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Abstract. In this article, we show a family of hyperbolic surfaces of degree 8 in P3
and a family of hyperbolic hypersurfaces of degree 28 in P2.

1. Introduction

In 1970, Kobayashi conjectured that generic hypersurfaces in P™ of sufficiently
high degree are hyperbolic [4]. Some progress has been made towards this conjec-
ture. For instance, Masuda and Noguchi [5] have found an algorithm to produce
nonsingular hyperbolic hypersurfaces of every degree d > d(n) in P™. However,
d(n) is still very high.

For n = 3: Demailly and El Goul [1], and independently Mc Quillan [6] (with
a slightly bigger degree estimate) proved that a very generic surface of degree
at least 21 in P3 is hyperbolic. Many examples have been given of low degree
hyperbolic surfaces in P3. The example of hyperbolic surfaces of degree 10 in P3
was found by Shirosaki [8]. Later, the examples of hyperbolic surfaces in P? of
lowest degree found to date are of degree 8 and were discovered independently
by Duval [2] and Fujimoto [3] and Shiffman-Zaidenberg [11, 3].

For n = 4: as far as we know, there are a few hyperbolic hypersurfaces of
low degree constructed in P*. The example of hyperbolic hypersurfaces in P* of
lowest degree found to date is of degree 16 and was discovered by Fujimoto [3].
Outside Fujimoto’s example, the hyperbolic hypersurfaces found are of degree
at least 36.

Our main aim in this article is to show another hyperbolic hypersurfaces of
degree 8 in P? and hyperbolic hypersurfaces of degree 28 in P*. Furthermore,
we would like to emphasize that our construction is much simpler than the
constructions used before.
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Namely, we prove the following

Theorem 1. Let d > 4 be an integer and «, 3 be positive integers such that
a<2d—-1,6<2d—-1, a— 3 > d. Let ag,a1,as,a3 be nonzero constants.
Define the hypersurface X in P3 by

2d— 2d— d d—1 d dy2
wywy® ™ + wgw1 B — (apw + ajwy wg + agwy + azwsg)” =0

Then the hypersurface X is hyperbolic.

Theorem 2. Let d > 7 be an integer. Let a,b,c, m be nonzero constants. Define
the hypersurface X in P* by

5,,.d—5 3,,d—3 d—1

4d 4d d,.d 2d dy2)2
wy® + wi? — (wiw§ + w3 + (awqw§ > + bwiw ™ + cwew ' + mwi)?)” =0

Then the hypersurface X is hyperbolic.

2. Proof of Theorem 1
First of all we need the following classical fact in the Nevanlinna theory

Lemma 2.1. Let f be a nonconstant meromorphic function on C and a;(1<j<
q) distinct points in C = CU{oo}. If all the zeros of f—a; have the multiplicities
at least m; for each j, where m; are arbitrarily fized positive intergers (1 < j < q)

1 q 1
and f — oo means —, then (1 — —) < 2.
f j; m; h

We now prove Theorem 1.

By the Brody theorem, it suffices to show that X contains no complex lines.

Assume that f := (fo : f1 : fo : f3) : C — P3 is a complex line such that
range (f) C X, where f; : C — C are holomophic. Then

[ERT+ 07 = (aofd + an i fo + asfs + asf§)? = 0. (1)
Case I. fo =0.
Then from (1) we get
arf{ o + axfs + asf§ = 0. (2)

(i) If fo =0, then f3 =0, and hence, f is constant.
(i) If fo # 0, then from (2) we have

_ f3\¢
argtl +as = —ag(—) , (3)
f2
bil
where g = =—.
I2
Remark that the equation a1 2% '4a2 = 0 has d—1 distinct roots a1, g, . .. , g—1.

For each j =1,2,...,d — 1, multiplicities of zeros of g — ; are multiples of d by
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1 d—1)?
. e Inequality (d — — =) = ———— > 2 and Lemma 2.1 imply that
3). The i l'dlld (d)QdL 2.1 imply th
g is constant. Hence (f3: f2) is constant. Thus f is constant.
Case II. f1 =0
From (1) we get
aof§ + axfs +asf§ =0 (4)

(i) If fo = 0, then agfd + asf = 0. Trivially (fo : f3) is constant, and hence, f

is constant.

d
(ii) If fo # 0, then from (4) we have agg? + az = —%(%) , where g = %.
2

2
Repeating as in Case I(i), it implies that g is constant. Hence (f3 : f2) is
constant. Thus f is constant.

Case III. fo Z0 and f; #0
Put g = % From (1) we have
0

_ _ aofd+ arfi T fo + asfd + asf§2
g2d a+92d ;3:( 0 1 2 2 3) (5)
o
Remark that the equation 224~ 4 2240 = ( & 24—« (z(’_ﬁ — 1) = 0 has
(a— B +1) distinct roots. By the hypothesis, we have o — 5+ 1 > d+ 1. Denote

by ai,as,...,aq+1 the (d + 1) distinct roots of the above equation. For each

j=1,2,...,d+1, multiplicities of zeros of g — a; are multiples of 2 by (5). The
1 d+1

inequality (d + 1) (1 — 5) = % > 2 and Lemma 2.1 imply that g is nonzero

constant.

From (1) we have

) - B 2
(g2d a+92d 6)fgd—(aof§+a1f{1 1fg+a2f§i+a3f§i) =0.

This follows that af¢ +agfd + alffl_lfg +asfd+azfd =0, where a? = g2+
g*?=P or equivalently,

(a+ao)fd+al f fo+anfs +asfd =0, (6)

where a} = a;.g%71 # 0.
(i) If a 4 ap = 0, then @} f&~ ' fo + aafd + azf¢ = 0.
o If fo =0, then f3 =0, and hence, f is constant.
d
o If f5 # 0, then from (6) we have a}.h? ! +ay = —ag(%) ,
2

Repeating as in Case I(i), it implies that h is constant. Hence (fs : f2) is
constant. Thus f is constant.
(ii) If a + ag # O:

o If fo =0, then from (6) it implies that (fp : f3) is constant. Hence f is
constant.

o If fo # 0, then from (6) we have
d
(a+ag)h? + ath™ ! +az = —az (é) ;
f2
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Jo

where h = —.
2
We show that the equation (a4 ag)z? + a} 2971 + az = 0 has at least (d — 1)
distinct roots.
Indeed, let zg be a multiple zero of P(z) = (o + ag)z? + a} 29! + as. Then
P'(20) = d(a + ag)zf ' + (d — 1)al 2872 = 0. Trivially 2o # 0 because P(0) =
(d—1)ai
0. H h =———= and
as # ence we have zg (o +ao) an

P’ (20) = d(d = 1)(a + a0)~2 + (d — 1)(d - Da}.zl* = —(d = Dajzi=? 0.

Therefore, P(z) has at most one multiple zero, and its multiplicity is < 2, as
claimed.

Repeating as in Case I(i) , it implies that h is contant. Hence (f5 : fo2) is
constant. Thus f is constant.

The proof of Theorem 1 is completed. n

3. Proof of Theorem 2

By the Brody theorem, it sufficies to show that X contains no complex lines.
Assume that f:= (fo: fi: fo: f3: f1) : C — P* is a holomorphic map with
f(C) Cc X, where f; : C — C are holomorphic.
By the hypothesis, we have

Fat o fl = (FEfS + 30+ S I b o fd T e mfH?) =0 (1)
Case I. fo =0
Then, from (1), we get
af P+ f2 4+ (Bf3 0 4 chafd T+ mpd)* =0, 2)

where av = £1.
(i) If f; =0, then from (2) we have

2 4 (cfofI P4 mf2 =0, ie BfI+cfofdt +mfd =0, (3)

where g = £1.
o If f3 =0 then trivially (fz : f1) is constant, and hence, f is constant.
o If f3 # 0 then from (3) we have

By’ +cg = —m(%)d, (4)

where g = é
3
It is easy to see that the equation 32%+cz = 0 has d distinct roots &1, &, ..., 4.

For each j =1,2,...,d, multiplicities of zeros of g — &; are multiples of d by (4).
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1
The inequality d(l — 3) > 2 and Lemma 2.1 imply that ¢ is constant. Hence

(fa: f3) is constant. Thus f is constant.
(i) 1t f, 20
o If fo =0 then, from (2), we have

_ 2
afft+ (bfPf57 +mf)” =0
and hence,

Y+ mfl =0, (5)

where v # 0 with 72 = —a.
If f3 =0 then (f1 : f4) is constant, and hence, f is constant.
If f3 # 0 then, from (5), we have

d
~hd 4 bh3 = —m(é) , (6)
fs
where h = ﬁ Since the equation vz% 4+ bz® = 0 has (d — 2) distinct roots

3
(1,Ca, ..., (42, it follows that, for each 1 < j < d — 2, multiplicities of zeros of
1
h — ¢; are multiples of d by (6). The inequality (d — 2) (1 - E) > 2 and Lemma

2.1 imply that h is constant. Hence (f4 : f3) is constant. Thus f is constant.
o If fo # 0 then, from (2), we have

bR FET fcfofdT? +mfg>z
fe ’

a?d+1= —( (7)

~ 1
where g = —.
I2

Since the equation az?? +1 = 0 has 2d distinct roots v, ..., vag, it follows

that, for each 1 < j < 2d, multiplicities of zeros of g — v; are multiples of 2 by
1 ~ .
(7). The inequality 2d<1 — 5) > 2 and Lemma 2.1 imply that g is constant,

g7 0.
From (2), we have

(g + 1) 3+ 0 5 157° + cfofi ™ +mfi)? =0
S + D)+ (V5170 + efofs ™ +mfi)? =0,

where b/ = bg® # 0.
Hence
nfs + VST cfaf TN A mfl =0, (8)
where n? = —(ag?? +1).
If f3 =0 then, from (8), (f4 : f2) is constant and hence, f is constant.
If f3 # 0 then, from (8), we have

U.Ed + v.h + ch = —m(%)d, (9)
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fo

where h = 22,
3
We show that the equation
nz? + 023 ez =0 (10)

has at least 3 distinct roots. Indeed, (10) < z(nz?~! + b'2%2 +¢) = 0. The
equation 72471 + 2% + ¢ = 0 has at leat 2 distinct non-zero roots. Thus (10)
has at least 3 distinct 1, po, ps. _

By (9), multiplicities of zeros of h — p;(1 < j < 3) are multiples of d. The

inequality 3 (1 - é) > 2 and Lemma 2.1 imply that h is constant. Hence (fa : f3)

is constant. Thus f is constant.

Case II. foZ0 and f1 =0
Then, from (1), we get

_ _ 2
afg® + fo fs + B+ (afg £57° + cfofsT - mifl)” =0, (11)

where a = £1.
(i) If fo = 0 then, from (11), we have af3? + (afS &7 +mf{)? = 0. Hence

BI¢+afof§° +mfi =0, (12)

where 3% = —a, 8 # 0.
o If f3 =0 then (fy4: fo) is constant, and hence, f is constant.
o If f3 % 0 then, from (12), we have

' (13)

B+ ag® = —m(f3

where g = E.
3
Since d > 7, the equation 829 + az® = 0 & 2°5(8297° + a) = 0 has at least

3 distinct roots &1,62,&3. By (13), multiplicities of zeros of g — &;, j = 1,2,3,
1

are multiples of d. The inequality 3(1 — E) > 2 and Lemma 2.1 imply that g is
constant. Hence (f4 : f3) is constant. Hence f is constant.

(ii) If f2 # 0 then, from (11), we get
fo24 | fo\? aof3 10 4 cfo i+ mfd\?
o(7) +(H) ~1=-( d )
f2 f2 3

We show that the equation az?? + 2% +1 = 0 has 2d distinct roots (1, Ca, ..., Caq-
Indeed, let zg be a multiple zero of P(z) = az?¢ + 2% + 1. Then

P'(20) = 2daz2® "t 4 dzd 7t = dzd 7 (2028 +1) = 0

(14)

1
Trivially 29 # 0, because P(0) = 1 # 0. Hence we have 2§ = o Thus
et

P(z)—a(zd)Q—f—zd—f—l—a(—i)Q—i—f—l—i—iﬁ-l—l—i#o
0/ = %0 0 N 20 20 da 2a N 4o ’

because o« = £1. This is a contradiction.



A Family of Hyperbolic Hypersurfaces of Low Degree in P? and P* 119

By (14), multiplicities of zeros of % — ¢, 1 < j < 2d, are multiples of 2.
2

1
The inequality 2d.(1 — 5) > 2 and Lemma 2.1 imply that E is constant. Put

2
fa=kfo,k#0.
From (11) we get

(@ + K+ B2 30+ (af3 f57° + ckfofs ™t +mfi)? =0,

and hence,
n.f§ +afifs T+ foufs T+ mfi =0, (15)

where n? = —(a + k% + k29) and ¢/ = ck # 0.
e If » = 0 then, from (15), we have

afg f§ P+ fofd Hmfl =0 (16)

If f3 =0 then f4 =0, and hence, f is constant.
If f3 #£ 0 then, from (16), we get

foN® | ()0 fa\4
(%) +<(5) = (%) 17
f3 I3 f3 a7)
Since the equation az® + ¢’z = 0 & 2(az* + ¢/) = 0 has 5 distinct roots
V1,9, V3,14, V5 and by (17), multiplicities of zeros of 20 vi, 1 < j <5 are
3
1
multiples of d. The inequality 5(1 — 3) > 2 and Lemma 2.1 imply that % is
3
constant. Hence é is constant. Thus f is constant.

o If n #£0:
If f3 =0 then, from (15), trivially (fo : f1) is constant. Hence f is constant.
If f3 2 0 then, from (15), we have

1 (3) 0 (R) e (B) = - (£ (18)

It is easy to see that the equation nz?+az®+¢z = 0 has at least 3 distinct roots

11, 2, 3. By (18), multiplicities of zeros of % — i, 3 =1,2,3, are multiples of
3

1
d. The inequality 3(1 — 3) > 2 and Lemma 2.1 imply that % is constant, and
3

hence é is constant. Thus f is constant.
3

Case III. fo 0 and f1 # 0.
From (1) we have

A 2d

(f1)4d+ - S8+ 13+ (af3 f5 0+ bf3 0 4 chafd ! +mff)2>2
fo 0
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We see that the equation z%? 4+ 1 = 0 has 4d distinct roots &1, ..., €49 and mul-

tiplicities of zeros of % — &5, 1 < j < 4d, are multiples of 2. The inequality
0
1 . Ji. Ji
4d(1 — 5) > 2 and Lemma 2.1 imply that f_ is constant. Put f_ =a#0.
0 0

The equality (1) follows that

G G 2
(L a3 = (fi 18+ 3+ S0 + b0 i1 4 e i 4 mp?) =0

Hence

BIG + [0 f5 + B+ (afg f§° + VI F 70+ chofd T+ mf)? =0, (19)

where 32 = 14+ a0’ = b.a® # 0.
(i) If fo =0 then, from (19), we have

B+ (afs f3 77 + VG L5+ mf)* =0.
Hence
VIS afo f8T V[T mff =0, (20)

where 72 = 3.
o If f3 =0 then (fy4: fo) is constant, and hence, f is constant.
o If f3 # 0 then, from (20), we have

Jo\¢ Jo® | . fo\? fa\@
7(f3) +a<f3) +b<f3) - m(fg) . (21)
We see that the equation

vel+az’ + 022 =0 2B (243 + a2 +0) =0

has at least 3 distinct roots (1,(2,(s and, by (21), multiplicities of zeros of
fo_
f3

2.1 imply that @ is constant. Hence é is constant. Thus f is constant also.

3 3
(ii) If f2 # O then, from (19), we have

1
(5, J =1,2,3, are multiples of d. The inequality 3(1 — E) > 2 and Lemma

a(2) () 1= (ET AV §f;+cf2f§1+mff>2.

Repeating as in Case I1 (ii), we see that the equation 322942941 = 0 has at least
d distinct roots g1, pto, ..., tg- Moreover, by the above equality, it implies that

multiplicities of zeros of f_O — i, 1 < j < d, are multiples of 2. The inequality
2

1
d(l - 5) > 2 and Lemma 2.1 follow that Jo is constant. Put J2 =n#0.

f2 Jo

From (19), we have
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B+t + N3+ (afs f§0 +V S FS2 + enfofy +mff)? =0.

Hence
TfS +afs £+ fo fS + o fs T+ mufi =0, (22)

where 72 = —(8 +n% +7??) and ¢/ = cn # 0.
o If f3 =0 then (f4 : fo) is constant, and hence, f is constant.
o If f3 # 0 then, from (22), we have
~ fo)d (f0)5 o(JoNE i ]o fayd
=) +tal+ +b(—> +c(—):—m(—>. 23
n(f:s I3 I3 I3 I3 (23)
It is easy to see that the equation 7z¢ 4+ az® + 2% + 2z = 0 & z(jz47! +
az* +b'2% + ') = 0 has at least 3 distinct roots vy, vs,v3. Moreover, by (23),

multiplicities of zeros of @ —vj, 7 =1,2,3, are multiples of d. The inequality
fs

1
3(1 — E) > 2 and Lemma 2.1 imply that E is constant. Hence é is constant.
3 3
Thus f is constant.
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