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Abstract. In this paper the author gives a maximal function characterization of the
Morrey-type Besov and Triebel-Lizorkin spaces, MB;iqﬁ(R”) and MF;;&B (R™), which
are the generalizations of the well-known Morrey-type spaces and the inhomogeneous
Besov and Triebel-Lizorkin spaces.

1. Introduction

In recent years, the Morrey-type space continues to attract the attention of
many authors. Many problems of partial differential equation based on Morrey
space and Morrey type Besov space have been considered in [1 - 6, 11, 16].
Many results obtained parallel with the theory of standard Besov and Triebel-
Lizorkin spaces and new applications have also been given. Actually, in [7]
Mazzuato established some decompositions of Morrey type Besov spaces (in [7],
they were called Besov-Morrey spaces) in terms of smooth wavelets, molecules
concentrated on dyadic cubes, and atoms supported on dyadic cubes. In [10],
Tang Lin and the author obtained some properties including lift properties and
a Fourier multiplier theorem on Morrey type Besov and Triebel-Lizorkin spaces,
and a discrete characterization of these spaces. Moreover, in [10] the authors
also considered the boundedness of a class pseudo-differential operators on these
spaces.

*The project was supported by the NNSF(60474070) of China.
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For readers interesting in standard Besov and Triebel-Lizorkin spaces and
their applications, we recommend them Triebel’s books [12 - 15].

Motivated by [8], our purpose is to give a maximal function inequality on
Morrey-type Besov and Triebel-Lizorkin spaces, which is a characterization of
Morrey-type Besov and Triebel-Lizorkin spaces. Before stating it, we recall some
notations and the definition of Morrey-type Besov and Triebel-Lizorkin spaces
(see, e.g., [10]).

Let R™ be the n-dimensional real Euclidean space. Let S(R™) be the Schwartz
space of all complex-valued rapidly decreasing infinitely differentiable functions
on R™. Let §'(R™) be the set of all the tempered distribution on R™. If ¢ € S(R™),
then ¢ denotes the Fourier transform of ¢, and ¥ denotes the inverse Fourier
transform of .

Definition 1. If0 < ¢ < p < o0 and f € L} (R"), we say f € MF(R")
provided that, for any ball Br, centered at x with radius R,

1/q
g = s B0 ([ ppay) " < .

zER™,R>0
BR,:C

Morrey spaces can be seen as a complement to L spaces. In fact, M} = LP
and LP C MP.

For j € N we put p;(z) = 2Mp(2/z), x € R™. Let functions 4,6 € S(R™)
satisfy the following conditions:

JA€)] >0 on {l¢f <2}, supp AcC {[¢] <4},
10(6)] >0 on {1/2<¢] <2}, suppfC {1/4<|¢| <4}

Now the Morrey type Besov and Triebel-Lizorkin spaces can be defined as
follows.

Definition 2. Let —co < s <00, 0<g<p<oo, 0< <00, and A, 0 be as
above, then we define
(i) The Morrey type Besov spaces as

MBI = {f € S'®): [Flyms = 1A% Flarg {290,V g, < 000
(ii) The Morrey type Triebel-Lizorkin spaces as
MESS®) = {f € S®) ¢ fllyrrg = 1A% g+ {2908 ) o e < ).

Obviously, for s e R, 0 < p=¢ < o0, and 0 < B < oo, then MB;;? =B, ;
and M qu’qﬁ = I} 5, standard Besov and Triebel-Lizorkin spaces respectively; see
[22].
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To make these space meaningful, the key point is to show that Definition 2
is independent of the choice of functions A and 0. Actually, by the method of
Triebel’s book [12] we had proved this in a modified definition in [10]. In this
paper, we will consider this by using maximal function again. The following
Theorem 1 is stronger than what we obtained in [10].

Let W, € S(R™), e > 0, an integer S > —1 be such that

W) >0 on {l¢ < 2}, (1)
D) >0 on {e/2<[¢] < 2¢},

and ~
D7(0) =0 forall |r|<S. (2)

Here (1) are Tauberian conditions, while (2) expresses moment conditions on 1.
For any a > 0, f € S'(R"), and z € R"™, we introduce maximal functions,

. _ |V f(y)]
G f(z) = yseuﬁg A+ [z -y’ (3)
and

_ [0y % f)]
yER™ (1+27|z —y|)"

(3"

In what follows, by writing A; < As we mean that Ay < C'Ag, C is a positive
constant independent of f € S'(R").

Theorem 1.
(i) Let s< S4+1,0< 8<00,0<¢q,p<00,a>n/q. Then for all f € S'(R™)

195 fllar + ||{28j¢;,af}(1>o||zﬁ(1vf;’) N HfHMng
S fllar + {27595 * £33N, aay - (4)

(ii) Let s < S+1,0< <00, 0< ¢qp < o0,a>n/min(q,3). Then for all
feds

”\I':;f”M,f +|{2% j*‘,af}(fOHMg(e[,) N HfHMgFg

S Fllage + {27595 % £z o) (5)

The remainder of the paper is to give the proof of Theorem 1. To do this,
we need some lemmas, which will be given in Sec. 2. The complete proof will
be given in Sec. 3. Finally, we point that letter C' will denote various positive
constants. The constants may in general depend on all fixed parameters, and
sometimes we show this dependence explicitly by writing, e.g., Cnx. In the sequel,
for convenience we omit the range of integration when it is R™.
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2. Some Lemmas
Lemma 1. (see [8]) Let u,v € S(R™), M > —1 integer,
D7ip(0) =0 for all |7] < M.
Then for any N > 0 there is a constant Cn such that

sup | * v(2)[(1 + |2))N < OptMF1,
z€ER™

The following Lemma 2 is easy to obtain. For its proof one can also see [8].

Lemma 2. Let 0 < 8 < 00,6 > 0. For any sequence {g;}° of nonnegative
measurable functions on R™, put

Gj(z) = ZZilk*jlégk(m), x € R"™.
k=0

Then
G (@)} Mles < Cll{gi ()37 lles (6)

holds, where C' is a constant only dependent on 3, 6.

Lemma 3. Let 0 < p, ¢, < 00, 0 > 0. For any sequence {g;}3° of nonnegative
measurable functions on R™, set

Gi(x) =Y 2" g(w), zeR™
k=0

Then

IRG336° arz ) < CrlI{95367 1asz ) (™
and

G35 ey a2y < Call {9 e arzy (8)
hold with some constants Ci1 = C1(8,9) and Cy = Ca(p, ¢, 5, 9).

Proof. By Lemma 2, (7) follows immediately from (6). Now we prove (8) by
considering two cases.

Case 1. ¢ > 1. Since || - || mp is a norm, by Minkowski’s inequality, we have
o0
—k—ils
Gz <27 gl arp -
k=0

Hence (8) follows from Lemma 2.

Case 2. q < 1. By Definition 1
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IGilltg = _sup w00 [ Gy

z€R™,R>0
BR'c
< sup RMO/p- 1/(1)22 alk—jlo / gk ()7 dy
zE€R™,R>0 o
oo
< Zg—q\k—j\é sup RM/p=1/9) / lgk ()9 dy
zE€R™,R>0
oo
—k—ilad
= ZQ lk—jlq ||9k||}1\45
k=0

By Lemma 2 with 3, and § replaced by 3/q and ¢ respectively, we have

H{|‘Gj||(11\/15}||£5/q < C||{||9j||(11\/15}||e[,/q'

Raising the above inequality to power 1/¢, we obtain (8).
This completes the proof of Lemma 3. n

Lemma 4. (see [10]) Let 1 < 3 < oo and 1 < g < p <oo. If {f;}52, is a
sequence of local integral functions on R™, then

12 IME F lary < CN(DZ1517)  llasg
=0 j=0

where the constant C' is independent of { f; 520 and M denotes standard Hardy-
Littlewood mazimal operator.

Lemma 5. (see [8]) Let0 < r < 1, and let {b;}5°, {d;}5° be two sequences taking
values in (0, +o0] and (0, 4+00) respectwely Assume that for some Ny > 0

dj = O(ZjNO)7 J — 00,

and that for any N > 0, and j € Ng = NU {0}, there exists a constant Cn
independent of j such that

(o)
dj <Cn Y 20PNy dp.
k=3

Then for any N > 0 and j € Ny,
d" < Cn Z 2(j—k)Nrbk
k=j

hold with the same constants Cn as above.

3. Proof of Theorem 1

The idea of the proof is from Rychkov([8]. In fact, we will use the method in [8]
with Lemma 3 and Lemma 4. To do the end, we give the proof in three steps.
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Step 1. Take any pair of functions @, € S(R™) so that for an &’ > 0

[®(€)] >0 on {lg <2},
[P >0 on {e'/2<¢| <2, 9)
and define @7 f, o7 . f as (3) and (3").

For any a > 0,s < S+ 1,0 < p, q, B < oo, we will prove that for all
f € 8'(R™) the following estimates hold.

195 ey + 42795 0 350 eparpy S NREFllary + 127505 0 f35 Nlesarz)- - (10)
oS lary + 427950 F 3 g gy S NPGFllary + 112705 S Itz ) (11)

Actually, it follows from (9) that there exist two functions A, A € S(R™) such
that

supp A C {[¢] < 2¢},
supp A C {e//2 < |¢| < 2¢'},

and

A©OBE) + > X2 7)p277e) =1, for all € € R™.
j=1

Then, for all f € §'(R™), we have the identity,

o0

F=AxDxf+ A * g x f.
k=1

Thus we can write

wj*f:wj*A*<1>*f+ij*)\k*1pk*f.

k=1

Therefore, by Lemma 1 we have

s drn s f < [ s Mllges Sy =)l ds

< ohalf () / ;% Al|(1 + 25[2])° dz

= Qp;;,af(y)‘[j’kv

where j
2(k—])(5+1) lf7 k g j7
Ik < C(Aﬂ/’){ 2GRS+ it k> j:

see [8]. Noting that for all z,y € R,

Praf (1) < Phaf @)1+ 25|z = y))* < @ o f () max(1,205799) (1 + 2|z — y|)°.
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So we have

R * iy if, k<j
[y # A W ¢ e gy {20000 10 RS
S Pra 2U-R(SHY) if k>

sup ,
yern (14 27|z —y|)e

Note that for £ = 1, we do not use the condition DTX(O) = 0 in the above proof
of the last estimate, so by replacing respectively A\; and 7 with A and & we
have a similar estimate

sup |’lp] * A * Pk * f(y)| 5 (b;;f(m)z—](s-i-l)
yern (1 + 27|z —y[)e

So we obtain

2=+ if k<
* (S+1) ’ = Jo
wj,af( ) ~ af( )2 i€ + Z‘pk af { 2(j7k)(5+1) if, k> ]
Hence with § = min(1,S+1—5)>0forall fe S, z€R",j€N
oo
2oy f(w) S OLf ()20 4+ 2hopp f(x)27 R, (12)

k=1

Again, for j = 1 we did not use (2) to get this estimate, so we can replace ¥
with ¥ to obtain

200, f(x) S 5 f ()27 35+Z2’“90ka z)27%. (13)

The desired estimates (10), (11), follow from (12), (13) and Lemma 3.

Step 2. In this step we will show the following estimates.
In the conditions of (4), for all f € §'(R)

1% iz + 125905 0 3 eg ary S N Fllagy + {2705 % £33 Nlepuary- (14)

And in the conditions of (5), for all f € S'(R™)

15 Fllaey + 42795 0 £33 Iz gy S 109 Fllagy + 1270 * F38°laaz o)~ (15)
Similar to (9), pick two functions A, A € S(R™) such that
supp A C {|¢] < 2}, supp A C {€'/2 < |¢] < 2¢'},
and

Z 2796) =1

for all £ € R™. Then, for all f € S'(R™) we have the identity,
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F=As@xf+ ) Nkt f.

k=1

Thus we can write

Q/Jj*f:wj*A*@*f—i—Zz/;j*)\k*wk*f.

k=1

By replacing f with f(277.) for j € N, we obtain

F=MAe@nf+ > Mexpxf.

k=j+1
Thus
Pix f= (D% ®y) 5 (% )+ D (b % M) * (¥ % ). (16)
k=j+1
By Lemma 1, we know that
A o 220N R 7
J g T aqil_INa n) 1
|¢J * k(2)| N(l + 27|z[)e z € ( )

holds for k > j with arbitrarily large N > 0, where C is a constant dependent

on N. And also it is easy to see that
A < Cizjn R™ 18
|¢J* J(Z)| = (1 2j|z|)a7 zZ e : ( )

By putting the last two estimates (17) and (18) into (16), we obtain that for all
feSR"), ye R" and j € N,

. oo (i—k)N |t * f(2)]
[vYj * f(y)] < Cn ijQJ PAY / T+ 2]y — 2])° dz. (19)

For any r € (0, 1], dividing both sides of (19) by (1 + 27|z — y|)?, then in the
left hand side taking the supremum over y € R™, while in the right hand side
making use of the following inequalities

(L+2]e —y) (1 + 2]y — 2) = (1+ 2| — y), (20)
i * £ < [n £ Wf @] (14 28— 20,

and
(1 4 2k|a: _ Z|)a(1—7") 9(k—j)a

T | R G T e
we obtain that for all f € §'(R™),z € R" and j € N,

* . ) — 4 zkn w * f " * -r
1pj,af(x) < CN QQQ RN / (1 —|—|2:|£L' _(j|))a7" dz[wk,af(x)]l (21)
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holds, where N’ = N — a + n can be taken arbitrarily large.
Similarly, we can prove that for all f € S'(R"™),

visa <ox( | Mdz[w;fw—’“

1+ |z —z|)or

(22)
—kN/ |wk * f )l —r
+Z / 1+2k|1‘ |) [wkaf( )] )
We now fix any = € R™ and apply Lemma 5 with
dj = f (@), for j €N, do =V, f(z),
257 oy, + f(2)]” , | f(2)]"
b; / (1+2k|x—z|)‘"dz’ or j € N, and by / 0tz -2~
Then we have
o 2V oy x f(2)]”
* S C' 2(3 k)NT‘/ dz, 23
[wj,af(x)] N ; (1 + 2k|£L' _ Z|)ar z ( )

where Cly = CNia—n,

We remark that (23) also holds when r > 1. In fact, to see this, it suffices
to take (19) with a + n instead of a, apply Holder’s inequalities in k and z, and
finally the inequality deduced from (20).

1
Since the function W € Ly, by the majorant property of the Hardy-
z
Littlewood maximal operator M (see, [9], Chapter 2,(3.9)), we deduce from (23)
that
50 f @) < O > 207N Ml 1) (@), (24)

k=j
and a similar inequality with ¢ , f(x) replaced by W} f(x).
By (24) choosing N > max(—s,0), and applying Lemma 3 with
95 = 2" M+ f), jEN, go=M(¥xf[")
we obtain that for all f € §’'(R™)

1% fllare + 12995 0 F3 Mg aary S IM(R % H)llagp + {27 M (5 % f)}cf°||eg<zg45>)-
25

12 fllary + {2795 0 3tz 0g) S IMACR % F)llag + {27 M (35 f)}Cf’IIMgEeﬁ)j
26

where we used the notation M,.(g) = (M(|g|"))"/".

For (25), we choose 7 so that n/a < r < 5. By Lemma 4, we have (14).

For (26), we choose r so that n/a < r < min(q, 5). By Lemma 4, we have
(15).



378 Jingshi Xu

Step 3. We will check that (4), (5) follow from (10), (11), and (14), (15). For
instance, we do it for (4).
The left inequality in (4) is proved by the chain of estimates

the left side of (4) < |47 flluz + I{27°0; * fYlleyuaz) S 1 flaz s

here we first used (10) with ® = A, ¢ = 0, and then applied (15) with ¥ =
A, Y =0.
The right inequality in (4) is proved by another chain

£ Iazz By < 1AGFlazz + 1427505 FHecary)
SNCe gy + {2795 o f Hlep(ar) < the right side of (4),

here the the first inequality is obvious, the second is (10) with ® = ¥, ¢ = 1),
and A and 0 instead of ¥ and v in the left hand side. Finally, the third inequality
is (15).

This completes the proof. [ |
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