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Abstract. This paper extends a stochastic EOQ (economic order quantity) model
both for discrete and continuous distribution of demands of cold-drink. A general
characterization of the optimal inventory policy is developed analytically. An optimal
solution is obtained with proper numerical illustration.

1. Introduction

A well-known stochastic extension of the classical EOQ (economic order quan-
tity) model bases the re-order decision or the stock level (see Hadley and Whitin
[4], Wagner [13]). Models of storage systems with stochastic supply and demand
have been widely analysed in the models of Faddy [3], Harrison and Resnick [5],
Miller [8], Moran [9], Pliska [10], Puterman [11], Meyer, Rothkopf and Smith [7],
Teisberg [12], Chao and Manne [1], Hogan [6] and Devarangan and Weiner [2].

In this paper, an optimal inventory policy is characterised by conditions: (a)
demand rate is stochastic that depends upon temperature as random variable;
(b) supply rate is instanteneously infinite and order is placed in the begining of
the cycle; (c) inventory cost is a linear function of temperature.

2. Fundamental Assumptions and Notations

1. Model is developed on single-item products.
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2. Lead time is negligible.
3. Demand is uniform over the period and a function of temperature that
follows a probability distributions.
4. Production rate is instanteneously infinite.
5. Reorder-time is fixed and known. Thus the set-up cost is not included in
the total cost.
Let the holding cost per item per unit time be C},, the shortage cost per item
per unit time be C§, the inventory level be @ of item, r is the demand over the
period, T is the cycle length.

3. The Model

In this model, we consider demand rate of the product (r) and inventory holding
cost per item per unit time (C}) are:

r=ar
and

Cp = Ci + Co(T — p).
where,
a = %(2 0) = marginal response of cold-drink consumption to a change in
T(temperature)

C1 = opportunity cost of money tied up in inventory.
Cs = rate of change of inventory cost with respect to temperature.
4 = optimum temperature for a buyer, according to their demand. Generally p
is 5°C.
Now, the governing equations are as follows:

Case 1. When Shortage does not occur

aQ _

r
=——,0<t<T 1
= o 0st< (1)

From Eq. (1), we have

Q(t):Qo—%t, 0<t<T.

Here Q(T) > 0= Qo — %T > 0= Qo > r. Therefore, the inventory is

T
/(Qo — %t)dt =(Qo — g)T, for r < Q.
0
Case 2. When Shortage occurs:
d
d—c’f:—%,0<t§t1 2)

with Q(O) = Qov and Q(tl) =0,
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and
dQ r
- = —— <t <
7 T t1<t<T (3)

with Q(T') < 0
From Eq. (2), we have

Q(t):Qo—%t, 0<t<t.

T
Now Q(t1) =0=t; = QO . The Eq. (3) gives us

Q(t):—?(t—tl), t<t<T.
SoQT) < 0= —E(T—t;) <0=T >t =T > %L = Qq < r. Therefore,

the inventory during (0,¢;) is

t1
r r 1Q3
— —t)dt = Qot; — —t2 = =201
/(QO T) Qolr = o 2 r
0

The shortage during (¢1,T) is

/—Q(t)dt - %(T—tl)Q

= %rT(l—%) , T > Qo.

Since, Qo > r = Qo > at = 7 < %Qo = 7" (say). ie., Qo = at*. Also,
Qo<r=71>T1"

Case I. Uniform demand and discrete units.

7 is random variable with probability p(r) such that > p(r) =1 and
p(T) > 0.
Therefore the expected average cost is
7 I & Q3
Eac(r Z Ch( 0— §>Tp(7') t3 Z—H Cth(T)T
T=T0 T=T
+- cs Sor (1——) p(7)
T=T*+1
T* . -
= Z (Cr = Coput Cor)a(7" = E)p(T)

% S a(Cr — Copt Cor)r® p(:)
T=7*4+1

*

+ %C’s i aT(l — %)2])(7)
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Now,

*

Eac(t* +1) = Eac(t*) + (C1 — Cop + Cs)a( i p(r) + (7_* i %) i ]@)

T=T0o T*4+1

*

- C,+ an( i p(T) + (T* + %) i p(T)).

T=To T=7T*+1

In order to find the optimum value of Qf i.e., 7* so as to minimize Eac(7*), the
following conditions must hold: Eac(r* + 1) > FEac(7*) and Eac(t* —1) >
Eac(7*) ie., Eac(t* + 1) — Eac(t*) > 0 and Eac(t* — 1) — Fac(t*) > 0.
Now, Fac(7* + 1) — Fac(r*) > 0 implies

(5(7_*) + Cl CQ

Cs
- CQ,LL + CS

>
Ci— Cou+ C,

*

(")

where

)= Y pn+ 5 > B
T*+1

o) = Y i)+ (g Y e
T=To T=T7*+1

Similarly Eac(* — 1) — Eac(t*) > 0 implies

Cs Cs
1 - -1 =
o s s A U Al ey s vy

S(r* —

Therefore for minimum value of Fac(7*), the following condition must be satis-
fied

Cs

o * *
S(r)+ i L CQN+CSU(T )
> G
C1 — Cop+ C,
> S(rF = 1) s O(r* = 1) (4)

+—
Cy—Cop+Cs

Case II. Uniform demand and continuous units.

When uncertain demand is estimated as a continuous random variable, the cost
equation of the inventory involves integrals instead of summation signs. The
discrete point probabilities p(7) are replaced by the probability differential f(7)
for small interval. In this case [, f(7) dr = 1 and f(r) > 0. Proceeding
exactly in the same manner as in Case I, The total expected average cost during
period (0, T) is
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* *
T T

Eac(t*) = ar™ / (C1 — Cop+ Cor) f(T)dT — % /(01 — Cop+ Cor)Tf(7)dT

+ %T*Q /(01 —Cou+ CQT)—f(T) dr + ng/ (r— T*)Q—f(7-> dr
T T T

(5)

Now, )
dEac(T*) 7 . oof(T)
— 7a{(cl_02ﬂ+cs)(/f(7')d7'+7' /TdT)
. 7o T (6)
—l—CQ(/Tf(T)dT—i—T*/ f(T)dT) —CS}
TO T
and
d?Eac(T* oo o0
daiig) = a{(C’l = Cop+ Cs)/ @dr + CQ/ f(T)dT} >0. (7)
T * T -
* 2 *
For minimum value of Eac(7*), 7dEZCET ) = 0 and & Baclr’) l:lang ) > 0 must be
T T
dEac(T*)

satisfied. The equation, = 0 being nonlinear can only be solved by

*

-
any numerical method (Bisection Method) for given parameter values.

4. Numerical Examples

Ezample 1. For discrete case:

In this case, we consider C; = 0.135, Cy = 0.001, Cs = 5.0, 4 =5.0, a =0.8
in appropriate units and also consider the probability of temperature in a week
such that

7 in °C": 35 36 37 38 39 40 41
p(7) : 0.05 0.15 0.14 0.10 0.25 0.10 0.21

Then the optimal solution is 7% = 38°C i.e., @* = at™ = 30.4 units.

Example 2. For continuous case:
We take the values of the parameters in appropriate units as follows:

f(7) = 0.04 — 0.00087, 0 < 7 < 50

=0, elsewhere
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C1 =0.135, C5, =0.001, Cs =5.0, x =5.0, a = 0.8. Then the optimal solution
is: 7 = 29.30°C i.e., Q" = at™ = 23.44 units.

5. Conclusion

From physical phenomenon, it is common belief that the consumption of cold
drinks depend upon temperature. Temperature is also random in character.
Generally the procurement cost of cold drinks is smaller than their selling price.
Consequently, supply of cold drinks to the retialer is sufficiently large. Inventory
holding cost is broken down into two components: (i) the first is the opportunity
cost of money tied up in inventory that is considered here as C; (ii ) the 2nd
is Co(T — p), where p is optimum temperature for a buyer according to their
demand. Generally, 1 is 5°C. So the cost of declining temperature (7 — p) has
a remarkable effect on the inventory cost. In reality, the discrete case is more
realistic than the continuous one. But we discuss both the cases. As far as
the authors are informed, no stochastic EOQ model of this type has yet been
discussed in the inventory literature.
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