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Abstract. It is shown that the space of probability capacities in R% equipped with
the weak topology is separable and metrizable, and contains R¢ topologically.

1. Introduction

Non-additive set functions plays an important role in several areas of applied
sciences, including Artificial Intelligence, Mathematical Economics and Bayesian
statistics. A special class of non-additive set functions, known as capacities,
has been intensively studied during the last thirty years, see, e.g., [3, 5-7, 9].
Although some interesting results in the theory of capacities has been established
for Polish spaces, the fundamental study of capacities has focused on R?, the
d—dimensional Euclidean space (e.g., [7, 9]).

In this paper we investigate some topological properties of the space of prob-
ability capacities equipped with the weak topology. The main result of this paper
shows that the space of probability capacities equipped with the weak topology
is separable and metrizable, and contains R¢ topologically.

2. Notation and Convention

We first recall some definitions and facts used in this paper. Let K(R?), F(R%),

*This work was supported by the National Science Council of Vietnam.
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G(R?), B(R?) denote the family of all compact sets, closed sets, open sets and
Borel sets in R?, respectively.

By a capacity in R? we mean a set function 7' : R? — Rt = [0, +00)
satisfying the following conditions:
(i) 7(0) =0
(ii) T is alternating of infinite order: For any Borel sets A;, i =1,2,... ,n; n >
2, we have

T((4) < Y. (—n#*Hr(4), (2.1)
i=1 I€Z(n) i€l
where Z(n) = {I C {1,...,n}, I # 0} and #I denotes the cardinality of I;
(iii) T(A) =sup{T(C): C € K(R?), C C A} for any Borel set A € B(R?);
(iv) T(C)=inf{T(G): G € G(RY), C C G}, for any compact set C € K(R?).

A capacity in R? is, in fact, a generalization of a measure in R?. Clearly any
capacity is a non-decreasing set function on Borel sets of R<.

By support of a capacity T we mean the smallest closed set S C R? such that
T(R¥\S) = 0. The support of a capacity T is denoted by supp 7. We say that
T is a probability capacity in R? if T has a compact support and T'(supp T') = 1.
By C we denote the family of all probability capacities in R%.

Let T be a capacity in R?. Then for any measurable function f : R? — R¥
and A € B(RY), the function f4 : R — R defined by

fat)=T({x e A: f(z)>t}) fort eR (2.2)

is a non-increasing function in ¢. Therefore we can define the Choquet integral
J [ dT of f with respect to T by
A

FdT = | fa@ydt = [ T{z € A: f(z) > t})dt. (2.3)
[rar= o=

If [ fdT < oo, we say that f is integrable. In particular for A = R? we write

A
R[de:/de.

Observe that if f is bounded, then

«

/f dr = /T({a: €A f(z) > thdt, (2.4)
A 0

where o = sup{f(z) : =z € A}.
In the general case if f: R? — R is a measurable function, we define

/f dT:/ﬁdT—/f*dT, (2.5)
A A A

where f*(z) = max{f(z),0} and f~(z) = max{—f(z),0}.
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3. The Weak Topology on the Space of Probabilitiy Capacities

Let B be a family of sets of the form

B={UT;fi,...,fx;€1,--,ex): TEC, fic Cqd(RY), ¢ >0, i=1,... ,k},
(3.1)
where

U(T,fl,,fk,el,,ek):{SEé |/f7,dT—/fzdS|<61, Z:L,k}

Il
-

U(T; fis &), (3.2)

i=1

and C; (R?) denotes all continuous non-negative real valued functions with com-
pact support in R%. Obviously the family B is a base of a topology on C. This
topology is called the weak topology on C.

For any point 2 € R let T,, = §, be the set function defined by

6(A)—{1 ifreA
Ulo ifag A

for A € B(R?). Clearly that T}, is a probability capacity in R%. The following
Lemma is proved in [9].

(3.3)

Lemma 3.1. For x € R? we take T, = 8, with §, defined by (3.3). Then for
any measurable function f: R? — RT we have

/f dT, = f(z) for every x € RY, (3.4)

Let C denotes the space of all probability capacities in R% equipped with the
weak topology. In this section we show that

Theorem 3.2. C is separable and metrizable.
The Theorem will be proved by Propositions 3.3 and 3.7 below.

Proposition 3.3. Cisa reqular space.

Proof. Assume that A is a closed set in C, T € C and T ¢ A. We will show that
there are neighborhoods & and V of T and A respectively, such that Y NV = (.
Since A is closed and T ¢ A, there exist f; € Cf (RY),and ¢; >0, i =1,... ,k
such that

U(T; f1, - friet, o e6) NA= 0. (3.5)
For each i =1,... , k, we define

A ={SeA:SEUT,; fi;e)}. (3.6)
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From (3.5) and (3.6) we get

k
A={JA. (3.7)

We put 7
= U U(S; fisei/3). (3.8)

S€EA;
For any S’ € V; and for any T' € U(T; fi;€;/3) from (3.6) and (3.8) we have

[ sar =~ [gas 2| [ v [ gasi-| [ giar= [ gar
/fzdS /fzdS’
~————i:§>0

3 3
for some S € A;. That means
UT; fisei/3)NVi=0fori=1,... k.

Hence
k

UT; fr,. . frsea /3, a/3)n (W) = 0.

i=1

Consequently, take U =U(T'; f1,... , fr;€1/3,... ,ex/3) and V = Ule V; to
complete the proof of the proposition. n

Let T be a probability capacity in R? and let f: R — R be a continuous
function with compact support and let {z; : i =1,... ,k} C supp f be a finite
set in supp f for which we may assume that

0 < fz1) < flaz) <+ < flap)

We take zg € R? with f(zg) =0, put A= {x;:i=0,1,...,k} and define
k—1
Tf = Z(ti — tit1)0z; + trdg, + (1 —t1)0,,

i=1

where t; = T({z € R?: f(z) > f(z:)}) fori = 1,... ,k and §, is defined by
(3.3). )
Observe that TJf‘ € C and

/ deff (b — tion) () + tef (n)

- Z szrl ’L)]tiJrl'

To prove Proposition 3.7 we need Lemmas 3.4 and 3.6 below.
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Lemma 3.4. Let D be a countable dense set in R®. Then for any T € C,
for any f € Cf (RY) and for any € > 0 there exists a finite set A = {z; : i =
0,1,...,k—1} C D such that Tf‘ eU(T; fe).

Proof. For T € C and f € Cf (R?) we have

«

/f dr = /T({m ERY: f(z) > t})dt,

0

where a = sup{f(z) : * € R?} < co. Note that by the compactness of suppf,
we have

ap = inf{f(z): z € R} =0.

Since f € CJ(R?) and D is dense in RY, D N (supp f) is dense in supp f.

Therefore, for any € > 0 we can choose x; € DN (supp f), i =1,... ,k—1 with
apg=0< o :f(xl) << Qg :f(xk,l) <ap =« (310)

such that
0< 41 —a; <eforeveryi=0,... k—1. (3.11)

For every ¢ =0,...,k let
ti=T{z e RY: f(x) > a;}). (3.12)
Then for t € (a;, ai+1] we have
tis1 < T{z eRY: fx)>t}) < t, i=0,...,k—1.

Hence, by virtue of (3.11) and with noting that ¢t < 1 and t; = 0 (see (3.12))
we have

k—1 k-1
0< /f dT — Z(%‘H —ai)tit1 < ) [(ip1 — i)ty — (g1 — @) tig1]
i=0 i=0
k—1
= (g1 — ;) (ti — tit1)
i=0
k—1
<e€ (ti — ti-{—l) <e.
i=0
That means
k—1
|/f dT — Z(aiJrl — ai)ti+1| < €. (313)
i=0

We take xo € D such that f(z¢) = 0. Note that for A={z;: i=0,... ,k—1}
from (3.9) we have
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k—2

/f AT = (g1 — ci)tiga. (3.14)

i=0
Thus, from (3.13) and (3.14) we get

|/de—/def4| <€+(ozk—ozk_1)tk:e.
Therefore Tf‘ € U(T; f;€). The lemma is proved. ™

Note that the set function T]‘f‘ defined in the proof of Lemma 3.4 is a proba-
bility capacity with finite support. Hence, Lemma 3.4 immediately implies the
following corollary.

Corollary 3.5. The probability capacities with finite support are weakly dense
in the space C.

Lemma 3.6. Let f,g € Cf (R?) and € be a positive real such that
|f(x) — g(x)| < € for all x € R%. (3.15)

Then we have
|/de—/ng|§ef0re’uery T eC.
Proof. Note that if f(z) <g(z) for all z € RY, then [ f dT < [ g dT for every
T € C. Let
§ = suplg(z) : = € RY}.
From (3.15) we have

[rar< [+ oar

B+e
= / T({z e RY: g(z) + € > t})dt

0

€ B+e
/T({a: eR?: g(x) +e>t})dt + / T{z eRY: g(x) >t —e})dt
0

€

B
e+ [ Tz e RY: g(z) > t})dt
/

:e+/ngforevery TeC.

Similarly
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/ngﬁe—l—/de.

Thus, the lemma is proved. [ |

Let C and @ denote a countable dense set of Cy (R?) and (0, 1), respectively.
Denote

!
G ={(U(T; " 9::6): Aie F(D), ;i €C, 6, €Q, i=1,... .k},

i=1

where F(D) is the family of all finite sets of D. Using Lemmas 3.4 and 3.6 we
will show that

Proposition 3.7. G is a countable base of the weak topology in C.

Proof. Clearly G is countable. We prove that G is a base of the weak topology
in C.

Given U(T; f1,... , fx;€1,--. ,ex) € B. Since C is dense in Cf (R?), for each
i=1,...,k there exists g; € C such that

|fi(x) — gi(x)] <& for all x € RY,
where §;, € Q,6; <e¢/4and e=min {¢; :i=1,...,k}. By Lemma 3.6,

|/fidT—/gidT| <6 forevery TeC,i=1,..., k. (3.16)

On the other hand, by Lemma 3.4 for each i = 1,... ,k we can choose A; =
{ai: j=1,... ,n;} € F(D) such that

Aq
|/gidT_/gidTgi

Therefore for every S € L{(T;};gi; d;), from (3.16) and (3.17) we have

+|/gidT£"’—/gid5|+|/gid5’—/fz‘d5|

<0 +06;+06;+5; =45; <e¢

< 6. (317)

for every i = 1,... ,k. Thus
S e U(T; fi;e;) for every i =1,... k.
Consequently

ﬂu(T_(;?L7gz751) C u(T7 fl;' e 7fk;€1a' e 7€/€)7
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and the proposition is proved. ™

The proof of the theorem is finished. Thus, since C equipped with the weak
topology is a metric space, we can define the notion of weak convergence of a
sequence in C as follows.

Definition 3.8. A sequence of capacities {T}52, C C is said to be weakly
convergent to the capacity T € C if and only if [ f dT,, — [ f dT' for every
feCi(RY.

In comparison with the notion of the weak topology, we have the following
proposition.

Proposition 3.9. The convergence in the weak topology and the weak conver-
gence are equivalent.

Proof. Let T, be a sequence of probability capacities in R? and T € C. As-
sume that T,, is weakly convergent to T. Let U(T; f1,..., fx;€1,... ,€k), fi €
C’S‘ (R9),e; > 0,i =1,... ,k be a neighborhood of T in the weak topology. For
every i = 1,... , k there exists n; € N such that

|/fidTn—/fidT|<eiforalln2ni.

Let ng = max{n;,i =1,... ,k}. Then we have

|/f¢dTn—/fidT|<ei forallm >ng and foralli=1,... k.

Hence
T, €eUT; f1,..., fx;€1,... ,¢€x) for all n. > ng.

That means T,, — T in the weak topology.

Conversely, let T), — T in the weak topology. For given f € Cif (R?) and € >
0,1let U(T'; f;€) be a neighborhood of T in the weak topology. Then there exists
no € N such that

‘/den—/de‘<eforalln2n0,

i.e., T;, converges weakly to T
The following proposition shows that the convergence on compact sets im-
plies the weak convergence.

Proposition 3.10. Let {T,,};2, be a sequence of probability capacities in RY
and T € C. If T,(C) — T(C) for every C € K(R?), then T, is weakly convergent
toT.

Proof. Assume that T,(C) — T(C) for every C € K(R?). For f € Cf (R?) we
put

a=sup{f(z): r€R} < .
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Since {z € R?: f(x) >t} is compact for any ¢ > 0, we have

T,({z € R?: f(x) > t}) = T({x € RY: f(x) >1t}) for every t € [0, 1].
Since
gn(t) =T({z € R?: f(z) >1}) <1 for every t € R and n € N,

by the Lebesgue’s bounded convergence Theorem [4] we get

(63

/Tn({x ERY: f(z) > t))dt — /T({a: ERT: fz) > t))dt

0
Therefore
/f dT,, — /f dT for every f € C;f (R?).
That means T, is weakly convergent to 7. n

4. Topological Embedding R? into C

Note that the corresponding = +— T, = ¢,, with &, defined by (3.3), is one-to-
one between R? and the set of the probability measures {T, : z € R%} c C.
Therefore, in some sense the class of capacities in R? also contains R%. In a such
way, let V : R? — C be a transform defined by

V(x) =T, for every z € R% (4.1)

We now show that

Theorem 4.1. The map V : R? — C is a topological embedding, i.e, R? is
homeomorphic to V(RY), which is the closed subset of C.

Proof. Clearly V(z) # V(y) for x # y. Moreover, if 2, — x then for any
f € Cf (RY), from (3.4) we have

/dex,ﬁf(xn )= (o /de

Therefore V(x,) — V(z), and so V is continuous in the weak topology.
Conversely, assume that T,,, — T € C in the weak topology. We claim that
z, — x and T = T, for some x € R% In fact, T, — T implies [ f dT,, =
f(z,) — [ f dT for every f € Cf (RY).
We will now show that there exists f € Cy (R9) such that

:/de>O.

G ={zx e R%: d(x,supp T) < €}.

For given € > 0 let
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Then supp 7 and R\ G are disjoint closed sets, by the Urysohn-Tietze Theorem
we can find a continuous function f: R? — [0, 1] such that

1 ifxesupp T
flz) = : p
0 ifzeR*\G.
Note that the compactness of supp T" implies the compactness of supp f, hence

f € Cf(RY). Since T(supp T) = 1, we have

1

1
:/de:O/T({x:( > 1))dt > /TsuppTdt—1>0

0

Since f(zy,) — v >0, for 0 < § < there is ng € N such that
|f(zn) — 7] < d for all n > ng.

That means
Ty, € supp f for all n > ng.

By the compactness of supp f there is a subsequence {z,,} C {z,} such that
Tp, — = € R
If x, » x, then there exists a subsequence {7, } C {x,} such that

—z| >0 >0forall keN. (4.2)

|27,
Again, by the compactness of supp f, there is a subsequence {x], } C {7, }
such that 2], — 2’ € R%. Then we have

Tx”:k — Ly and Tﬂ?nk — T;c

Since {Txu bATe,, } € {Ts,} and T, — T, we get T,y = T, = T, and so
x=xa. From (4.2) we obtain a contradiction. Hence x,, — z. Consequently
V_1 is continuous. ™

Remark 4.2. By Theorem 4.1 we can identify R? with the closed subset V(R%)
of C. Therefore, the space C contains R? topologically.
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