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Abstract. A generalized convolution for Fourier, Fourier cosine and sine transforms
is introduced. Its properties and applications to solving systems of integral equations
are presented.

1. Introduction

The convolution for integral transforms were studied in the 19" century, at first
the convolutions for the Fourier transform (see, e.g. [3, 20]), for the Laplace
transform (see [18, 20] and the references therein) for the Mellin transform
[18] and after that the convolutions for the Hilbert transform [4, 21}, the Han-
kel transform [7, 22], the Kontorovich-Lebedev transform [7, 26], the Stieltjes
transform [19, 23], the convolutions with a weigh-function for the Fourier cosine
transform [14].

The convolutions for different integral transforms have numerous applications
in several contexts of science and mathematics [5, 6, 11, 18, 21, 25].

The convolution of two functions f and g for the Fourier integral transform
F is defined by [3, 20]

+o00
(f*g)(w)—\/%—ﬂ/ fl&—y)g(y)dy, =R, (1)
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for which the factorization property holds
F(f=9)(y) = (Ffy)(F9)(y), VyeR. (2)

Here the integral Fourier transform takes the form
1
F =— x)e Wi,
1)) = o= [ 1)

The convolution of two functions f and g for the Fourier cosine transform F is
also given [3, 20]

+oo
5 9)le) = o= / FWole = o)+ g+ )lay, =0, @)

with the factorization property
Fe(f ¢ 9)(y) = (Fef)y)-(Feg)(y), Yy >0, (4)

where the integral Fourier cosine transform is [3, 20]

(Fef)(y) = \/g 7oof(x) cos(yx)dx.

The convolutions of two functions f and g for the Laplace integral transform L
has the form [18, 23]

T

(f * 9)(x) = / f(z— Hg(t)dt, >0, (5)
0

which satisfies the factorization equality

L(f*9)(y) = (LN (y)(Lg)(y), y=c+it, t€R, (6)

where the Laplace integral transform is defined by [18, 23]
+oo

(LF)(y) = / eV ().
0

The generalized convolution for the Fourier sine and cosine transforms was
first introduced by Churchill in 1941 [3]

+oo
(F19)e) = o= / FWole—sh — g +)dy, z>0 (@)

for which the factorization property holds
F(fx9)(y) = (Fs )W) (Feg)(y), Yy > 0. (8)

In the 90s of the last century, Yakubovic published some papers on special cases
of genneralized convolutions for integral transforms according to index [17, 24,
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26]. In 1998, Kakichev and Thao proposed a constructive method of defining the
generalized convolution for any integral transforms K, Ko, K3 with the weight-
function y(y) [8] of functions f, g for which we have the factorization property

Ki(f +9)(y) = 7(y) (K2f) () (K39) (y)-

In recent years, there have been published some works on generalized convolu-
tion, for instance: the generalized convolution for integral transforms Stieltjes,
Hilbert and the cosine-sine transforms [12], the generalized convolution for H-
transform [9], the generalized convolution for I-transform [16]. For example, the
generalized convolution for the Fourier cosine and sine has been defined [13] by
the identity:

2

+oo
(39 = o= / £ [sigaly — 2)g(ly — al) + 9(y + )l dy, ©>0  (9)

for which the factorization property holds
Fe(fx9)(y) = (Fs )W) (EFsg)(y), Yy > 0. (10)

In this article we will give a notion of the generalized convolution with a
weight-function of functions f and ¢ for the Fourier, Fourier sine and cosine
integral transforms. We will prove some of its properties as well as point out
some of its relationships to several well-known convolutions and generalized con-
volutions. Also we will show that there does not exist the unit element for the
calculus of this generalized convolution as well as there is not aliquote of zero.
Finally, we will apply this notion to solving systems of integral equations.

2. Generalized Convolution for the Fourier, Fourier Cosine and Sine
Transforms

Definition 1. Genneralized convolution with the weight-function v(y) = signy

for the Fourier, Fourier cosine and sine transforms of functions f and g is
defined by

. oo
(o)) = = / Al )~ f(e+ u)]g(ide, 2R (11)
Denote by L(R4.) the set of all functions f defined on (0, 00) such that +f<>o ‘f(a:)|
0

dx < 400.

Theorem 1. Let f and g be functions in L(Ry). Then the genneralized con-
volution with the weight-function v(y) = signy for the Fourier, Fourier cosine
and sine transforms of functions f and g has a meaning and belongs to L(R)
and the factorization property holds
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F(f % g)(y) = signy(F.f)(|y)(Feg)(Jyl), Vy € R. (12)
Proof. Based on (11) and the hypothesis that f and g € L(R) we have

+oo o0

/}f*g }dx—r/ /Ig ) £z —ul) — F(|z + )| dudz

too
<\/—_0/ /‘f |z — ul) |dm+/‘f |z + ul) |dx}
+oo
=2/2 [ Jgt)lau [ 7wl < +oo.
7r0/ U uo/ v)|lav < 400

Therefore, (f * 9)(z) € L(R).
Further,

signy(Fef)([yD) (Fsg)(ly]) = (Fe ) (y)(Fsg)(v)

+00o +00

-2 / / cos(yu) sin(yo) f () g(v)dudv

+o00o +o00

:l/ / siny(u +v) —siny(u — v)] f(w)g(v)dudv
"o
+00 +o00 +00 +o00
/ /sm yt)f(t —v)g v)dtdv—/ /sin(yt)f(|t+v|)g(v)dtdv
0 w 0 —-v
+o00 +o00

/ sin(yt) [f ([t —v]) — f(|t + v])]g(v)dtdv
0
sin(yt)[f (1 — o) — £t + v])] g(v)dtdv

sin(yt) [£ ([t — ) — £(1t +v])] g(v)dtdv.

On the other hand,

0 v

[ st 70t = ol) = £t + o)t == [ sintwe) £ = o) = e+ oD

—v 0

Therefore,
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sign y(Fe f)(lyl)( sg)(lyl)

13
\/%\/7 / smyt f(t—ov]) — (|t+v|)]g(v)dv}dt. (13)
Since, if h(z) is odd,
(Fh)(z) = —i(Fsh)(z), z€R (14)
from (13) and (14) we obtain
signy(Fe )(Iyl)( Fsg)(lyl)
+oo
”’t F(t =) = £t +vD]g(v)dv dt
L }
= F(f +9)(v).
The proof is complete. [ |

Corollary 1. The generalized convolution (11) can be represented by

(f*g)(@) = / f(u)[sign(z +u)g (|2 +ul) +sign(z — u)g(|lz —ul)|du. (15)

)
V2T
0

Proof. Indeed for x > 0, with the substitution x + u = v, we get

+00 +oo
/ f(w) sign (2 + wg(|z + ul)du = / f(v — =) sign vg(Ju])dv

(16)
/f |lv —z|)g dv—/f |v — x|) sign v g(|v])dv
Similarly, with the substitution * — u = —v, we have

+00 +oo

/ f(u) sign (z — u)g(|z — uf)du = / [z +v) sign (—v)g(|v])dv

0 . . o (17)

=~ [ s+ oglebav+ [ @+ v)gehio
0 —x

On the other hand,
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x 0

/ F(lv — o) sign v g(jol)dv = / £l + e g(lo)dv

0 —T
From this and (16), (17) we have

\/Lz_w / f(u)[ sign (z+u)g(|z + ul)+ sign (z — u)g(|z — ul)|du

(18)
(lv—2x vtz|) | dv
\/— ) = f(jv+al)]
Similarly, for x < 0, we have
i
uw)| sign (z + u)g(|z + u|) + sign (x — u)g(|z — ul)|du
m/f()[ an (o + g+ ul) + sign (z — wg(lz — ul)]
(19)
fQuv=2z|) = f(Jv+z|)|dv
/_ ]
The equahtles (18) and (19) yield (15). The proof is complete. ]

Theorem 2. In the space of functions belonging to L(R4.) the generalized con-
volution (11) is not commutative

(f*9)(@) = (g% F)() + i\/g(ffg)(lxl)signx (20)
where (f x g) is defined by (5).

Proof. Indeed,
(i) for > 0, by Definition 1, we have

(f*9)(x) = (Ju— =) = f(z +u)] g(|ul)du

\/ﬁ

With the substitutions u — x = t T4+u=twe get

(f % /f|t| x+tdt—/f g(t — 2|) dt

/fltl x+t>dt—/ F(t)g(lt — o)t

0

Vor

+
?L\o

Pt + tydt + / F(t)a(]t — al)dt}
0
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= — (g% f)(x)+i %(f;g)(x) (21)

Similarly
ii) for z < 0 we have

(f *9)(x) Flz —ul) = f(lz + ul)] g(u)du,

\/ﬁ

with the substitutions v =u — z, t = x + u we get

(o) = o= /flvl |w+v|dv—/f|t| (1~ of)at)}

/f|v| (lz +v) dv—/f g(|lz +v|)d

- / F(Ithg (It—xl)dt—/ (Ithg (It—xl)dt}

0 T

—+oo

— ;T{—/[gﬂt—xD g(|t + )] f dt—/f g(lz +v|)d

(=)

The equalities (21) and (22) yield (20).
The proof is complete. [ |

Theorem 3. In the space of functions belonging to L(R4) the generalized con-
volution (11) is not associative and satisfies the following equalities

a) [f+(gkn)]@) = [g+(f+h)](z)
b) [f (g W)](@) =i[(f x 9)*h](x), VreR
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where (f X g) is defined by (2).

Proof. a) From the factorization property

F(f % 9)(y) = signy(F.)(jy)) (Feg)(ly]), Yy € R,

On the other hand, because (f 1 g)(x) is odd,

Fy(f +9)(|y|) = signyFs(f * 9)(y)

=signy[—iF<flg>( )]
—i(E) () (Fsg)(Jy))- (23)

By (23) we have

Flg* (f *1)](y) = signy(F.g)(|y]) F. (f7 h)(lyl)
(Feg)(lyl) x [ — i signy(Fef)(ly)) (Fsh)(|y])]

= (Fe/)(Jyl) x [ =i signy(Feg)(ly) (Fsh)(ly])]

= (F.f)(ly]) x Fu(g*h)(Jy)signy

= F(f+(g*h)(y), VyeR

From this we get: f+ (g X h)=g X (f 1 h). So the generalized convolution (11) is

not associative and satisfies the equality fl (g 1 h) = gl (f i h). The proof for
b) is similar to that of a).
The theorem is proved. n

Theorem 4. In the space of functions belonging to L(R4) the operation of
the generalized convolution (11) does not have the unit element but the left unit
—isin 2z

V2rx

Proof. Suppose that there exists the right unit element es of the operation of
the generalized convolution (11) in the space of functions in L(R4):

fla) = (f*e2)(w), Yz >0.

element e =

Therefore
F(f+e)(y) = (Ff)(y), VyeR, VfeL(Ry).

From the factorization property, we have

sign y(Fef)(|y|)(Fse2)(ly|) = (Ff)(y), Yy € R, VfeL(Ry).

It follows that
(Fef)(y)(Fse2)(y) = (Ff)(y), Vy€ R, VfeL(Ry).

With an even function f, we get
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(Fef)(w)-(Fse2)(y) = (Fef)(y), Vy € R.

Hence
(Fse2)(y) =1, Vy€R. (24)

When y > 0, we have

(Fse2)(y) = —(Fsea)(—y) = —1

This is a contradition with (24).

Thus the generalized convolution (11) does not have the right unit element,
and so does not have the unit element. We prove that the generalized convolution
(11) have the left unit element.

i sin?
Indeed, we have e; = SRt e L(R4+). We prove
Vi
(e1 xg)(x) = g(x), Va >0.
Putting [ sin 20 e get
= ——, Wi
g to o g

Fley * g)(y) = signy(Feer)(ly]) (Fsg)(|y])
— signyF.(—ilo)(ly|) (Fs9)(|y])
= —isigny(F.lo)(|y]) (Fs9)(ly])
—asigny(Felo)(y) (Fsg)(|y])-

On the other hand, since
+o00
/ cos(—yzx) sinaz:cosacd—glj =z
4 r 2
0
(the formula 3.382.35 [1, p. 470]), we have (Fclo)(y) =1, Yy > 0.
We obtain

Fler + g)(y) = —i sign y(Fug)(lyl) = —i(Fsg)(y) = (Fg)(y), Yy € R.

Therefore (ellg) (x) = g(x), Vx> 0. Thus, e; is the left unit element belonging
to L(R+)
The theorem is proved. n

+oo
Set L(e®,Ry) = {f o [ et f(z)]de < —l—oo}.
0
Theorem 5. (Titchmarch type - Theorem) Let f and g € L(e*, Ry.), if (fl
9)(x) =0 Vz € R, then either f(t)=0 org(t)=0, Vt>O0.

Proof. Under the hypothesis (flg)(x) =0 Vz € R it follows that F(flg) (y) =
0, Yy € R.
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By virture of Theorem 1,

signy(Fef)(lyl)(Fsg)(Jyl) =0, Vy € R. (25)

As (F.f)(Jy|) and (Fsg)(|y|) are analytic Vy € R from (25) we have (F.f)(|y|) =
0, Vy € Ror (Fsg)(Jly]) = 0, Yy € R. It follows that f(z) = 0, Vz € Ry or
g(x) =0, Vzr e Ry.

The theorem is proved. [ |

Theorem 6. The generalized convolution (11) relates to the known convolutions
as follows:

a) (f*9)(x) = i(g x f)(|z|)sign
b) (L)) = (U7 1)) 1 (95 W) sy @)
where h(z) = |z| and (f;:g) is defined by (1).

Proof. From (11), when z > 0 we have: (f 1 g)(x) =1i(g H )
For x <0

(F*9)@) = —= [ g()[f(| |l +u]) = £(|u—al [)]do
\/%O
r/ (] el = ul) = 5] el +u])Jduw = =ito 1 7)1z

Thus, we have a).
On the other hand, we have

i((f o P)() % (90 h)(y) sign y) (z) = \/%—W 709(|U|)-f(|$ — u) sign udu
\/% |x—u|du——/ () f (| — ul)d
\/% |x—u|du——/ (Jul) £ (|2 + u])d

- /2_77 0 e (£l = ul) = £(|2 +u)]du

= (f*9)(a).

The theorem is proved. [ |
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3. Application to Solving Systems of Integral Equations

a) Consider the system of integral equations

+oo
oy )+>\1/ g0 (y, Ot = k(y), 5> 0

A2 / O2(t) [ f(lo — t]) — f(|lz + t])]dt + g(|z|)signx = h(|z|)signz, =€ R.

(26)
Here, A1, A2 are complex constants and ¢, 1, k are functions of L(Ry), f and g
are the unknown functions, and

01(y.1) = \/12_” [sign(t — )e(t — vl) + 9(t + )]
Elb(t)-

Theorem 7. With the condition

02(t) =

1 —idi A (Fop) () (Fst))(y) #0, Yy >0,
there exists a solution in L(R4) of (26) which is defined by
Fly) = k) = M(hg @) w) = (k 2 Dly) + M [(h g ) x )

9(y) = h(y) = Aa(k * ©)(y) = (h D) (y) + Ao [(k + ) 1] (v):
Here, l € L(Ry) and defined by
—iMAFe(p 5 9)(y)
1- z‘/\lAch(w s P)(y)

Proof. System (26) can be re-written in the form
F@) +Xlex9)(y) = ky), y>0

Xo(f # P)(z) + g(Jz|)signz = h(|z|)signz, = € R.
Using the factorization property of the convolution (11) and (f x g)(x) we have
(Fef) () + M (Fop)(y)(Fsg)(y) = (Fek)(y), y>0
A2 (Fef) () (Fsb)(y) — i(Fag)(y) = —i(Fsh)(y), y > 0.

Accordingly, we have

(Fel)(y) =

A= Y| =il RO E) £0
_| BBy MEQG)|_ ‘
Al}_Z(F AT y\ —i(FeR)(y) + id (Fh) () (Fa)(v)



432 Nguyen Xuan Thao and Nguyen Minh Khoa

Therefore,
A A —iM A Fe (9 ) (y)

—i  —i1—iMAF, (e xP)(y)

Due to Wiener-Levy’s theorem [2], there exists a continuous function I € L(R)
such that

(Fef)(y) = , y>0.

—iM A2 Fe(p % 9)(y)
(Fel)(y) = 7= iMA2Fe(p x0)(y).
It follows that
(Fef)(y) = % - %(Fcl)(y)

= (Fek)(y) = MEe(h 2 9)(y) = [(Fek)(y) = MFe(h g o) ()l (Fel)(y)
= (Fk)(y) = MFelh g 9)(y) = Felk x Dly) + M Fe [(hx )

F(y) = k) = Mlhg o) (y) = (k2 Dy) + M [(hx¢) ¥ 1](y) € L(Ry).

Similarly,

| (ER)) |_ )
8= D)) —iER) | = (Fsh)(y) = Ao(F) W) (F)(0)

= —i(Fsh)(y) + idaFs(k +9)(y).
It follows that

(F)w) = 22— 22 ()

= (Esh)(y) — Mo Fs(k +9)(y) — [(Fsh)(y) — A Fs(k +9)(y)] (Fel) ()

Y

= (Fsh)(y) = Ao F(k ) (y) = Fs(h £ 1)(y) + Ao F. [k ) 1]()-

9(y) = hly) = ok *0)(y) = (hx D) + Aok *9) 2 1] (4) € L(Ry).
The theorem is proved. n

b) Consider the system of integral equations

+oo

F)+ M / o()0: (v, )t = k(y), y>0

0
—+oo

Ao / f(@®)02(x,t)dt + g(|z|)signz = h(|x|)signz, = € R.
0
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Here, A1, Ay are complex constants and ¢, 1, k are functions of L(R), f and g
are the unknown functions, and

61(y,) = <= (1t — y) + olt + )]
o) = \@ [0(1z — ) — ¥(|z +£))].

Theorem 8. With the condition
L —iXAe(Fep)(y)(Feb)(y) #0, Yy >0
there exists a solution in L(Ry) of (27) which is defined by
Fy) = k) = M(hx @) () + (kx )(y) = Ml * (0 ) (y)
9(y) = hy) = Aa(¥ * k)(y) = (R D(y) + Aol * (k* 0))(y).
—idAeFe(p & 9)(y)

Here, | € L(R d defined by (Fel)(y) = —— '
ere (R4) and defined by (Fel)(y) 1—1)\1>\2Fc(<,0[jf ¥)(y)

Proof. Sytems (27) canbe-written in the form
) +Xlgxe)y) = k(y), y>0
A2 (¢ x (@) + g(|=]) sign = h(|z|) sign z, x € R.

Using the factorization property of the convolutions (11) and (f * g)(x), we have

(Fo /) () + M (Fsg)(y) (Fep)(y) = (Fsk)(y), y>0
A (Fep) (W) (Fs f)(y) — i(Fag)(y) = —i(Fsh)(y), y >0,

A — 1 AL (Fep)(y)
>\2(ch)(:’/) —1

= —i[l—iMAF.(p x P)(y)] #0

Ay — (Fsk)(y) A1 (ch)(y)
! —Z(th)(y) —1
= —i(Fk)(y) + iMFs(hx 9)(y)

= —i(Fk)(y) + M Fa(p L) (y)

Therefore
Ay —Ml/\ch(@; V) (y)

—i T T—iMAF(p x w)(y)}

Due to Wiener-Levy’s theorem [2] there exists a function [ € L(R4) such that
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—iA1 A2 Fe(p x ) (y)
(Fel)(y) = 17— ouE (o . oIk
It follows that
A A
(Fsf)(y) = _—1 - _—;(Fcl)(y), y>0

= (Fk)(y) = MF(hx 9)(y) = [(FeR)(y) + iMFu(p  h)(y)] x (F)(y)
= (Fuk)(y) = M Fs(h s 0)(y) = Fu(k x ) (y) —iMF (L4 (9 ) ()

(
= (Fk) () = MEu(h s @) () = Fokx D(y) = ME (1 (9 1) ()

o Fy) = ky) = M(hxo)(y) = (kD) = M1+ (9 * 1) (y)
Similarly,
A ] (Fk)(y)
A (Fev)(y)  —i(Fsh)(y)
= = i(Fsh)(y) = Ao Fu(k x ) (y)
= —i(F.h)(y) = A F (W 4 k)(y)
= — i(Fsh)(y) + X Fu(y £ k) () L(Ry).
Therefore
(F)(w) == 22— 22(Ri))
= (Fsh)(y) = Ao Fu (6 k)(y) — [(Fuh) () — iXaFy(k x 9)()] x (F)(y)
= (Fuh)(y) = M Fa( * K)(y) = Fu(h 5 1) (y) + idaF [LF (k x9)] ()
= (Buh)(y) = M Fu (0 * K)(y) = Fulhx D)(y) + M F (L4 (k%)) ()
Hence

90) = h(y) = Mo FK)(w) — (b Dy) + Aol F (k) () L(R+).

The theorem is proved. [ |
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