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Abstract. A module M is called closed weak supplemented if for any closed submod-
ule N of M, there is a submodule K of M such that M = K+ N and Kn N M.
Any direct summand of a closed weak supplemented module is also closed weak supple-
mented. Any finite direct sum of local distributive closed weak supplemented modules
is also closed weak supplemented. Any nonsingular homomorphic image of a closed
weak supplemented module is closed weak supplemented. R is a closed weak supple-
mented ring if and only if Mn(R) is also a closed weak supplemented ring for any
positive integer n.

1. Introduction

Throughout this paper, unless otherwise stated, all rings are associative rings
with identity and all modules are unitary right R-modules.

A submodule N of M is called an essential submodule, denoted by N ¢ M,
if for any nonzero submodule L of M, L n N = 0. A closed submodule N of M,
denoted by N ¢ M, is a submodule which has no proper essential extension in
M.IfL (NandN M,thenL M (see[2]).

A submodule N of M is small in M, denoted by N M,ifN+K =M
implies K = M. Let N and K be submodules of M. N is called a supplement of
K in M if it is minimal with respect to M = N +K, or equivalently, M = N +K
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and N n K N (see [6]). A module M is called supplemented if for any
submodule N of M there is a submodule K of M such that M = K + N
and NnK N (see [3]). A module M is called weak supplemented if for each
submodule N of M, there is a submodule L of M such that M = N + L and
NnL M.Amodule M is called -supplemented if every submodule N of M
has a supplement K in M which is also a direct summand of M (see [8]).

A module M is called extending, or a CS module, if every submodule is
essential in a direct summand of M, or equivalently, every closed submodule is
a direct summand (see [9]).

Let M be a module and m M. Then r(m) = {r R|mr = 0} is called
right annihilator of m. First we collect some well-known facts.

Lemma 1.1. [1] Let M be a module and let K Land Lij (1 i n)be
submodules of M, for some positive integer n. Then the following hold.

QL Mifandonlyif K M and L/K M/K;
@L+L+..+Ly M ifandonlyif Ly M @ i n);

(3) If M isamodule and f: M — M is a homomorphism, then f(L) M
where L M;

(4) If L is a direct summand of M, then K Lifandonly if K M;
B)Ky Ky Li Ly ifandonlyif K; Li (i=1,2).

Lemma 1.2. Let N and L be submodules of M such that N + L has a weak
supplement H in M and N n (H + L) has a weak supplement G in N. Then
H + G is a weak supplement of L in M.

Proof. Similar to the proof of 41.2 of [6].

In this paper, we define closed weak supplemented modules which generalize
weak supplemented modules.

In Sec. 2, we give the definition of a closed weak supplemented module and
show that any direct summand of a closed weak supplemented module and,
with some additional conditions, finite direct sum of closed weak supplemented
modules are also closed weak supplemented modules.

In Sec. 3, some conditions of which the homomorphic image of a closed weak
supplemented module is a closed weak supplemented module are given.

In Sec. 4, we show that S = End(F) is closed weak supplemented if and only
if F is closed weak supplemented, where F is a free right R-module. We also show
that R is a closed weak supplemented ring if and only if M, (R) is also a closed
weak supplemented ring for any positive integer n. Let R be a commutative ring
and M a finite generated faithful multiplication module. Then R is closed weak
supplemented if and only if M is closed weak supplemented.

In Sec. 5, we investigate the relations between (closed) weak supplemented
modules and supplemented modules, extending modules, etc,.
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2. Closed Weak Supplemented Modules

In [3], a module M is called weak supplemented if for every submodule N of M
there is a submodule K of M such that M = K+ N and N n K M. Also,
co-finitely weak supplemented modules have been defined and studied. Now we
give the definition of a closed weak supplemented module as follows:

Definition 2.1. A module M is called closed weak supplemented if for any
closed submodule N of M, there is a submodule K of M such that M = K + N
and KnN M. A submodule K of M is called weak supplement if it is a weak
supplement of some submodule of M.

Clearly, any weak supplemented module is closed weak supplemented and
any extending module is closed weak supplemented. Since local modules (i.e.,
the sum of all proper submodules is also a proper submodule) are hollow (i.e.,
every proper submodule is small) and hollow modules are weak supplemented,
hence closed weak supplemented. So we have the following implications:

local hollow weak supplemented closed weak supplemented.

But a closed weak supplemented need not be weak supplemented, in general.

Example 2.2. Let Z be the ring of all integers. Then Z is uniform as a Z-module
and the summands of Z are 0 and Z itself. Since all closed submodules are 0
and Z, it is easy to see that Z is closed weak supplemented. But Z is not -
supplemented. For n = 2, nZ has no supplement in Z. Because for any prime
p, (p,n) =1, we have pZ+nZ =Z.

Similarly, a closed weak supplemented module need not be an extending
module, as following example shows:

zZ Z
0 z
Example 6.2]). Then R is not extending as a right R-module. But all right ideals
of R are of the form:

Example 2.3. Let R = , Where Z is the ring of all integers. (see [8,

| = A B
0 C
where A, B, C areidealsof Zand A B.

Since Z is uniform as a Z-module, then, besides 0 and R, all closed right
idealsof Rarel withA=0andB=Z, C=ZorA=Z, B=Z C=0o0r
A=0,B=Z C=00rA=0, B=0, C=2Z. Itiseasy to see that R is closed
weak supplemented.

The direct summand of a weak supplemented module is weak supplemented.
For a closed weak supplemented module, we also have the following proposition:
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Proposition 2.4. Let M be a closed weak supplemented module. Then any
direct summand of M is closed weak supplemented.

Proof. Let N be any direct summand of M and L any closed submodule of N.
Since N is closed in M, we see that L is closed in M. Then there is a submodule
K of M suchthat M = K+Land KnL M. Thus N =N n K + L. Since
N is a direct summand of M, then NnKnL =K nL N, by Lemma 1.1(4).
Thus N is closed weak supplemented.

Now we consider when the direct sum of closed weak supplemented modules
is also closed weak supplemented.

Proposition 2.5. Let M = M3 My with each M; (i = 1,2) closed weak
supplemented. Suppose that (1) Min(M;j+L) ¢ M;and (2) Mjn(L+K) ¢ M;j,
where K is a weak supplement of M; n (Mj + L) in M;, i = j, for any closed
submodule L of M. Then M is closed weak supplemented.

Proof. Let L . M, then M = My + (M, + L) has a trivial supplement 0 in M.
Since M1 n(M2+L) . Mz and My is closed weak supplemented, then there is a
submodule K of Mj such that M; = K+Mjn(Mz+L) and Kn(M1n(M2+L)) =
Kn(M;z+L) Mi. By Lemma 1.2, K is a weak supplement of M, + L in
M,ie, M=K+ (My+L).Since Mo n (K+L) M,;and M, is closed weak
supplemented, then M, n (K + L) has a weak supplement J in M,. Again by
Lemma 1.2, K + J is a weak supplement of L in M. Hence M is closed weak
supplemented.

We define a module M to be local distributive if for any closed submodules
L,N,K of M, we have L n (K +N) = L n K + L n N. Obviously any dis-
tributive module is local distributive, but local distributive module need not be
distributive. For example, Z Z is local distributive and is not distributive as
Z-module. Since Z(2,3)n ((Z 0+ (0 2))=2Z(2,3),butZ(2,3)n(Zz 0)=
Z2(2,3)n(0 Z)=(0,0). All closed submodulesofZ Zare0 2zZ,Z 0,0 0
and itself. So Z Z is local distributive.

Theorem 2.6. Let M = M; May. Suppose that M is local distributive, then
M is closed weak supplemented if and only if each M; is weak supplemented for
alll i 2.

Proof. The necessity is clear by Proposition 2.4.

Conversely, let L be any closed submodule of M. Then for each i, L n M;j is
closed in M;. In fact, supposethat LnM; ¢ K M. Since ManL ¢ ManlL
and M is local distributive, we have that L = (M;nL) (M2nL) K (MznL).
Hence L=(M1nL) (M2nL)=K (M2nL),because L is closed in M. So
K =L nMj; and L n M; is closed in M.

So, there is a submodule K; of M; such that

Mi=K;+LnM;, and (LﬁMi)ﬂKi Mi, 1=1,2.

Hence
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M=M; Mx=K; Kp+({(LnM;) (LnMz)=K; Ky+L
Ln(K: Ko)=(LnKi) (LnKz) (M1 Mz)=M.

Thus M is closed weak supplemented.

A submodule N of M is called a fully invariant submodule if for every f
S, we have f(N) N, where S = Endg(M). If M = K L and N is a
fully invariant submodule of M, then we have N = (N n K) (N nL) and
M/N =K/(NnK) L/(NnL).

Proposition 2.7. Let M = M; Mo,. Suppose that every closed submodule of
M is fully invariant, then M is closed weak supplemented if and only if each
M; (i =1,2) is closed weak supplemented.

Proof. Straightforward.

Lemma 2.8. [3] If f: M - N is a small epimorphism (i.e., Kerf M), then
a submodule L of M is a weak supplement in M if and only if f(L) is a weak
supplement in N.

Proposition 2.9. Let f: M - N be a small epimorphism with N closed weak
supplemented. If for any nonzero closed submodule L of M, Kerf L, then M
is closed weak supplemented.

Proof. Since for any closed submodule L of M, Kerf L, then f(L) = L/Kerf
is closed in M/Kerf = N. By Lemma 2.8, L has a weak supplement in M and
M is weak supplemented.

Let f: R - T be a homomorphism of rings and M a right T-module. Then
M can be defined to be a right R- module by mr = mf(r) forallm M and
r R. Moreover, if T is an epimorphism and M is a right R-module such that
Kerf r(M), then M can also be defined to be a right T-module by mt = mr,
where f(r) = t. We denote by M1, Mg that M is a right T-module, right R-
module, respectively.

Lemma 2.10. Let f : R - T be an epimorphism of rings and M a right
R-module. If Kerf r(M), then Ny . My if and only if Ng ¢ Mg.

Proof. Suppose that Nt . Mt and that N ¢ Lg Mg. Then for any
0=1 L, thereisr R,suchthat0=Ir Ng. Since f isan epimorphism and
Kerf r(M), so Lgr can be defined to be a right T-module by It = Ir, while
f(nN=tSo0=Ir=If(r) Ntand Nt Ly.SoNt =Lt and Ng Mg,
as required.

Conversely, suppose that Nk ¢ Mg and Nt ¢ Lt M-+. Then for any
0=1 L,thereist T,suchthatO0=I1t=1f(r) =Ir Ng, where f(r) =t.
SoNrR e¢Lrand Ng =Lgr and Nt . M, as required.
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Theorem 2.11. Let f : R - T be an epimorphism of rings and M a right
R-module with Kerf  r(M). Then Mg is closed weak supplemented if and
only if M+ is closed weak supplemented.

Proof. Suppose that Mg is closed weak supplemented and Nt . Mt. Then
Nr ¢ Mg. Since Mg is closed weak supplemented, there is a submodule Kgr
of Mr such that Mg = Nr + Kr and Ngr n Kr Mg. It is easy to see that
Kt n Nt M. So M+ is closed weak supplemented.

The converse is similar.

3. The Homomorphic Images

In this section, we will consider the conditions for which the homomorphic im-
ages of closed weak supplemented modules are also closed weak supplemented
modules.

Lemma 3.1. Let f : M - N be an epimorphism of modules and L ¢ N. Then
L = U/Kerf for some U M. If r(m) = r(f(m)) for all m M\Kerf or N
is torsion-free. Then U is closed in M.

Proof. Suppose that Kerf U K M. Then forany k K\Kerf, f(k) =
0. Thereisr R suchthat0=kr U.

If r(k) = r(f(k)), then f(kr) = f(k)r =0, so 0 =kr + Kerf U/Kerf;

If N is torsion-free, then, since f(k) = 0, we have f(k)r = f(kr) = 0.

In either cases, we have that L = U/Kerf . K/Kerf. Since L is closed in
N, it implies that U = K and hence U is closed in M.

Lemma3.2. LetL U M with M closed weak supplemented. Then M/L =
U/L + (V + L)/L for some submodule V of M and U/L n (V +L)/L M/L.

Proof. Firstly, we show that U/L <. M/L. Suppose that U/L ¢ K/L M/L
whereL U K M. Forany k K\U, thenk /L and k+ L = 0. Since
U/L ¢ K/L, thereisr R, such that 0 = kr + L  U/L. Then there is
u U\L, such that kr+L =u+L, thatis, kr—u L U.SoO0=kr U.
Hence U K and U = K. So U/L is closed in M/L.

Since M is closed weak supplemented, there is a submodule V of M, such
that M=V +UandUnV M. So M/L=U/L+ (V +L)/L.

Now, we show that U/L n (V +L)/L  M/L. It is easy to see that

u/Ln(v +L)Y/L=(U n (v +L))/L=((U nV)+L)/L
=UnV)/(LnAnUnV)=UnV)/(LnV).

Letm: M - M/(L nV) be the canonical epimorphism. Since U nV M,
thenntUnV)=UnV)/(LnV) M/L.

Theorem 3.3. Let f: M - N be an epimorphism of modules with M closed
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weak supplemented. If r(m) = r(f(m)) for all m  M\Kerf or N is torsion-
free, then N is also closed weak supplemented.

Proof. By Lemma 3.1, for any closed submodule L of N, there is a closed submod-
ule U of M, such that Kerf U M, L=U/Kerf. Then N = M/Kerf =
U/Kerf + (V + Kerf)/Kerf where M =V + U for some submodule V of M.
By Lemma 3.2 N is closed weak supplemented.

Remark 3.4. The converse of Theorem 3.3 is not true, in general. For example,
Z is closed weak supplemented as a Z-module, for any prime p, Z, = Z/pZ is a
simple Z-module and is closed weak supplemented. But Z, is torsion.

Recall that a right R-module is called singular if Z(M) = M where Z(M) =
{m M|ml = 0, for some essential right ideal I of R} and non-singular if
Z(M) = 0. A ring R is called right non-singular if Rg is non-singular and
singular if Rg is singular. For a closed weak-supplemented ring R, we have:

Theorem 3.5. Let R be closed weak supplemented as a right R-module. Then
every non-singular cyclic module M is closed weak-supplemented.

Proof. Let M =mR, m M, then M = R/X, where X =r(m). ForL M,
thereis X T Rg,suchthatL=T/X R/X.WeshowthatT (Rg.

Suppose that X T ¢ K Rgr. Then for any k  K\T, there is an
essential right ideal 1 of R such that kI  T. Since M = R/X is non-singular,
we have that ki T\X. Hence thereisi | such that 0 = ki+ X T/X,
therefore, T/X ¢ K/X. Since T/X is closed, so T/X = K/X and T = K.
Since R is closed weak supplemented, there is a submodule V of R, such that
R=V+Tand TnV R. By Lemma 3.2, M = R/X is closed weak
supplemented.

Corollary 3.6. Let f : M - N be an epimorphism with M closed weak supple-
mented and N non-singular. Then N is closed weak supplemented.

4. Closed Weak Supplemented Ring

A ring R is called closed weak supplemented if Ry is closed weak supplemented.
For example, the ring Z of all integers is closed weak supplemented. In this
section, we will discuss the relations between closed weak supplemented rings
and modules.

Let F be a free right R-module and S = End(F). Then Theorem 3.5 in [5]
says that there is a one-to-one correspondence between the closed right ideals of
S and the closed submodules of F.

Theorem 4.1. Let F be a free R-module and S = Endr(F). Then F is closed
weak supplemented as a left S-module if and only if S is closed weak supplemented
as a left R-module.
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Proof. Suppose that S is closed weak supplemented. Let M  F and K =
{s S|sF M}. Then KF =M and K S by [5, Theorem 3.5]. Since S is
closed weak supplemented, there is a submodule T of S such that S =T + K
and T n K S. Since F is a left S-module defined by sf = s(f) for any
s Sandf F,itiseasy to see that F is a faithful left S-module and that
F=TF+KF=TF+M.Since TF nKF = (T nK)F and F is free, we have
that TF n KF  F. Therefore F is closed weak supplemented.

Conversely, suppose that F is closed weak supplemented and let K . S.
Then KF  F. Hence, there is a submodule M such that F = M + KF and
MnKF F.

Set 1 ={s S|sF M}. Then IF = M. Since SF = F = IF + KF
and F is faithful, we have that S =1 + K. IF n KF = (I n K)F IF implies
I nK S.Hence S is closed weak supplemented.

Next we will show that a ring R is closed weak supplemented if and only if
Mn(R), the ring of all n < n matrices over R, is closed weak supplemented, for
any positive integer n.

Lemma 4.2. Let R be any ring and X a right ideal of R. Then X ¢ R if and
only if Mp(X) e Mp(R) for any positive integer n. In particular, if X ¢ R,
then Mnp(X) ¢ Mn(R).

Proof. The proof involves a case-by-case verification as is illustrated in the fol-
lowing proof for n = 2.
Suppose that X ¢ R. Let0= a b

4 MR

Case 1. Ifa=0, thereisr R suchthat0=as X. Then we have

a b s 0 _ as O
c d 00 ¢ O
_ _as 0 _ .
Ifcs =0, then 0= 0 0 My (X). If cs =0, then thereist R such that
O=cst X. So
a b st 0 _ ast O
c d 0 0 ¢t O M2(X)
Case 2. If b=0, thereiss R such that 0 =bs X. Hence
a b 0 0 _ 0 bs
c d 0s 0 ds
_ 0 bs .
If ds = 0, then 0 ds My (X);
Ifds=0, thereist R suchthat0=dst X. So
a b 0 0 _ 0 bst
c d 0 st ~ 0 dst M2(X)

Case 3. If c =0, this is similar to case 1.
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Case 4. If d =0, this is similar to case 2.
Thus Mz(X) c Mz(R)
Conversely, assume that M,(X)  M2(R).

Forany 0=s R, thereis a g M2 (R) such that
_ s 0 a b _ sa sb
0= o s ¢ d = sc sda MO

Hence at least one of sa, sh, sc, sd X is not zero. So X ¢ R.

Lemma 4.3. Let X be a right ideal of M,(R). Then there are right ideals
14, 15, ..., I of R such that

I, 1 ... I, aix A2 ... aAin
I, 1, ... P dp; Ap2 ... QAon
X= . . . T : C : laij i,
I 1 ... In an1 aAn2 ... ann
1 3 nl1 1 n

Proof. Set Xj; ={aijj Rl(aijj) X} 1=<1i,j n.ltiseasy tosee that each
Xij is a right ideal of R and that Xj; = Xj2 =... = Xjy foranyl 1 n.So
we set Xj; =l forall 1 i< n, as required.

Lemma 4.4. Let R be any ring and | a right ideal of R. If | R as a right
R-module, then Mnp(1)  Mnp(R) for any positive integer n.

Proof. The proof is routine.

Lemma 4.5. Let R be any ring and M (R) the matrix ring over R. Let X be an
essential right ideal of M (R). Then there are essential right ideals 11, 12, ... I,
of R such that

L 1L ... g

L I, ... I
In In ... In

Moreover, if X is closed (small) in Mn(R), then I; are closed (small ) in R for
all i n.

Proof. The proof is routine and omitted.

Theorem 4.6. Let R be any ring. Then R is closed weak supplemented ring if
and only if Mn(R) is also closed weak supplemented ring for any positive integer
n.
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Proof. Suppose that R is closed weak supplemented. Let X be any closed right
ideal of M (R), then by Lemma 4.5, there are closed right ideals 11, 12, ..., In
of R such that

N E R Il

L L ... I
In In In

Since R is closed weak supplemented, there is submodule J; of R such that

R=1+J;and I n Jj Rforalll 1 n.Set
J. J ... N
J J ... I
Jh JIn ... IJn

It is easy to see that MR(R) =Y + X and X nY Mn(R). Hence Mp(R)
is closed weak supplemented.

Conversely, suppose that M (R) is closed weak supplemented and | a closed
right ideal of R. Then X = Mp(l) is a closed right ideal of M(R) by Lemma
4.2. There is a submodule Y of M (R) such that M,(R) =X +Y and X nY
Mn(R). Since

J. I ... N

J J ... I

Jh JIn ... Idn
for some submodule Jjof Rforl 1 n.HenceR=1+Jjand I nJ; R for
1 1 n.SoRisclosed weak supplemented.

Similarly, we have:

Corollary 4.7. Let R be any ring. Then R is a weak supplemented ring if and
only if Mn(R) is a weak supplemented ring for any positive integer n.

Let R be a commutative ring. A module M is called a multiplication module
if for any submodule N of M, there is an ideal I of R such that N = M1
(see [4]). A module M is called faithful if r(M) = 0. For a finitely generated
faithfully multiplication module M, we have that M1  MJ ifandonly if I  J,
where I, J are ideals of R. Now we will show that for a commutative ring R
and a finitely generated faithfully multiplication module M, R is closed weak-
supplemented if and only if M is closed weak-supplemented. In the following of
this section, R is a commutative ring.

Lemma 4.8. Let N ¢ M with M a finitely generated faithfully multiplication
module. Then I =(N:M)={r R|Mr N} R.
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Proof. Suppose that there is an ideal J of R such that nJ = 0. Since M is a finite
generated faithful multiplication module, we have that M1 nMJ = 0. In fact, if
MI nMJ =0, then there is a unique ideal K of R, such that M1 nMJ = MK.
Hence MK MI, MK MJ, so K I and K J, hence K = 0 and
MJ =0, because N =MI M.SoJdJ=0andl ¢R.

Lemma 4.9. Let N1, N3 be submodules of a finite generated faithfully multipli-
cation module M. Then N1 ¢ Nz ifand only if 11 ¢ I, where Nj =M, 1=
1,2.

Proof. Obvious.

Lemma 4.10. Let M be a finite generated faithful multiplication module and
N = M1 a submodule of M. Then N is closed in M if and only if I is closed in
R.

Proof. This is a consequence of Lemma 4.9.

Lemma 4.11. Let M be a finite generated faithful multiplication module and
N = M1 a submodule of M. Then N M ifandonly if | R.

Proof. Suppose that N Mandl+J =R. Then M = MR = MI + MJ.
SinceN M, we have that MJ =M =MRandJ=R.Sol R.

Conversely, suppose that I R and N + L = M. Then there is a unique
ideal J of RsuchthatL=MJ.SoMR=M =N+L=MI+MJ =M(l+J)
and R=1+J.HenceJ =R and L=M.

The following theorem is a consequence of the lemmas above.

Theorem 4.12. Let R be a commutative ring and M a finite generated faithful
multiplication module. Then R is closed weak supplemented if and only if M is
closed weak supplemented.

5. The Relations

In this section, we will investigate the relations between closed weak supple-
mented modules and other modules, such as, extending modules, weak supple-
mented modules, hollow modules, etc..

A module M is called refinable if for any submodules U, V of M with
U +V = M, there is a direct summand U of M with U UandU +V =M

(see [7]).

Proposition 5.1. Let M be a refinable module. Then the following are equiva-
lent:

(1) M is -supplemented;

(2) M is supplemented;

(3) M is weak supplemented.
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Proof. (1) (2) (3) are obvious.

(3) (1) Suppose that M is weak supplemented. Let N be any submodule
of M, there is a submodule K of M suchthat M = K+N and NnK M.
Since M s refinable, there is a direct summand L of M such that L K and
M=L+N.Sowehave NnL NnK L. ThusM is -supplemented.

Proposition 5.2. Let M be an R-module with Rad(M) = 0. Then the following
are equivalent:

(1) M is a closed weak supplemented module.

(2) M is extending.

Proof. (1) (2). Suppose that M is closed weak supplemented and that N is
closed in M. Then there is a submodule K of M such that M = K + N and
KnN M and therefore K n N = 0. Hence N is a direct summand of M, i.e.,
M is extending.

(2) (1). Obvious.

Corollary 5.3. Let R be a semiprimitive ring. Then the following are equiva-
lent:

(1) R is a closed weak supplemented ring;

(2) R is extending.

A ring R is a V-ring if and only if Rad(M) = 0 for all R-modules M. Hence
we have:

Corollary 5.4. Let R be a V-ring. Then the following are equivalent for any
R-module M:

(1) M is a closed weak supplement;

(2) M is extending.

Next, we will study the relation between closed weak supplemented modules
and weak supplemented modules. Let M be a module. If every submodule is
closed in M, (for example, M is semi-simple ), then M is closed weak supple-
mented if and only if M is weak supplemented. For other cases, we give:

Lemma 5.5. Let M be closed weak supplemented and N . M. Suppose that
T M. Then there is a submodule K of M suchthat M = K+N = K+N+T
and KnN M, Kn(N+T) M.

Proof. Since M is closed weak supplemented, there is a submodule K of M such
that M =K +N,and KnN M.

Letf: M - (M/N) (M/K) which is defined by f(m) = (m+ N, m+ K)
andg: (M/N) (M/K) - (M/(N +T)) (M/K) which is defined by g(m +
N,m +K) =M+ N +T,m + K). Since M = N + K, then we have that
T is an epimorphism and that Kerf = N n K M,ie, NnK M. Since
Kerg=((N+T)/N) Oand (N+T)/N =n(T) M/N, whilen: M - M/N
is the canonical epimorphism, we have that g is a small epimorphism. So gf is a
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small epimorphism and Kergf = (T+N)nK M. Clearly, M = (N +T)+K.

Theorem 5.6. Let M be a R-module. Suppose that for any submodule N of M,
there is a closed submodule L (depending on N) of M such that N =L+ T or
L=N+T for some T M. Then M is weak supplemented if and only if M
is closed weak supplemented.

Proof. Suppose that M is closed weak supplemented and N any submodule of
M.

Case 1. Suppose that there is a closed submodule L such that N = L + T for
some T M. Then this is a consequence of Lemma 5.5.

Case 2. Suppose that there is closed submodule L of M such that L = N +T for
some T M. Since M is closed weak-supplemented, there is a submodule K of
M suchthat M = K+Land KnL M.SoM =K+N+T,hence M = K+N,
sinceT M.KnN KnL M. Thus M is weak supplemented.

The converse is trivial.

Combining this theorem with Proposition 5.1, we have:

Corollary 5.7. Let M be a refinable module. Suppose that for any submodule N
of M, there is a closed submodule L (depending on N) of M such that N = L+T
or L=N+T forsome T M. Then the following are equivalent:

(1) M is -supplemented;

(2) M is supplemented;

(3) M is weak supplemented,;

(4) M is closed weak supplemented.

Lemma5.8. Let U and K be submodules of M such that K is a weak supplement
of a maximal submodule N of M. If K + U has a weak supplement X in M,
then U has a weak supplement in M.

Proof. Since X is a weak supplement of K + U in M, then X n (K +U) M.
fFKn(X+U) KnN M,then

Un(K+X) Xn(K+U)+Kn(X+U) M,

hence K + X is a weak supplement of U in M.

Suppose that K n (X + U) is not contained in K n N. Since K/(K n N) =
(K+N)/N =M/N, KnN is amaximal submodule of K. Therefore, Kn N +
Kn(X+U)=Kandsince KnN M, we have

M=X+U+K=X+U+KnN+Kn(X+U)=X+U.

SinceUnX (K+U)nX X, then X is a weak supplement of U in M.

The following proposition is an immediate consequence of this lemma:
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Proposition 5.9. Suppose that for any submodule U of M, there is a submod-
ule K, which is a weak supplement of some maximal submodule N of M, such
that K+U M has a weak supplement X in M. Then M s closed weak
supplemented if and only if M is weak supplemented.
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