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Abstract. In this paper we study the existence of weak solutions of the Dirichlet
problem for a system of semilinear elliptic equations on an unbounded domain in R"™.
The proof is based on a fixed point theorem in Banach spaces.

1. Introduction
In the present paper we consider the following Dirichlet problem:

—Au+g(x)u = au+ fv + fi(u,v) in (1.1)
—Av + g(z)v = Au~+ v + fau,v)
ulon =0, vlpa =0
u(z) -0, wv(x)—0 as |z|]— 400 (1.2)

where € is a unbounded domain with smooth boundary 02 in a R", «, 3, 9, 7y are
given real numbers, 3 > 0,0 > 0; ¢(x) is a function defined in Q, fi(u,v), f2(u,v)
are nonlinear functions for u, v such that

q(z) € C°(R), and 3go > 0,q(x) >qo ,Vz€Q (1.3)

q(z) - +o0 as |z| — 400

fi(u,v) are Lipschitz continuous in R™ with constants k;(i = 1,2)

|fi(uvv) - fi(ﬂﬁ@” < kl(|u - ﬂ| + |2) - ®|)a V(u,v), (ﬂal_)) € RQ' (14)
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The aim of this paper is to study the existence of weak solution of the
problem (1.1)-(1.2) under hypothesis (1.3), (1.4) and suitable conditions for the
parameters «, 3,9, 7.

We firstly notice that the problem Dirichlet for the system (1.1) in a bounded
smooth domain have been studied by Zuluaga in [6].

Throughout the paper, (.,.) and ||.|| denotes the usual scalar product and

the norm in L2(Q); H(Q2), H(Q) are the usual Sobolev’s spaces.

2. Preliminaries and Notations
We define in C§°(2) the norm (as in [1])

ully0 = (/ [Duf + qudr), Vu e C5(9) (2.1)
Q
and the scalar product

aq(u,v) = (u,v)g = /(DuDv + qu.v)dx (2.2)
Q

Ju Ou ou

h D :<_7_7...,_
where Y Ox1 0o o0xy,

), Vu,v € C(Q).

Then we introduce the space V,'(2) defined as the completion of C§°(Q) with
respect to the norm ||.||q.o. Furthermore, the space V() can be considered as
a Sobolev-Slobodeski’s space with weight.

Proposition 2.1. (see [1]) V(Q) is a Hilbert space which is dense in L*(9),
and the embedding of V) (Q) into L*(2) is continuous and compact.

We define by the Lax-Milgram lemma a unique operator H, in L?(Q2) such
that
(Hyu,v) = aq(u,v), Yu € D(Hy),Yv € V,)(Q)

where D(H,) = {u € V() : Hyu = (—A + q)u € L*(Q)}.
It is obvious that the operator

H,:D(H,) C L*(Q) — L*(Q)

is a linear operator with range R(H,) C L*(12).
Since ¢(z) is positive, the operator Hy is positive in the sense that:

(Hqu, U)Lz(g) >0, Yue D(Hq)
and selfadjoint
(Hqu,v)r2(0) = (u, Hv)r2(0), Yu,v € D(Hy).

Its inverse H, ' is defined on R(H,) N L*(Q) with range D(H,), considered as

an operator into L?(2). By Proposition 2.1 it follows that Hq’1 is a compact
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operator in L*(Q2). Hence the spectrum of H, consists of a countable sequence
of eigenvalues {A;}72 ., each with finite multiplicity and the first eigenvalue A
is isolated and simple:

O< A <A< <A, Ay > 400 as k — 4oo.

Every eigenfunction ¢y (x) associated with A\ (k =1,2,---) is continuous and
bounded on §2 and there exist positive constants « and (3 such that

lor ()] < ae Pl for |z| large enough.

Moreover eigenfunction ¢q(z) > 0 in © (see [1]).

Proposition 2.2. (Maximum principle. see [1]) Assume that q(x) satisfies the
hypothesis (1.3), and X\ < 1. Then for any g(x) in L*(Y), there exists a unique
solution u(x) of the following problem:

Hyu— Au = g(x) in Q

uloa =0, u(x) — 0 as || — +o0.
Furthermore if g(x) >0, g(x) #Z 0 in Q then u(x) > 0 in .

By Proposition 2.2 it follows that with A < Ay, the operator H, — A is in-
vertible, D(Hy — \) = D(H,) C V2(Q), and its inverse (H, — A)~"' : L*(Q) —
D(H,) C L?(f) is considered as an operator into L?(12), it follows from Propo-
sition 2.1 that (H, — X\)™! is a compact operator.

Observe further that

(H, =) (o) = - L (), k=12, (2.3)

Definition. A pair (u,v) € V2(Q) x V2(Q) is called a weak solution of the
problem (1.1), (1.2) if:

ag(u, ) = a(u, @) + B(v, ) + (f(u,v), @) (2.4)
aq(v; ) = 6(u, ) + (v, ) + (f2(u,v),9), Vo € C5°(Q).
It is seen that if u,v € C*(Q) then the weak solution (u,v) is a classical solution

of the problem.

3. Existence of Weak Solutions for the Dirichlet Problem

3.1. Suppose that
v < min(go, M),

where \; is the first eigenvalue of the operator H,.
Let ug be fixed in V?(€2). We consider the Dirichlet problem
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(Hy — v)v = dug + f2(up,v) in Q (3.1)
vlogn =0, wv(z) — 0 as |z| — +o0.
First, we remark that since v < min(go, A1), ¢(z) —+ > 0in Q. Then H, — v

is a positive, selfadjoint operator in L?(Q2). Furthermore, the operator (H, — =)
is invertible and

(Hqg =)7": L*(Q) — D(H,) € L*(Q)

is continuous compact in L?(2). Hence the spectrum of H, — v consists of a
countable sequence of eigenvalues {Xk}z‘;l where A\ = A\p — ~:

0< A <M< <A< vee
Besides, we have

1

M=
Under hypothesis (1.4), for v fixed in V2(Q), fo(uo,v) € L*(R2). Then the prob-
lem

I(Hy =) Mlp2e) <

(Hq — 7)w = dug + f2(uo,v) in Q (3.2)
wlga =0, w(x) — 0 as |z| = +oo
has a unique solution w = w(up,v) in D(H,) defined by
w=(Hq— )" buo + fa(uo, v)].

Thus, for any ug fixed in V,?(€2), there exists an operator A = A(ug) mapping
V2(Q) into D(H,) C V,2(€2), such that

Av = A(ug)v = w = (Hy — ) ouo + fa(uo,v)]. (3.3)
Proposition 3.1. For all v,v € V,)() we have the following estimate:
ko
Av — Ad|| < v— U 3.4
| <= 7H | (3.4)
where |.|| is the norm in L?(£2).

Proof. For v,v € V) (Q) we have

| Av — Aol = |(Hq — 7)™ [f2(u0,v) = f2(uo, )]

< 5= fatuo.0) = folu, D)l

By hypothesis (1.4) it follows that

| f2(uo, v) — fa(uo, )| < kalv — 2.

From this we obtain the estimate (3.4). n
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Theorem 3.2. Suppose that
ko
A1 =7

v < min(go, A1), < 1. (3.5)

Then for every ug fized in V() there exists a weak solution v = v(ug) of the
Dirichlet problem (3.1).
Proof. Form (3.3), (3.4) and (3.5) it follows that the operator
A= A(up) : L*(Q) D V(Q) — D(H,) C L*(Q)
such that for v € V)(),
Av = (Hy — )" Houo + f2(uo, v)]

is a contraction operator in L2(2).
Let vg € V2(Q). We denote by

Ulevo,’Uk:A’Uk,1 k‘:].,Q,...

Then we obtain a sequence {v;}72, in D(H,). Since A = A(up) is a contraction
operator in L?(€), {vj}$2, is a fundamental sequence in L?(2).
Therefore there exists a limit i lim vy =wv in L?(Q), or in other words:
— 400

Jim o = o] =0. (3.6)

Moreover v is fixed point of the operator A : v = Av in L?(Q).
On the other hand for all k,l € N* we have

Clq(’Uk - UlaSO) = (Hq(’l)k - Ul);SO) = (Uk - Ul7H(] )a VQO S C(()XJ(Q)

By applying the Schwarz’s estimate we get
|ag(vk — v, )| < [lvk — wil[-[|1Hgeoll, Ve € C5°(€).
Letting k,I — 400, since kllin}_ lvg — vi]] = 0, from the last inequality we
b i 8]
obtain that
lim aq(vp —vi,0) =0, Yo e C(R).

k,l—-+oo

Thus {vx}72, is a weakly convergent sequence in the Hilbert space V,)(Q).
Then there exists o € V,2(Q2) such that

imag(on0) = a,(3.9), 0 € CF(Q). (3.7)

Since the embedding of V() into L*(2) is continuous and compact then the
sequence {vj}72, weakly converges to v in L?*(2). From this it follows that
v = .

Besides, under hypothesis (1.4) we have the estimate:

| f2(uo, vx) — fa(uo, v)|| < kzlvx — v
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By using (3.6), letting k — +00 we obtain
lim  fo(uo,vr) = fa(uo,v) in L*(Q). (3.8)
k—4o00

In the sequel we will prove that v defined by (3.6) is a weak solution of the
problem (3.1).
For any ¢ € C§°(Q),

aq(vk, ) = (Hyvk, ©) = ((Hg = 7)vk, ) +7(0k, )

(
(Avg—1, (Hg = 7)) +7(vk, ¢)

= ((Hy =) [6uo + f2(uo, ve—1)], (Hg = 7)) +7(vk, )
(6uo + fa(uo, vk—1), ) +7(vk, @)

8(uo, 0) + (f2(uo, vk-1), ) +¥(vk, ).

Letting k — 400 under (3.6), (3.7) and (3.8) we get

aq(v, ) = 6(uo, ©) +v(v,9) + (fa(uo,v),¢), Ve € C5°(Q).

Thus, v is a weak solution of the Dirichlet problem (3.1). The proof of the
Theorem 3.2 is complete. ]

3.2. Under hypothesis (3.5) according to Theorem 3.2 for any u € V,?(Q) there
exists a weak solution v = v(u) of the Dirichlet problem (3.1).

Let us denote B as an operator mapping from V,2(Q) into D(H,) C V) ()
such that for every u € V,)(Q)

Bu=v=(H,—~) '[ou+ fa(u, Bu)]. (3.9)

Proposition 3.3. For every u,u € VqO(Q) we have the following estimate:

6+ ko

|Bu— Bl < = u— . (3.10)

Proof. For u,u € V,)(2) we have

|1Bu — Bl = ||(Hy = ~)~'[6(u — @) + f2(u, Bu) — f2(u, Ba)]|

1
< 3 (6]lu — @l + kallu — ul| + k2| Bu — Bul|)
1=
S+ k k
< 2 |l — @l + —2—||Bu — Bal.
/\1 - /\1 -

Under (3.5), A1 — — k2 > 0, it follows that

k _ 0+ ko _
1-— Bu — Bul| < u— ul.
(1= 52 )1Bu—Bal < S22 -

From that we obtain the estimate (3.10). n
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3.3. Assume that
a < min(qo, /\1)

where A1 is the first eigenvalue of the operator H,.

For any u € V)(Q2), Bu € D(H,) C V)(Q), where B is the operator defined
by (3.9). Under hypothesis (1.4) fi(u, Bu) € L*(Q) then 3Bu + fi(u, Bu) €
12(Q)

Therefore for every u € V,?(§2) the variational problem:

(Hy — a)U = fBu + fi(u, Bu) in (3.11)
Ulpa =0 , U(z) — 0 as || — +oo.

has a unique solution
U= (H,—a) '[BBu+ fi(u,Bu)] in D(H,).
Thus, there exists an operator
T: V(@) — D(H,) C V()
such that for every u € V,)(Q2)
U=Tu= (H, — ) [3Bu+ fi(u, Bu)] (3.12)

is a solution of the problem (3.11). Using a similar approach as for Proposition
3.3 we get the following proposition.

Proposition 3.4. For all u,u € V() we have the estimate
|1Tu— Tal| < h|lw—al (3.13)

where

(ﬁ + k1)((5 + k2) + kl(/\1 -7 — kz)
(M =) (M — v — k2) '

Remark that T' considered as an operator into L2(2), is a contraction operator
if:

h:

8+ k1)((5—|— k2) + kl(/\1 — v —ka)
(M —a)(A — v — k)

It is clear that this inequality is satisfied if and only if

h:( < 1.

(B+Fk1)(8 + k2)

M —a—k >0 and
! ! (Al—a—kl)(/\l—’}/—kg)

<1. (3.14)

Theorem 3.5. Suppose that the conditions (3.5), (3.14) are satisfied. Then
there exists a weak solution u in V:]O(Q) of the following variational problem:

(Hy — o)u = BBu+ f1(u, Bu) (3.15)

uloq = 0,u(z) — 0 as |z| — +oo.
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Proof. Under conditions (3.14), the operator T' defined by (3.12) is a contraction
operator in L?(().
Let ug € V,)(Q2). We denote

’LL1=TUO, ’U,kZT’uk_l, k=1,2,...

Then we obtain a sequence {ux}52, in D(Hy). Since T is a contraction operator
in L2(Q), {ux}2, is a fundamental sequence in L?((2). Therefore there is a
limit: lim wug = u in L?(Q2), or in other words:

k——+oo

kEIJPoo lug — ul|| = 0. (3.16)

Moreover u is a fixed point of the operator T': u = Tu in L?(Q).

By using a similar approach as for the proof of Theorem 3.2 it follows that
the sequence {uy}72, is weakly convergent in V,”(€2) and there exists u € V,)(Q2)
such that

khgl a“](uka 50) = G’Q(ﬂv 90); VSO € C(()XJ(Q) (317)
Since the embedding of V,”(Q) into L*(£2) is continuous and compact then the
sequence {uy}$°, weakly converges to v in L?(2). From this it follows that
v = ¥. Besides, under hypothesis (1.4) and inequality (3.10) we have

1f1(ur, Bur) = fi(u, Bu)|| < ki ([lue — ull + || Buy, — Bul|)

and Sk
+
[[Bur — Bul| < 72” up, — ull.
Letting k — 400 from (3.16) it follows that
lim Buy = Bu in L*(Q) (3.18)

k—-+o00

klirf f1(ug, Bug) = fi(u, Bu) in L*(Q).

Furthermore for any ¢(z) € C§°(Q2)

a’lZ(ukv ) = (H Uk, P ) = (UkquSD) = (ukv (H - Oc)(p) + O‘(ukv@)
= ((H, “Y(BBuk—1 + fr(uk—1, Bur—1)), (Hy — @)p) + aup.@)
=(p Buk 1+f1(uk 1, Bug-1), ¢) + alug, ¢)

= B(Buk-1,¢) + (f1(ug—1, Bur—1),¢) + o(up, ).
Letting k — 400 under (3.17), (3.18) we get
aq(u, ) = B(Bu, @) + (f1(u, Bu),¢) + alu, ), Ve € C5°(Q).

Thus, u is a weak solution of the problem (3.15). ]

Theorem 3.6. Suppose that the conditions (3.5), (3.14) are satisfied. Then
there exists a weak solution (ug,vo) € V)(Q) x VX(Q) of the Dirichlet problem

(1.1), (1.2).
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Proof. Under hypothesis (3.5), from Theorem 3.2 there exists an operator
B V@) - D(H,) € V()
such that for every u € V(€),
Bu = (Hy — ) [ou+ fa(u, Bu)).

On the other hand by Theorem 3.5 under hypothesis (3.14) the variational prob-
lem (3.15) has a weak solution ug € V,”(€).

We denote vg = Bug. Then (ug,vo) is a weak solution of the problem (1.1),
(1.2). ]
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