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Abstract. In this paper, we consider a class of uniformly starlike functions defined
by certain integral operator. We determine a sufficient condition for a function f to
be uniformly starlike function that is also necessary when f has negative coefficients.
Similar results for corresponding subclasses of uniformly convex functions are also
obtained.

1. Introduction

Let S denote the class of functions f which are analytic and univalent in D =
{z:0 < |z| < 1} and given by

f(z)=2z+ ianz", an > 0. (1)
n=2

A function f € S is called a uniformly starlike function if and only if
! !
Re {zf (Z)} > ‘zf N
f(2) f(z)

We denote this class by Sp.
A function f € S is called a uniformly convex function if and only if

, 2€D.
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, z2€D.

SUCIEIIE

Re {1+ =705} = |55

We denote this class by UCV .
Ronning [3] generalized the class S, and UCV by introducing a parameter «
in the following way.

Definition 1. [4] A function f € Sp(a), 0 < a < 1, if f satisfies the analytic
characterization

Zféj) _1‘ < Re{Zf (Z)} Ca

and f € UCV(a) if and only if zf" € Sp(a).

In [1], Bharati et al. obtained coefficient characterization for some subclasses
of Sp(a) and UCV ().

Definition 2. [5] Let T be the subclass of S consisting of functions f of the
form

flz)=2— ianz", an > 0. (2)
n=2

Also, Bharati et al. in [1] obtained coefficient characterization for some
subclasses of S,(a) and UCV(«) for f e T.

Recently, Jung et al. [2] introduced the following one-parameter families of
integral operator for functions f € S:

z

a1 = ()5 [(1-4) v @080 @

and

They showed that

Tla+p+1) = T(B+n) .
rB+1) ZF

Q
3

I
°
\%
<o
@
\%
=

Qf(z) =2+ ()

and
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By virtue (5) and (6), we see that

Jof(2) = Qo f(2), (a>-1). (7)
For f € T, the operator in (5) and (6) becomes

Q3f(z) == — ‘”B“Zraﬁ” 4z, (@>0,8>-1) (8)

rpg+1) +5+n
and
Zra+1 n
Jaf(z):z—z<a+n)anz, (> —1). (9)
n=2

Using equations (3) and (4), we introduce the following new subclasses of Sp(«).

Definition 3. Let TQ(a, 8,0), a > 0,0 > —1 and 0 < o < 1 be the class of
functions f € T satisfying the condition

(Q3/(2))
Q37

where QF f is defined as in (3).

2Q5/(2)

1] < ke {W

}—0, z€D (10)

Definition 4. Let TJ(a,0), a > —1 and 0 < o < 1 be the class of functions
f € T satisfying the condition

’

(j JJ:(( - 1‘ {7’2(5:}(((2) } —0, z€D (11)

where Jo f is defined as in (4).

2. Properties of 7Q(«a, 3,0)

In this section, we give some results for 7Q(«, 8, 0). We first state a preliminary
lemma, required for proving our result.

Lemma 1. If Q5f € T then

M'Na+4+1)
Lp+1) ZP a+6+ n)

na, < 1.

Flat+p+1) E L'(B+n)

T(A+1) n=2 (a1 5+n) na, > 1. We can

Proof. Suppose on the contrary that
write

MNa+p+1) (B+n)
ZI‘a

TG+ 1) oy na, =1+¢, (¢ >0).

Then there exists an integer NV such that
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MNa+p+1) €
14+ —.
rB+1) ZF a+ﬂ+ na"> t3
1
For (1+ ~ " < 2 <1, we have
2 Ta+B+1) < T(B+n) .
Q5f(2) =1— na,z"
(@5/(2)) LB +1) nzz: I(a+pB+n)
N
SPRICEY IS S (VI
rp+1) Zlla+p+n)
N
Pla+B+1) N L'(8 +n)
<l-—2rr7Ty _o+n
ACESV ,;F(aﬂﬂn) e
_ N1 <
<1-2(1 2)
< 0.
! . 1 lel
Since (Qﬁf( )) =1 > 0, there exists a real number zp, 0 < zg < (1 n 6) ,
2
such that (QFf(z0))" = 0. Hence QFf is not univalent ]
Theorem 1. Let the functions f € T. Then
r
(B+n) —o)an <1—0 (12)

T+ B+1) B
r(G+1) ,;F(a+ﬁ+n) (=t
o< lifand onlyif f € TQ(a,B,0).

for some a>0,8> -1 and 0 <

Proof. First, we have

2Q51(2) 2Q51(2) 2(Q%f(2))
Q37 () -1|-R (Qgﬂz) -1) <2 Qi)
T Snee Marstm 200 = Dlan|lz*!

oy anl 211

I'(a+p+1
1 - S X0ls tasi

I(B+1)
L(a+p+1) L(B+n)
TG 2one2 Farsrn 20 = Dan
T(B+n)

_ T'(a+B+1)
L= T 2nee Tarstmn

)

ﬁ—i—n
an| >0

where
[(a+p+1)
1-—
rpg+1) ZI‘ (a

by Lemma 1. The above expression is bounded by 1 — ¢ if and only if (12)

satisfied. Consequently, we can write

2Q5/(2)) |- <z<ng((z)>>’ <10
Q3f(z h

Q5/(2)
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which is equivalent to (10).
Conversely, if f € TQ(«, 3,0) and z is real, then Definition 3 yields
D(a+f+1 L5+ _
1- (O(ﬁJrl) : Domea T ofwi)n)"anzn '
1— T'(a+p+1) Z I'(B+n)
F(ﬁJrl n=2 I'(a+B+n)
T'(a+B+1) oo T'(B+n) _—
TG+ 2onzs Tatirm (0~ Danz"™!

_ T(a+B+1) L(8+n)
1= S50 2ne2 Tar i)

— 0
anznfl

anznfl

Let z — 17 along the real axis, then we get

] - Detftl) oo TBim) g, 0 DlakBid) gnoo  _D@4m) o, 1y,

1“(l3+1) n=2 I'(a+B+n) R ACER)) n=2 I'(a+B+n) >0
T(a+p8+1) T(B+n) L(a4B+1) L (B+n) =
1= 55T 2nz Tatatm e S CES RIS yrew ey L)
o Pla+p+1) o~ T(B+n)
1— > (2n — Dan
rp+1) I'(a+p+n)
r e~ T
>ol|l- (@+8+ )Z (B+n) an
rg+1) —T(a+pB+n)
which gives the required result. [ ]

Our assertion in Theorem 1 is sharp, for functions of the form

e _ rg+1) la+p+n) 1-0c n
Fle) = Q5 =1 1 pv ) Ta+m) m-1-0° "2

which belong to the class 7Q(«, 3, 0).

Corollary 1. If f € TQ(«, 8,0) then

rg+1) Ia+pB+n) 1-0o
IM'Na+p+1) T'(B+n) 2n—1-0
Proof. Since f € TQ(«, 3, ) Theorem 1 gives

, n>2. (14)

n

Pla+06+1) (B+n)
Zfa

TG+ 1) oy 2n—1-0)a, <1-—o.

Next, note that
IFa+p+1) T'(B+n)

rB+1) (a+ﬁ+n)

MNa+0+1) (6+n)
SOT(B+1) 2:Pa+6+

2n—1-0)a,

(2n—1—-0)an.

[herefore
NB+1 Ma+ 0+ 1-0
( ) ( n) n > 2.

Ma+p+1) I'(B+n) 2n—-1—-0c’ =~ =

ap X
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Corollary 2. If f € TQ(«, 8,0) and |z| = r < 1, then
1—0
. o < 2
0) QS <7+ 32

-0 ,

(i) 1Q3/ ()] = 7= s— 1.

The results are sharp.

— 0

Proof. First, it is obvious that

Fa+p+1) T(B+2) >
L(B+1) (a+6+2 2;

MNa+p+1) (B+n)
ZI‘a

S TG+ +ﬂ+n)(2n—1—o)an

and as f € TQ(«a, B8,0), using the inequality in Theorem 1 yields

> rB+1) T(a+B+2)1-0
D an S Tla+f+1) T(B+2) 3-0

(15)

n=2

From (8) with |z| = r(r < 1), we have

o MNa+p+1) (B+n) n
QBN <+ ZMWM anr

Na+p+1) TB+2)
(G +1) r<a+ﬁ+2>,§“”r2

<r+

and

o MNa+p+1) (B+n) n
Q3N 27 - =5 ZMWM anr

Fla+8+1) T(B+2) <
ZT— F(ﬂ‘f'l) F(Oc-l—ﬂ-I—Q)nz:;anm

Finally, using (15) in the above inequalities gives us both results (i) and (ii).
We note that (i) and (ii) are sharp for the following function

N B r3+1) Da+B+2)1-0
Qi fa(2) = = Teipi D T2 7

at z = 4ar, 7. ]

Definition 5. Let TQ(«, 3,0,7) be the class of functions f € T satisfying the
condition

2(Q4%f(2)) .
fie ( Q57(2) >>

2(Q%f(2))
lggil—bﬂxa>&ﬂ>—L0<a<L0<7<
Q,@f(z)

where QG f is defined as in (3).
We write 7Q(e, 8,1,7) = TQ(a, B,7).
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Theorem 2. Let the functions f € T. A function f € TQ(«, 58,0,7) for some
a>0,>-1,0<0<1and 0< v <1 if and only if

B e N

Proof. In view of Definition 5, it suffices to show that

2Q8f(2) NECOINN
YT ! SR{ Q3f () } ” 1s)

The condition (18) is equivalent to

GO

TN B
IO Re( Q) 1)“ v
Then
2AQ5f() | L [2(Q3f(2) N EC O
Qe ! Re( QI 1)“ g !
Het D) 572 o (g + 1)(n — 1)[an]|2]"
1 - F(Fa(;iir)l) P r&f}i)n) |lan |21
_ T S a0+ D(n - 1>an.

1“(Oz-i-[3+1) r'(B+n)
1 - T(B+1) Zn 2 T(a+B+n)

The above expression is bounded by 1 — v if and only if (17) is satisfied.
Conversely, if f € TQ(a, 8,0,7) and z is real, we get
C(a+B8+1) I'(8+n) -1
L- FozﬁJrl Zn 2T OH’BZTI) nanz"
1 — HetBil ynoo T(@tn)
"T(B+1) 4un=2T(atf+n)
D(a+/+1 D(3+ -
- (a B0 : P r(a(mi)n) (n = 1)ayz"""
= L(a4p+1) L (B+n)
I T'(B+1) Zn 2 I'(a+B+n

Let z — 17 along the real axis, which gives
I'lat+B+1) I'(B+n)
1= "T(B+1) Zn 2 T(a+B+n)
1 — LatBil) shoo  T(@tn)
"T(B+1) 4un=2 T(at+pf+n) n
F(a+p+1) I'(B+n)
O(ﬁJrl) ¥, F(T,Bin)(n - Day,

g
= I'(a+B+1) I'(8+n)
L= 551 Lone2 Massim on

anzn—l

+ 7.

)anznfl

nay

+7,

that is equivalent to

Ta+p+1) = TI'(B+n)
rB+1) T;Fa—i—ﬁ—i—n)

MNa+8+1)
>7<1_ T +1)

(n+on—o)a,

—

RSO
T(a+B+n) "

Iz



326 Maslina Darus, Aini Janteng, and Suzeini Abdul Halim
and gives the required result. Then, the proof is complete. n

Our assertion in Theorem 2 is sharp for functions of the form

_ Na o F(6+1) I‘(a—f—ﬂ—i—n) 1_7 n
Fal2) = Q51 ) = =R T3y T am) a0l =@+~ ”(>)2
19
which belong to the class 7Q(«, 3, 0,7).
Corollary 3. If f € TQ(«, 3,0,7) then
r'B+1) T(a+p+n) 1—+v
STt gtD) T@4m alie) @iy "2r
Proof. Since f € TQ(«, 8,0,7), Theorem 2 yields
Ta+pB+1) v TL(B+n)
TG ;F(a+ﬁ+n)[n(l+a)— (0 +7)]an <1—17.
Next, note that
Na+5+n L'(B+n) B
a+ﬂ+1 I'(6+n)
<Hotis g A+ 0) — (e e
Therefore
F@+1) Ile+p+n) -7 09
"TT(+pf+1) T(B+n) n(l+o)—(o+9)" T m
Corollary 4. If f €e TQ(«a, B,0,7) and |z| =r < 1, then
1 -
0) lQ3f () < 7+ g2,
s a I—~ 2
(ll) |Qﬁf(2,’)| Z T — m .
Proof. First, it is obvious that
INa+B+1) T(B+2) o
TGE+1) Tatpr2 2t )z::a"
Ma+0+1) I'(6+n)
RYCERY 2; a+6+nﬂml+®_%“+”hm
and as f € TQ(«, 3,0,7), using the inequality in Theorem 2 yields
S < FB+1) Tla+B+2) 1-vy 1)

~ Fla+p+1) T(B+2) 24+0—7

From (8) with |z| =r(r < 1), we have
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o MNa+p+1) (B+n) n
QRN <+ = ZMWM) anr

Pa+8+1) T(E+2) &,
2

STT RGBT Ta+8+2

n=2

and

o MNa+p+1) (B+n) n
R D LU

Ia+p+1) TB+2)
TG +1) F@+6+%Z;%ﬁ'

e

Finally, using (21) in the above inequalities gives us both results (i) and (ii). m

We note that (i) and (ii) are sharp for the following function
PB+1) Tla+p+2) 1-9 ,
53 — —
QL) =2 5 T3+ 240-7°
at z = dir, £r.

Remark 1. By taking f = a and a = 1 in (8), analogous results for 7 J(«, o)
are also obtained.

3. Properties of UCVQr(«, 5,0)

Now, let us draw our attention to the following new subclasses of UCV(a) and
find their coeflicient criterion.

Definition 6. Let UCVQr(a,[,0), a > 0,0 > —1 and 0 < o < 1 be the class
of functions f € T which satisfy the condition

HQFC) | oy 2@ N
CHER (” @) ) <P 22

where QF f is defined as in (3).

Definition 7. LetUCVJr(a, o), a > —1 and 0 < o < 1 be the class of functions
f € T which satisfy the condition

2(Jaf(2)” d(af@)” )
o) < Re <1+ NO% >, €D, (23)

where Jo f is defined as in (4).

Next, we give some results for UCVQr(a, §,0) as the following.

Theorem 3. Let the functions f € T. Then
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oo

Pla+06+1) I'(B+n)
rpe+1) Z I'(a+p+n)

2n—1-o0)na, <1l—o (24)

for some a>0,8> -1 and 0 < o < 1 4f and only if f € UCVQr(a, B,0).
Proof. First, we consider
2(Q5/ (=) 2(Q3f(2)

AN (HQEFE)TY 2@/ )
(Q5/(2)) @3F() ] =7 (Q§f(2))
T'(a+p+1 B+n —
T Lons Taggem 2000 = Dlan|l2" !
1 — Hatf+l) gnoo - _L(G4n)
T(B+1) n=2 I'(a+B+n)
L(at6+1) L(8+n)
O(ﬁJrl) Yna r(a+5zn) 2n(n — 1)an

L(a+p+1) r'(8+n) ’
1 - T(G+1) En 2T a+ﬁ+n)na"

nlan||z|" =t

where 1 — Llat8+1) Z I'(B+n)

T(B+1) n=2 I'(a+B+n)
The above expression is bounded by 1 — o if and only if (24) is satisfied.

Consequently, we can write
2(Q5/(2))"
(Q5f(2))

which is equivalent to (22).
Conversely, if f € UCVQr(a, [,0) and z is real, then Definition 6 yields

nla,| > 0 by getting use of Lemma 1.

T 1 T _
1 (O(-gf-l‘r) ) Zn 2 F(a(iJ,BrZ)n)”(" — 1)anz" 1
- -0
Lot pt1 T(3+ _
1— (aﬁ+1) ) Zn 5 F(OEJr,BZ)n) napz"—1
I'(a+8+1 I'(B+ e
(O(ﬁJrl) : D omes %n(n —1)anz""t
L(at+p+1) T(B+n) e
1_Wzn 2 T(a+G+n) Van? 1
Let z — 1~ along the real axis, then we get
L(a4B+1) T'(B+n)
(1-0)> P40 >one2 Tatpn 2n(n — Na
- P(at+p+1) T(B+n)
1- ra(6+1) >nea F(a-}-ﬂin) nap
. +0+1) > INCEE
(c n)
-0 (1- nan)
( ) rp+1) 222 Na+p+n)
Fa+8+1) < T(B+n)
2 -1
~ B+ Z;Fm+ﬂ+n)mn Jan,
which gives the required result. .

Our assertion in Theorem 3 is sharp for functions of the form
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e _ rg+1) T(a+p+n) 1-0 n
Fle) = Q55 =2 = 7 G 75+ ) T +m) mn—1-0) " "2

(25)
which belong to the class UCVQr(a, 3, 0).
Corollary 5. If f e UCVQr(«, B,0) then
0 < re+1) TI(a+6+n) 1-0 n> 9. (26)

Ma+pB+1) T'(B+n) n2n—1-0)’
Proof. Since f € UCVQT(a B,0), Theorem 3 gives

MNa+p+1) (B+n
rpg+1) E:Fa+ﬂ+n
Next, note that
IMNa+p8+4+1) T(B+mn)
r(B+1) W+ﬂ+m

n(2n—-1-o0)a, <1-o.

n(2n—1—o0)ay

Pa+06+1) (B+n)
NGRS Zra+ﬂ+n n(@n=1-o)an
Therefore rG41) T 8 ) .
- a+pB+n —0
an\F(a—l—ﬁ—i—l) 'B+n) n2n—-1-0)’ n=2
Corollary 6. If f e UCVQr(«,B,0) and |z| =7 < 1, then
() 1Q3/ ()l <7+ E —
—0c
(i) [QFf(2)| =7 — B0 r?
Proof. First, it is obvious that
Ia+p+1) T(B+2) S
TG Tarprat 92
Pla+08+1) (B+n)
S OTB+) §:Fa+ﬂ+n)(2n_1_g)a”’

and as f € UCVQr(«, B, 0), using the inequality in Theorem 3 yields

> rB+1) T(a+B8+2) 1-0
Z;%grm+5+n T(3+2) 2B-o0) 27)

From (8) with |z| =r(r < 1), we have

o Tla+B+1) <~ T(B+n) 0
Q51 )] < T(G+1) E:Fm+6+nﬂﬂ
<r+1“(a+ﬂ+1) I'(B+2) ii%

L(B+1) D(a+3+2)
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and

o Fa+B+1)— T(B+n) n
QB C) =P~ —E i 2 e

Llat+B+1) T(B+2) <~ o
S VY F(a+ﬂ+2)nz::2a”'

Finally, using (27) in the above inequalities gives us both results (i) and (ii). m

We note that (i) and (ii) are sharp for the following function
MB+1) T+f+2) 1-0
53 e —
L) =2 5 T T3+ 26-0)
at z = dar, £r.

Definition 8. Let UCVQr (o, B,0,7) be the class of functions f € T satisfying
the condition

2(Q5f(2)) .
Re(” @5702) ) &

where QG f is defined as in (3).

2(Q5/(2))

————+v, a>0,0>-1,0<0<1,0<y< 1.
(Q%f(2))

(28)

We write UCYVQr(a, 8,1,7) = UCVQr(a, B,7).

Theorem 4. Let the functions f € T. A function [ € UCVQr(«, B,0,7) for
somea>0,>-1,0<0<1and 0 < v <1 if and only if

Pla+08+1) (B+n)
Zfa

r@B+1) (a+3+n) nn(l+o)—(oc+v)]a, <1—1. (29)

Proof. In view of Definition 8, it suffices to show that

H@arE)| L (#(Q5FE) -
NG <(ng(2))’ “) B (30)
Then, we have
J@are| L (H@areNT L [H@E )
Qs | TN ((ng(Z))’ ) <EGs ey

I'(a+B+1 I8+ —
_ T Yaee st (7 + Dnln = Diaa |2

I'(at+B+1) L(8+n)
1 - T'(8+1) Zn 2 T(a+B+n)

1“((¥+[3+1) E L'(B+n) (o + 1)n(n —1)ay,

nlan||z|"

“T(B+1) n=2 I'(a+B+n)

I'(a+pB+1) L(8+n)
1- T(G+1) Zn 2 T(a+p+n)

nay,
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The above expression is bounded by 1 — v if and only if (29) is satisfied.
Conversely, if f € UCVQr(a, B,0,7) and z is real, we get

I'(a+p+41) T(B+n) —
aﬁ+1) S, = a+ﬁin)n(n — 1a,z"1!

1—
I'(a+p+41) T(B+n) —
1= Fa&ﬁ‘i’l En 2T a+ﬁin) nan 2™ 1
+6+1) (B+n) o
TOZB+1) Zn 2 F(Tgin)n(n — 1)anz”
=7 1 Platptl) I'(B+n) 1 +7.
- T+ P T(atBrn)n *n?

Let z — 17 along the real axis, which gives

F(a+6+1) L(8+n)
(1—7) > (1+0)—LCHD_ L=z Maspem ("~ Don
= ~ T(atB+1) T(G+n) '
Fa(,3+1 Do T a+ﬁin)na’n

and equivalent to

o0

(a+0+1) I'(6+n)
G_w<L_ r(B+1) E: T(a+ B +n) %>

MNa+p+1) (B+n)
rpg+1) §:Pa+ﬂ+n

>(1+o0) n(n — 1)ay,.
Thus, the proof is complete. n

Our assertion in Theorem 4 is sharp for functions of the form

_ Na o F(6+1) I‘(a—f—ﬂ—i—n) 1_7 n
Fal2) = Q35 G) = =5 Ty T+ nmu+ay4a+wYZ}i>2
31
which belong to the class UCVQr(«, B, 0,7).
Corollary 7. If f e UCVQr (e, B,0,7) then
“ rB+1) T(a+pB+mn) 1—7 s 9 (32)

Dla+pB+1) T(B+n) nn(l+o)—(c+y)]" — ~

Proof. Since f € UCVQr(a, 3, 0,7), Theorem 4 gives

a+6+1§zra6+n nfn(l40) — (0 47 )an <1 7.

rg+1) (a4 B+n)

Next, note that
MNa+p+1) T(B+n)
L(B3+1) m+6+m

Pla+06+1) T'(B+n)
re+1) Z I'(a+B+n)

nn(1+0) - (o +7))an

nn(l+0) = (o +7)]an

n=2
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Therefore

rB+1) T(a+pB+mn) 1—7 "
Fla+B+1) T(B+n) nnp(+o)=(c+7)] ~~

ap X

Corollary 8. If f € L{CVQT(a B,0,7) and |z| =r < 1, then
0 1Q3/ () <+ s

(i) |Q5 ()| =r— m
The results are sharp.

Proof. First, it is obvious that
MNa+p+1) T(B+2)
T(B+1) T(a+p+2)
Na+5+U§i r'(B+mn)
L(B+1) I(a+B+n)

and as f € UCVQr(«, B, 0,7), using the inequality in Theorem 4 yields

o0

rB+1) T(a+p+2) 1-7v
E:a”<Fm+B+J) r(B+2) 22+0-7)

21240 —7v)ay,

nn(l+0) = (o +7)]an,

X

(33)

n=2

From (8) with |z| = r(r < 1), we have

o MNa+p+1) (B+n) n
O Ty ZMH}M) anr

Pla+8+1) T(B+2) o
rB+1) P@+B+%Z;%T

<r+

and

o Plat+B+l)~ _TB+n)
IO =T oy L e n ™

Lla+f+1) T(B+2) o
=T T(3+1) Fm+ﬂ+mZ;%r'

Finally, using (33) in the above inequalities gives us both results (i) and (ii).
We note that (i) and (ii) are sharp for the following function
I'g+1) T(a+p+2 1-
Pla+p+1) T(B+2) 22+0-7)
at z = £ir, 7. ]

Definition 9. Let

CQT(aa67 )
_ @) 2(Q31(2) A i
_{feT>(ng(z)) +1 \R{(ng(z)) + 1+ }, >0, 0> -1, >0}
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Theorem 5. Let f € T. Then f € CQr(a, B,0) if and only if

MNa+p+1) (B+n)
rg+1) ZF&+5+

nn—14o0)a, <o. (34)

Proof. By Definition 9, it is sufficient to prove the inequality

2Q5f(2) 2(Q51(2))"
e \R _ TP N
NCTTO { @fer T }
or equivalently
2(Q5f(» ! (Q5f(2) !
1 —o|—Reql -0, <20
NGO e{ NGO }<
We have )
2(Q3/(2) Q3 /(=
1 Re! 1 _
+ ( 7)) } e{ + (ng(z)’ o}
2Q5/(2)"
<21+ ————
<2 ey
< 2{ Fozg-ﬁkir)l) Zn 2 F(I‘off-;gj—)n) (n = 1)|an||2["! N _U}
1= FOE;—EJ{)D Zn 2 F(l—‘off-;gin)n|an||z|n !
F(a+[3+1) 1“(;3+n) _
)
1= INCESY E nan

n=2 T'( a+ﬁ+n)

The above expression is bounded by 2¢ if and only if (34) is satisfied.

Conversely, if f € CQr(«,,0) and z is real, we get
Latptl) I(B+n) .

1— aﬁ+1) Yo F(Tgin)n(n — Dapz"

1 — Hothil) ghoe  _T(Ben)
TT(F+1)  4en=2 T(a+f+n)
DatB+1) L(B+n) i

1) 2n=2 Tatpin M1 — Danz

1— F(Ot“rﬁ‘i’l) ZOO F(ﬁ+n)

L(B+1)  4<n=2 T(a+3+n)

nay, 2" 1

+1—20.

na,z" 1

Let z — 17 along the real axis, which gives

L(atp+1) (B+n)

) 22 F(oz-l—ﬁ-i—n)n(n — Dan

1 — Dloadfal) gneo - _T(Bin)
T(B+1) n=2 I'(a+B+n)

X0

nan,

and gives the required result. n

Corollary 9. If f € CQT( ,B,0) and |z| =1 < 1, then for0 <o <1
(1) |ng(z)| r+ 2(1+o’) 7
() 1Q3f(2) = 7 = 5%y 7%

Proof. First, it is obvious that
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Fla+p+1) T(B+2)
rp+1) (a +6+2)

MNa+p+1) (B+n)
rg+1) Zra+b’+n) n

and as f € CQr(a, 8,0), using the inequality in Theorem 5 yields

21+ o0)ay,

n—1+0)an,

X

oo

(B+1) T(a+B+2) o
2 S FaipiD) G+ ite)

From (8) with |z| = r(r < 1), we have

o MNa+p+1) (B+n) n
QIS+ =5 Zra+5+n)a"r

Ia+p+1) TB+2)
rB+1) F(a+ﬂ+2)nz::2a”2

n=2

<r+

and

o Lla+p+l)g~ _P@B+n)
Q37 27 = =y ;r(a+ﬁ+n)a"r

Lla+f+1) T(B+2) o
=7 T(3+1) F(a+ﬂ+2)nz::2a”'

Finally, using (35) in the above inequalities gives us both results (i) and (ii). m

We note that (i) and (ii) are sharp for the following function
rg+1) T(@+B+2) o  ,
@ —
L) =2 5 T T3+ 2040)
at z = £ir, £r.

Remark 2. By taking § = « and a = 1 in (8), analogous results for UCV Jr(«, o)
are also obtained.
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