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Abstract In this paper we give a concrete presentation of the elements of the quotient
sheaves Q2 /©OF in the variational sequence

0—R—Q 2 0l/gl B g2/92 2, PPz qP-1,gP-1

Ep_y E Epi1
Shobjel 25 bt Lol —o.

1. Introduction

The notion of variational bicomplexes was introduced in studying the problem
of characterizing the kernel and image of Euler-Lagrange mapping in the calcu-
lus of variations. This problem has been considered by Anderson [1], Duchamp
[2], Dedecker [4], Tulczyvew [7], Takens [6] and Krupka [5]. The variational bi-
complex was mainly studied on the infinite jet prolongation J*Y of the fibered
manifold Y with the base X and the projection 7 : ¥ — X, where dimX = n,
dimY —n = m. The variational bicomplexes contain Euler-Lagrange mapping as
one of its morphisms. Then its developments in the theory of variational bicom-
plexes have made an important role in many problems in caculus of variations
on manifolds, in diffrential geometry, in the theory of differential equations and
in mathematical physics.

Krupka [5] studied the sheaves of differential forms on finite r-jet prolonga-
tions J”Y. Then he constructed the sequence of quotient sheaves Q¥ /©F. This
quotient sequence is called the variational sequence of order r over Y. It is an
acyclic resolution of the constant sheaf R over Y
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0— R0 2o ol/gl B, 0292 P2, Frozqp-1,gp-1

ProraPjeb Ze P+t et N . (1)

In the sequence (1), E,, is the Euler-Lagrange mapping and F,, ;1 is the Helmholtz-
Sonin mapping. In the study of variational sequence, it is very important to give
a concrete presentation of the elements [g] € 2 /©F . It also has been shown in
[5] that [o] = pf}og for all positive integers k satisfying 1 < k < n, o € QF, where
p’,f,og is the horizontal component of k-form ¢. Then Krupka [5] gave a concrete
presentation of [g] for 1 <k <n.

The main purpose of this paper is to give a concrete presentation of elements
[0] € QF/OF for all positive integers k satisfying n + 1 < k < P. For simplicity,
we will solve this problem in the case of r = 1 and r = 2. Then the other cases
follow by the same method.

2. Notations and Premilinaries

Throughout this paper, the following notations will be used: (Y, 7, X) is a fibered
manifold with base X and the projection 7 : Y — X, where dimX = n, dimY —
n =m. J"Y is the finite r-jet prolongation of the fibered manifold (Y, 7, X). m, :
JY — X, w5 J'Y — J°Y are the canonical jet projections. (V,¥) is a fiber
chart on Y, where ¥ = (2¢,y7),1 < i <n,1 <o <m. (V,, ¥,) is the fiber chart
on r-jet prolongation J"Y associated with (V,¥), where V, = W;&(V),\I/T =
(:ci,y",y;’l,...,y;’mmjr),1 <i<n1<o<m1<j <. <j <n QFisthe
sheave of k-forms over J"Y and n;,, ,. is the pull-back of the mapping 7,11 .
We put

wo = daxt ANdz? A ... A da™,
w; = (—1)1‘*1dx1 A ANdzTPAdETI A A d2™ 1 <0<,
det, 1 <k<r—1.

[od

= g — . ..
Wirgaedn — dyj1j2~~~jk Yjijo..gi

Note that the forms

dxz’ wgljzmjk’dy;ljzmjw
for 0 < k <r — 1, define a basis of the space of linear forms on V..
Obviously we have

(e
dwj1j2~~~jk
o
dws s, gy s

ANw;=—w] ;5 Awo, for 0 <k <r—2,

_ o
Awi = _dyj1j2~~~jr—1i A Wo-

Let N=n+m n:l—r , M=m n—i—;;—l 7P:m(n—’_g_l +2n—1.
It is clear that N = dimJ"Y and M is the number of linear independent

o2
forms w¢ ;, ,, where 0 <k <r—1.
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For any function f :V, — R we have h(df) = 27‘1—1 d; f.dz®, where

df_ +ZZ y]l Jr”

o=1 k=0 y]l Jk

For any k-form p € QF | we denote by pg the horizontal component of p, and
pq, 1 < q < k, is the g-contact component of p. Then for any p € QF there exists
a unique decomposition

Tpp10P = P0+p1+ -+ pr.
We denote by p’riq : QF — QF | the morphism of sheaves defined by pf’qp = pgs
for 0 < g <k. Qf(c) = ker pﬁo , 1 < k < n, is the sheave of contact k-forms.
Qk = ker pffk o M+ 1<k <N, is the sheave of strongly contact k-forms.
Let oF = de(c)l + QT(C) n [3] and [5] the authours proved the softness of
the sheaves ©F, considered the quotient sheaves ¥ /©F and they obtained the
following short exact sequence

0 — Ok ak ek — o,

where i¥ is the canonical injective, 7% is the canonical quotient mapping.
Espemally, Krupka [5] constructed the following variational sequence of order
r over Y

0—R— 00 2 Ql/0) 21 020 £ T

Ep_1 E Epy1
o En gl B L

QP 1/@P 1

where the sheaf morphism Ej : QF /@F — QF+1/@k+1 is defined by the formula

Ej([o]) = [da].
He proved that, the variational sequence of order r is an acyclic resolution
of the constant sheaf R over Y, and [¢] = pf}og for all 1 < k£ < n and for all

o € QF. This is the horizontal component of k-form o. Let 1 < k < n — 1 and
€ QF, then

1 . .
[o] = Efil“'ik dx** A--- Adx, (2)

where f;,. 4, are some functions on V.
Let £k =n and o € Q. Then

[Q] = fwo, (3)

where f is some function on V,.. In this case [g] is called the Lagrange class of o.
Let n+1 < k < P. For every s > r, Krupka [5] proved that

Qf/@f ~ Im(Tsk'ﬂ-:,rJrl'pf,kfn)?

and this implies that for every o € QF

[o] = Tsk (Plsgq,kfn“:q,r@)- (4)
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Let k = n + 1. For each element o € Q"*!, [g] is called the Euler-Lagrange
class of (n + 1)-forms p.
Let k = n+ 2. For each element o € Q72 [g] is called the Helmiholtz-Sonin
class of (n + 2)-forms p.

Below we give a concrete presentation of the elements in QF/©F for all pos-
itive integer k satisfying n 4+ 1 < k < P in the case of r =1 and r = 2.

3. The Case of r =1

Theorem 1.
a) Let o € Q' be a germ. Suppose that in the fiber chart (V,4), = (z*,y°),

pitto = fow” Awo + fiwf Awo, (5)

where 1 <o <m,1<i<n, and f, , fi are functions defined on Vo C J?Y.
Then we have

[Q] = (fa - dif;—)wa A wg. (6)
b) Let o € Q72 be a germ. Suppose that in the fiber chart (V,v),¢ = (x,y7),

pTQ'QQ = fow® Aw” Awo + fiwd Aw” Awo + 9w A wi Awo,  (7)

where 1 < o,v < m,1 < 4,5 < n, and fqy, fi,, £, are functions defined on
Vo C J2Y. Then

[o] = (fovw” + (2, — difgl)w) = fo,wi;) Aw” Awo. (8)

c) Letn+3 < k. < P and o € QF be a germ. Suppose that in the fiber chart
(Vv w)vw = (xz,ya)7

p’f’kfng = foro W AWTEA LA L AWTETT A wg

i1 I1 o2 Tk—n
T Sorop Wiy NWZEALALLAW A wg
e (9)
1l —m—1,,01 o2 Ok—n—1 Ok—n
T oot Wy Aw S A AW AW A wo

Ok —

] l—m o1 o Ok—n—1 n
+ ornon Wiy /\wi2 /\.../\wik_n_1 /\wik_n N wg,

where 1 < 01,0, 06—n < m,1 < i1,..0k_n < n and each function defined
on Vo C J2Y. Then we have



A Presentation of the Elements of the Quotient Sheaves Qf/@f

275
k—n—2
( oy WINA AW AW A LA wTh
h=0
+ (oo = du o ST W A e AR
ken—1 (10)
Z ;1 Zol?k 7Inru}‘jl /\ /\ wo-t ' /\ wg,tikfn /\ wio;fll /\
Tk—n— —n
e Awg T ) Aw7E=m A wp,
where each function is well defined on V3 C J3Y.
Proof.
a) Considering all the factors in (5) which contains w{, we get
g 77 g
fiw? Awo = —frd(w® Aw;) = —d(fiw” Aw;) 4+ dfe Aw Aw. (11)
Since fiw° Aw; € ©F and
7r’3"72(df§ Aw® Aw;) = h(dff;) Aw’ A w; + p(dff;) Aw? A wj,
we have . . .
[o] = 3 ngl' 751(0) = fow” Awo + h(dfy) ANw” Aw;
= (fa - difa)w A wp.
b) Considering all the factors in (7) which contains w{ A w¥, we get
i J
;{,w;’/\w;’/\wo = — ijw;’/\d(w”/\wj) =
= fzjd(w‘?/\w”/\wj) fdwg Aw” Awj
= d(fZwd Aw” Awj) — dfid Awd Aw” Awj+ (12)
+Z 3 dyg A dat Aw” A w;.
Since f4w? Aw” Aw; € O5! we have
2 2
[o] =3 "2.py 5% 731 (0)
= fow® Aw” Awg + fiwd Aw” Awo (13)
—dj £ wg Aw” Awg — ”w Aw” Awp.

Therefore we have
o] = (forw” + (fi, — dif ) wi) — f2wf) Aw” Awg.

) In the formula (9), we consider all the factors containing w;* ™. They are
Zk n

Tt A AWl A wo. We get
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cdk—n g1 k—n
Con L wpt A /\w " ANwg

_ 11...’Lk_ o1 Ok—n—1 Ok—n .
= e wit A AN w T A d(wTE e A wg, )

(— 1)]“ " ;1 kn d(wi' A /\wgk_’f_1 AwTF=m Aw;, )

Ok—n
k—n—1
_1\k—n+t pir..ig_pn ,,,01 Ot—1 ot
+ (-1) ok Wit A Aw T A dwiEA
t=1
A wfjjj A AT AW Awg, (14)

:( )k nd( n ’Lk—n wal AL /\wo'k_:—l A wCr—n /\wikfn)

— (—1)k "d “ ““k*” AwWTEA A wa"’”’1 AWk =" Aw;,
k

—n—1 n
n Z(_l)kfnthJrl ; 'Lk—n wal AL /\wg’f’1 /\dy A dzt A
t=1 [=1
A Ot41 Ok—n—1 Ok—n .
w; LN Nw T AWTE A wgy

k—n

Ok—m— —1
Since folhon wit A Awg T AN wTR Awy, € 057!, we have

—n—

k k il...’ik,” 0'1 k—n
T3 'p2,k7n( o1 (rk_n ARTA ’LU A ’LU())

Ok —n—
— _dik—n ;1 'Lol_ck—n wm A /\w kﬂn 1 /\w"k—" /\wo

k—n—1
. i1.dk—m ,,,01 Ot—1 ot Tt41 Ok—n—1 Okn
E o1y Wiy N AWy T Nwg G A w A L AN wy T AW A wp.
t=1
(15)
Then [g] can be presented in the following form
k—n—2
_ i1...1p o1 Oh Ok+1 Ok—n—1
(o] < E oo Wi A A A w Ao AwTFn
h=0
1elh—m—1 _ . 1. l—m o1 Ok—n—1
+( 0'1...Uk,77” d"k—n 01...0— n)w A /\wzk n—1
k—n—1
_ 1. lf—m 01 Ot—1 ot Ot41
E 01...0k—n AR w A wztzt 1 A wit+1 A
t=1
Ok—n— .
AW 1)/\11}"’“ " A wy,
k—n—1
where each function is defined on V5 C J3Y. ™

4. The Case of r =2

Theorem 2.
a) Let o € Q3" be a germ. Suppose that in the fiber chart (V,4), = (z*,y°),

pg”{lg—fgw Awo + flw? /\wo+f”w A wo, (16)
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where 1 < o < m,1 <i,j <m, fo, fi, f9 are functions well defined on V3 C
J3Y . Then we have

lo] = (fo — dif2 + did; 7 )w” Awo, (17)

where each function is well defined on Vs C J°Y.
b) Let o € Q512 be a germ. Suppose that in the fiber chart (V, ), = (z°,y7),

p;ﬂg?g = ‘;]l,wg Aw” Awg + ‘;]lfwf} Awy ANwo + fl;’ﬁjwf} A wy; A wo, (18)

where 0 < |J| < 2,1 < o,v <m,1 <i,j <n, and functions fJ,, 7%, fJ are
well defined on V3 C J3Y . Then we have

lo] = ((f5, = difgy + did; £, )w]
(= foy +2d;£3,7 )05 + 37 w;) A’ A, (19)

where each function is well defined on Vs C J°Y.
c) Let n+3 <k <P and o € Q5 be a germ. Suppose that in the fiber chart

(V,4h), v = (2%, y%) we have

2
k Ttk n_1j1.j Thn— Okn
Ph eno = Zfaf...m’f_n Wredaw T A AW AW A w, (20)
q=0
where 0 < |Ji|, ..oy [ Jh—n=1] < 2,1 < 01, .0, Ok, < M, 1 < j1,...,0q < 1,
S S AR TR A
and every function fo. £ "7 s well defined on V3 C J3Y. Then we

have

JioJg—n— JiJg—n—-1J JioJg—n-1J
(o] —<(f011 k—n—1 _dj1fall. k—n—1J1 +d_1dj2f011. k—n 1]1]2)w§11 A

Ok—n Ok—n J W Ok—m
k—n—1
e NG Y (e e 2dy, [ A
t=1
e Aw Aw3t ij:ill A ... /\wg’;:::i (21)

k—n—1k—n—1
Ji..Jk—n—-1J1J2,,01 Oh-1 oh Oh+41
+ Z Z fal---akfn Wy, ARTA Wy _y A thjl A th+1 ARE
h=1 t=1

h#t
Ot—1 Ot Tt4+1 Ok—n—1
e Nwy T ANwgns ANwg e N Aw g T
k—n—1
JiJg—n—1J1J2,,01 Ot—1 oy Ot41
+ Z Jolighon Wi A AW T AW A wy, T A ...
t=1

where each function is well defined on Vs C J°Y.
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Proof.

a) In the formula (16) we consider the factors containing w?. They are fiwd Awy.
We get,

Lwl Awo = — fid(w® Aw;) = —d(fiw” Aw;) + dfE AwT A w;.

(22)
Since fiw Aw; € QF = OF and
WZ’?,(df; Aw® Aw;) = h(dfE) Aw® Aw; 4+ p(dfi) Aw® Aw;,
it implies that
Tf“.pgjl(féw;’ Awp) = —d; f£ A w A w. (23)

Now we consider all the factors containing w; in the formula (16). Then we
have

fPwi; ANwg = —d(fZw] Aw;) + df A w] Aw;. (24)

This implies that

Tf“.pgjl(f;jwfj Awp) = —djff;jwf A wo
= d(d; f¥.w” Nw;) — d(d; 7)) AwT Aw;. (25)
Therefore we have
5T g (fF W A wo) = didy fTw” Awo. (26)

Since (16), (23) and (26) we get
o] = 78 P T i o(0) = (fo — dif5 + did; f27)w” Awo,
where each function is defined on V5 C J?Y.
b) In the formula (18) we consider all the factors containing wY. Then we get

Ji Ji
WG Awl ANwe = — foiwg Ad(w” Aw;)

= [opd(w§ A’ Awi) = fldw] Aw” A w;

= d(fliwG Aw” Aw;) —dfEAwG Aw” Aw;

n
+ Z dflidyg, A dat A w” A w;.
=1

Therefore

2 2/ pJi Ji
TZH_ p?'g (flowT ANwy ANwg) = —d; fo,wg Aw” Awg

— £liwg, Aw” Aw. (27)

ov

Now we consider all the factors containing wj; in the formula (16). Then we
have
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flidwg A w, /\wof—f‘]”w;/\d(w;’/\w]’)

_d(fJ”wJ/\wi ANwj) = dfy) Awg Aw) Aw;

+ Zf"”dyf}ldxl Awy A w;
(28)

n+2  n42
Ty P32

—d,; f‘]”wg Aw; A wy —f‘]”ng Awy A wo

n+2  n42
Ts  Pag

— did; WG Aw” Awo + dj fIPwG Aw” Awg
+ dif7 w3 Aw” Awo + fIP WG Aw” A,

where 72 p?f( resp. 742 ngz) are morphisms of sheaves. Since the formu-

las (1 ), (27), (28) and the symmetry of indexes i, j we have
o] = 32?5 0 (0) = ((f5, — dif ) + did; 3,7 )w§
b 20, 295, + £ ) A Ao,

where each function is defined on V5 C J°Y

n

¢) We consider the factors containing w’*™" in the formula (20). We have

le T n—ljlwo'l AL /\wo'k n—1 /\wo'k " A

Ok—n
— J1-Jk—n—1J1,,01 Ok—n—1 b ]
= — forlsb S AL AW A d(wTR e A wy, )
— k—mn 1---Jk7n7 J1 o1 Ok—n—1 Chen
= (D" ol W A Aw g T Aw Awy, )
k—n—1
+ (—1)fmmt eIy GO A AW T A
t=1
AdwTt ANwG A L AWTETTE AwTEr A wy,
t41
_ k n JiooJg—n-17 o1 Ok—n—1 Ok—n
= (P A AT AT Awy,)
_ k—n geJi...Jk—n—1j1 o1 Ok—n—1 Ohen
(—1)fmdf i dioni A A LA WS AR Awy,y (29)
k—n—1 n
_ k—n+t eJ1...Jk—n—-1J1,,01 ot—1
E E (-1) f lonh wy A Awy T A
t=1 =1
AdySt Ndat AwGTEA A WTETT T A wTE Ay,
Tfi",sck o
5K f]1 Jk ﬂ_lwzn AL /\w k—n—1 /\wo'k " AW

k—n—1

Jk n—1 Ot—1
E £l Wi A AW AW A
t=1

o Ok—n— _
Aw AL /\w" A wWTRT A w.
t41

We consider all the factors containing w;, 7% in the formula (20). We have
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k _k
JioJg—n—1j172,,01 Ok—n—1 Ok—n T4 -P3,k—n
Joligkon WA AW T AW Awy =

_ JiJk—n—1j1J2,,01 Ok—n—1 Ok—n
djp fol ok wi A Awp T Aw T Awg

k—m—1

_ JioJk—n—1J172 01 Ot—1 Ot+1
g Sl ek Wi A Awy /\wjtjz/\wjt+1/\
t=1

/\wa’“_”_1 /\w RN wg

‘r5 p4 k—n djy fjl Jk—n—l]ljz,wf’l AL /\wak_ﬂ_l A wTk-n A wo

Ok—n
k—n—1
E JiJg—n—1J1J2 01 Oh—1 oh Tht1
+ dj2f <Ok—n wy, A /\w /\wJ}le/\wJ}L+1/\
Ok—n—1 Ok—n
/\w /\w A wo (30)
k—m—1
Ji...Jk—n—-1J1J2,,,01 -1 ot Ott1
+ § : djlf Ok—n wy /\ /\w 1 /\wa,j2/\th+1/\
k—m—1 Ok—n
./\ka_n_1 A w N wo

k—n—1k—n—1

§ E Jl Jk—n—1J172 01 Oh—1 Oht1
+ 0 <Ok—n wy A A wy /\ wJ;jl A wJ;L+1 A
h=1
he£t
Ot — g Ok —n—
/\wtl/\wJ Aw AL /\w’“”l/\w"’“*"/\wo
tj2 t+1 1—1
k—m—1
E Jl Jk—n—1J1J2 01 Ot—1 ot Ot41
0 <Ok—n wy A A Wy, _, A W ja A th+1 A

Ol—n— B
AW A wTE A wg.

n—

Since the formulas (20), (29), (30) and the symmetry of indexes ji, jo we have

(o] = 78 P k—n-Th 2(0)
_ <(f Jk—n—l _ jlle Jk—n—l]l + dj1dj2f Jk—n—1]1]2) 511/\

k—m—1
Uk—n—l 2 : J T J — o
+ 01 k 1J1 + 2d f k ljlh)inA

Wi na Ok —

Ot—1 Ot+1 Ok—n—1
AWy /\wjtjl/\wjtﬂ/\ AWy

k—n—1k—m—1
Jiedk—n—1J1J2,,,01 Oh—1 Oht1
+ E E Joriokmn Wi A Awy) ijhleth+1A
h=1
h£t

o Ole—mn—

/\w 1/\w Aw AL /\w""1
J J

tJ2 t+1 —n—1
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k—m—1

Jioodk—n—1j4142,,,01 Ot—1 Ot Tt+1
+ E : f01~~~0k—n W, A /\th—l A thjljz A th+1/\
t=1
AW AT A w
Jk—n—1 0>
where each function is defined on V5 C J?Y. ™
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