Hence, from ug <p vo it follows that u <5, v, which contradicts the fact that
X € Cyp. Thus, A\r(X) € Cpa:. Conversely, suppose that A\ (X) € Cpjax. If
X ¢ Csp, 1e. Ju,v € X: u <5p v, then Az (u) <p Ax(v), a contradiction. So,
X € Cyp.

If [A] = 2 then, by Lemma 2.1, Cyja: = Cja:. Therefore, by the above,
XECSP@AW(X)EC}L‘A;@AW(X)GC“A:r. ]

An infix code (a hypercode) X on A% (resp., A%) is mazimal on AL (resp.,
A%) if it is not properly contained in any one on A% (resp., AL). The following
assertion establishes relationship between maximal hypercodes on A% (resp., A%)
and maximal supercodes (resp., sucypercodes) over A.

Theorem 2.3. For any X C AT, we have the following
(i) If X is a mazximal hypercode on A% then w(X) is a mazimal supercode over
A. In particular, if |A] = 2 and X is a maximal infix code on A% then
m(X) is a mazimal supercode over A.
(ii) If X is a mazimal hypercode on A then o(X) is a mazimal sucypercode
over A.

Proof. We prove only the item (i). For the remaining item the argument is sim-
ilar. Let X be a maximal hypercode on A%. By definition, 7(X) is a supercode
over A. If 7(X) is not a maximal supercode over A then there exist u,v € m(X)
such that u <sp v. Then Az (u), Az (v) € X and Az (u) < Az(v), a contradiction.
Thus, 7(X) must be a maximal supercode over A.

For the case |A| = 2, the assertion follows immediately from the above and
Lemma 2.1. ]

Denote by AL ], p € {m, 0}, the set of all the words in A} whose length is less
than or equal to n. For every X of A%, we denote XA, = X (A5, A X =
(AF)71X and A7 X A7 = (Af)"1X(AF)~!. As a consequence of Theorem 1.3
we have

Theorem 2.4. The following assertions are true
(i) Let A = {a,b} and let X € Cja= with max X = n. Then, there erists a
mazimal infiz code Y on A% with max X = maxY which can be computed
by the formulas

Y =7~ (Zb* UatZUatZbT)n AN

where 7 = A — F— (Xb*Uat X Uat XbT)NAM and F = XAZUAZXU
AZXAL.

(ii) Let p € {m,0} and let X € Cpjax with max X = n. Then, there exists a
mazimal hypercode Y on A} with max X = maxY which can be computed
by the formulas
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Y =7 — Sa(h™H(Z) N (Ap{#}Ay) n AL n Al

where Z = A —h(S1(X)N(A3{#}A%)) VAL — 8o (h = (X) (A% {#} A5)N
Ay n Ay,

Proof. 1t follows immediately from Theorem 1.3(i) and (ii) with the notice that
Ar = a*b*, where A = {a, b}. n

By virtue of Theorems 2.2, 2.3 and 2.4, embedding algorithms for supercodes
and sucypercodes can be presented as follows.

Algorithm SP

Input: A supercode X over A with max X = n.
Output: A maximal supercode Y over A containing X, with maxY = n.

1. Finding X’ = A;(X). By Theorem 2.2(i), X’ is a hypercode on A%. In
particular, X’ is an infix code on A%, if |A| = 2.

2. We compute a maximal infix code (hypercode) Y on A* which contains
X' by the formulas in Theorem 2.4(i) or (ii). Then, by Theorem 2.3(i),
Y = n(Y’) is a maximal supercode over A. The set ¥ contains X because
XCnX)CTn(Y)=Y.

Algorithm SCP

Input: A sucypercode X over A with max X = n.
Output: A maximal sucypercode Y over A containing X, with maxY = n.

1. Finding X’ = A\, (X). By Theorem 2.2(ii), X' is a hypercode on A%.

2. We compute a maximal hypercode Y’ on A* which contains X’ by the
formulas in Theorem 2.4(ii). Then, by Theorem 2.3(ii), ¥ = o(Y’) is
a maximal sucypercode over A. The set Y contains X because X C
oX"YCoY)=Y.

3. Examples

In this section, we consider some examples by applying the above embedding
algorithms.

Ezample 3.1. Consider the supercode X = {a?b%ab?, a®ba’b,b*ab®} over the
alphabet A = {a,b} with maxX = 8. By Algorithm SP, we may compute a
maximal supercode Y over A which contains X as follows
1. We have X' = A\ (X) = {a®b*,a®bh?, ab"} is an infix code on A% = a*b*.
2. Since max X’ = 8, we can compute a maximal infix code Y’ on A% which
contains X’ by the formulas in Theorem 2.4(i) with n = 8. We shall do it now
step by step.

X'A- ={1,a,a? ab,a®, ab? a*,a®b,ab? a®, a®b? ab*, a®b,ba’, a®b?, ab%};
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AZX" = {1,b,b% ab?, b3, a%b?,b*, a3b?, ab*, b3, a*b?, a?b*, b5, b7 };

A-X'A; ={1,a,b,a? ab,b? a3, a®b,ab? b, a*, ab, a®b?, ab3, b?,
a*b,ab>,b°,b%};

F=X'A, UAX'UA_X'A_ ={1,a,b,a? ab,b? a3, a?b,ab?, b, a*, a®b,
a?b?, ab®, b, a%, a*b, a®b?, a?b3, ab, b°, a®b, a*b?, a3b3, a®b*, ba®, b8, abb, b7 };

(X'bT Uat X UatX'bt) N AR = {a%82, adb3, a%b?, adb5 ),

7 = AE] — F —{a®?,a%b%, a*b*, a®b®} = {a®,a”, abb, a®b?, a*b?, a®b*, ab?,
a®,a"b, a?b% ab”, b%};

(ZbtuatZUatZbt)N Al — {a",a®, a8, a"b,a’b?, ab?, ab*, a®b®, a?b%};

Y’ = {a% a’b?, a*b?, a3b*, a?b®, ab”, b}.

So, Y = n({a%,a®b?, a*b?, a3b*, a®b%, ab”, b®}) is a maximal supercode over A

containing X.

Ezample 3.2. Let us consider the language X = {acb, a®b?, cabc} over the alpha-
bet A = {a,b,c}. It is not difficult to check that this language is a sucypercode,
not being a supercode. By Algorithm SCP, we can compute a maximal sucyper-
code Y over A containing X as follows

1. We have X' = )\, (X) = {acb, a®b?, abc?} which is a hypercode on A%.

2. Since max X' = 4, we may compute a maximal hypercode Y’ on A% which
contains X’ by the formulas in Theorem 2.4(ii) as follows

S1(X") N (AL {F#AY) = {#cb, aFtd, actt, #°b, #c#, a#t>, #°, #ab®, a#b?,
a*#b, aPb#, #7207, Ha#b, a#>b, Hab#t, aFbit, AP H, #20, #2b#, #a#?,
a#td H#, #0C, at P, abte, abe#t, #2P, F#bdtc, adt e, #bc#, aFtc#, ab#?,
#c, #2ctt, #o# )

h(S1(X') N (A5 {#1A%5)) N AL = {1,a,b,¢,a, ab, ac, 02, be, ¢, a®b, ab?,
abe, ac?, bc?};

RN (XY) 0 (A {#3A5) N AL = {#ach, acb#, ac#th, ateb};

So(h=1(X") N (An{#}A4%)N Agi]) nAl = {a®cb, ach?, acbe, ac®b, abeb};

Z = {a3,a’c,ach, b3, b%c, c3,a*, a3b, ac, a?b?, abe, a*c?, abab, abac, ab®,
ab’c, abc?, acac, ac3, b*, b3e, b?c?, bebe, be?, ¢t}

hU(2Z) N (A {#AG) N AL = {#a%, a®#, a*#a, atta?, faPc, a?c,
a’#c, a#tac, #ach, acb#, acHb, aFtch, #b°, D34, b2#b, b#b%, #b%c,

V2ctt, P #e, bitbe, #¢°, E#, e, c# Pl

So(h=1(Z) N (AL {#}A4%)N Agi]) nAl = {a*, a3b, ac, a’cb, a*c?, a®be,

abac, acac, ach?, ache, ac?b, abeb, ab®, b, b3e, abc, b*c?, bebe, ac®, be3, ¢t}

Y’ = {a?, a%c, ach,b®, b%c, c®, a®b?, abab, abc?}.

Thus, Y = o({a?, a®c, acb, b, b%¢c, c®, a®b? abab, abc?}) is a maximal sucyper-
code over A which contains X.
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